
Advances in Optimal Transport-based
Machine Learning

Hongteng Xu

Gaoling School of Artificial Intelligence, Renmin University of China
Beijing Key Laboratory of Big Data Management and Analysis Methods

August 19, 2023



Outline

Part 1 Introduction to Computational Optimal Transport
▶ Preliminary and basic concepts
▶ Typical variants and computational methods

Part 2 OT-based Generative Modeling
▶ A (partial) family tree of OT-based generative models
▶ Generative models for structured data

Part 3 OT-based Privacy-preserving Machine Learning
▶ Robust multi-modal learning paradigms
▶ Decentralized distribution comparison

2 / 122



Outline

Part 1 Introduction to Computational Optimal Transport
▶ Preliminary and basic concepts
▶ Typical variants and computational methods

Part 2 OT-based Generative Modeling
▶ A (partial) family tree of OT-based generative models
▶ Generative models for structured data

Part 3 OT-based Privacy-preserving Machine Learning
▶ Robust multi-modal learning paradigms
▶ Decentralized distribution comparison

3 / 122



A General Scenario of ML: Metric-Measure Space

<latexit sha1_base64="nJUyBZR/sqF8GUMhHXKLkHLfeIQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBotYQUpSfC2LblxWsA9oQ5lMJu3QySTMTKQl9CPcuFDErd/jzr9x2mahrQcuHM65l3vv8WLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItj2sKGeCNjTTnLZjSXHocdryhndTv/VEpWKReNTjmLoh7gsWMIK1kVp+eXQ+Oj3rFUt2xZ4BLRMnIyXIUO8Vv7p+RJKQCk04Vqrj2LF2Uyw1I5xOCt1E0RiTIe7TjqECh1S56ezcCToxio+CSJoSGs3U3xMpDpUah57pDLEeqEVvKv7ndRId3LgpE3GiqSDzRUHCkY7Q9HfkM0mJ5mNDMJHM3IrIAEtMtEmoYEJwFl9eJs1qxbmqXD5clGq3WRx5OIJjKIMD11CDe6hDAwgM4Rle4c2KrRfr3fqYt+asbOYQ/sD6/AETxo7C</latexit>
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▶ Xd,µ := (X , d, µ): A metric-measure space, where x ∈ X is a sample in the space.

▶ d: A distance metric of samples (e.g., Euclidean distance).

▶ P: A space of (probability) measures defined on X .

▶ µ ∈ P: a probability measure on X .
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▶ Xd,µ := (X , d, µ): A metric-measure space, where x ∈ X is a sample in the space.
▶ Most ML tasks are constructing/reconstructing mm-spaces from observed data:

▶ Data representation: Find a map f : Xd,µ 7→ Zd′,µ′ .
▶ Metric learning: Learn a (pseudo-)metric d.
▶ Generative modeling: Estimate µ by a model g for X .
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Distribution Comparison: The Key Machine Learning Task

<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ

▶ Data Clustering, Domain Adaptation, Generative Modeling, Evaluation of
Generative Model, ...
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Origin: The Monge-form of The Optimal Transport Problem
<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ
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(X , d)

A Transport Map
<latexit sha1_base64="L8sTefwf49ByI4+i0yT3Sx/4sYc=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoi3nBVdOOyQm/QhjKZTtqhk0mYORFK6NKNr+LGhSJufQR3vo2TNova+sPAx3/OYc75/VhwDY7zYy0tr6yurRc2iptb2zu79t5+Q0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/vMvqzUemNI9kDUYx80LSlzzglICxuvZR7aYTEhhQItLW2GCsIZpxunbJKTsT4UVwcyihXNWu/d3pRTQJmQQqiNZt14nBS4kCTgUbFzuJZjGhQ9JnbYOShEx76eSQMT4xTg8HkTJPAp64sxMpCbUehb7pzFbU87XM/K/WTiC49lIu4wSYpNOPgkRgiHCWCu5xxSiIkQFCFTe7YjogilAw2RVNCO78yYvQOCu7l+WLh/NS5TaPo4AO0TE6RS66QhV0j6qojih6Qi/oDb1bz9ar9WF9TluXrHzmAP2R9fULvLWadQ==</latexit>

T : X 7! X
<latexit sha1_base64="T870xFPM7+Np6jrtqq/5pEzccUQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBoPgqiTiayMU3bis0Bc0IUymk3bozCTMTMQS8ituXCji1h9x5984bbPQ6oELh3Pu5d57opRRpV33y6qsrK6tb1Q3a1vbO7t79n69q5JMYtLBCUtkP0KKMCpIR1PNSD+VBPGIkV40uZ35vQciFU1EW09TEnA0EjSmGGkjhXbdHyHOEbyG7TD3ncLnWWg7bsOdA/4lXkkcUKIV2p/+MMEZJ0JjhpQaeG6qgxxJTTEjRc3PFEkRnqARGRgqECcqyOe3F/DYKEMYJ9KU0HCu/pzIEVdqyiPTyZEeq2VvJv7nDTIdXwU5FWmmicCLRXHGoE7gLAg4pJJgzaaGICypuRXiMZIIaxNXzYTgLb/8l3RPG95F4/z+zGnelHFUwSE4AifAA5egCe5AC3QABo/gCbyAV6uwnq03633RWrHKmQPwC9bHN9Pak60=</latexit>

� = T#µ
<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

Gaspard Monge (1746-1818) The Monge-form of OT problem proposed in 1781.

▶ T#µ: The push-forward of µ, for S ⊂ X
T#µ(S) = µ({x : T (x) ∈ S}) = µ(T−1(S)). (1)

▶ Find a measure-preserving map T to minimize the cost of moving samples:

Mp(µ, γ) :=
(

inf
T : T#µ = γ︸ ︷︷ ︸
measure preserving

∫

x∈X
dp(x, T (x))︸ ︷︷ ︸
cost per sample

dµ(x)
)1/p

.
(2)
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Leonid Kantorovich (1912-1986) The Kantorovich-form of OT proposed in 1939

▶ Π(µ, γ) = {π > 0|
∫
x π(x, y)dx = γ(y),

∫
y π(x, y)dy = µ(x)} include all joint

distributions taking µ and γ as marginals.
▶ π ∈ Π(µ, γ) is called transport plan or coupling.
▶ Find an optimal transport plan to minimize the expected cost.

Wp(µ, γ) :=
(

inf
π∈Π(µ,γ)

∫

(x,y)∈X 2

dp(x, y)dπ(x, y)
)1/p

= inf
π∈Π(µ,γ)

E1/p
x,y∼π[d

p(x, y)]. (3)
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From Transport Map to Transport Plan: The Kantorovich-form of OT
Relations to the Monge-form OT:

▶ Applying the transport plan π, we allow each sample x ∼ µ to be split and
mapped to multiple locations.

▶ If the optimal transport map T ∗ exists, it determines a transport plan π, so

Wp(µ, γ) ≤Mp(µ, γ). (4)

When d(x, y) = ∥x− y∥p, Wp is called p-Wasserstein distance.

▶ When p = 1, d(x, y) = |x− y|, W1 is the Earth Mover Distance (EMD).

▶ When p = 2, µ = N (x1,Σ1) and γ = N (x2,Σ2),

W2(µ, γ) = (∥x1 − x2∥22 + tr(Σ1) + tr(Σ2)− 2tr((Σ
1/2
1 Σ2Σ

1/2
1 )1/2))1/2. (5)

Wp is a valid metric for probability measures.
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Empirical OT Problem Defined on Samples

Sampling

<latexit sha1_base64="xIbxYWePkcOQF8krzXbHQxc04BQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLK6tr6RnmzsrW9s7tX3T94NFGiGbZYJCLdCahBwRW2LLcCO7FGKgOB7WB8m/vtJ9SGR+rBTmL0JR0qHnJGbS71ZFLpV2tu3Z2BLBOvIDUo0OxXv3qDiCUSlWWCGtP13Nj6KdWWM4HTSi8xGFM2pkPsZlRRicZPZ7dOyUmmDEgY6ayUJTP190RKpTETGWSdktqRWfRy8T+vm9jw2k+5ihOLis0XhYkgNiL542TANTIrJhmhTPPsVsJGVFNms3jyELzFl5fJ41ndu6xf3J/XGjdFHGU4gmM4BQ+uoAF30IQWMBjBM7zCmyOdF+fd+Zi3lpxi5hD+wPn8AZXsjfQ=</latexit>µ
<latexit sha1_base64="mnJCF/EZHTbGsArYURAqmJa87zI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kJaymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ITFMcMlayFGwTqIZiUPB2uH4NvfbT0wbruQDThLWi8lQ8ohTglYKujHBURhlnWmlX615dW8Gd5n4BalBgWa/+tUdKJrGTCIVxJjA9xLsZUQjp4JNK93UsITQMRmywFJJYmZ62Szy1D2xysCNlLZPojtTf29kJDZmEod2Mo9oFr1c/M8LUoyuexmXSYpM0vlHUSpcVG5+vzvgmlEUE0sI1dxmdemIaELRtpSX4C+evEwez+r+Zf3i/rzWuCnqKMMRHMMp+HAFDbiDJrSAgoJneIU3B50X5935mI+WnGLnEP7A+fwBCCSRGg==</latexit>

X

<latexit sha1_base64="b43c0gcMPTi0dyR6lWMCS1w2u/M=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Nvc7T1RpJsWDmSQ0iPFQsIgRbKzk92JsRmGUPU4r/WrNrbszoGXiFaQGBZr96ldvIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jEKgMUSWWfMGim/t7IcKz1JA7tZB5RL3q5+J/npya6DjImktRQQeYfRSlHRqL8fjRgihLDJ5ZgopjNisgIK0yMbSkvwVs8eZm0z+reZf3i/rzWuCnqKMMRHMMpeHAFDbiDJrSAgIRneIU3xzgvzrvzMR8tOcXOIfyB8/kDCaqRGw==</latexit>

Y

Solve OT
<latexit sha1_base64="NsKYXGhJhx6Er2fk1S4UjsGd4j4=">AAAB+nicbVA7T8MwGHTKq5RXCiOLRYXEVCWI11jBwlgk+pCaqHIct7XqR2Q7oCr0p7AwgBArv4SNf4PTZoCWkyyf7r5PPl+UMKqN5307pZXVtfWN8mZla3tnd8+t7re1TBUmLSyZVN0IacKoIC1DDSPdRBHEI0Y60fgm9zsPRGkqxb2ZJCTkaCjogGJkrNR3q0EkWawn3F5ZwNNppe/WvLo3A1wmfkFqoECz734FscQpJ8JghrTu+V5iwgwpQzEj00qQapIgPEZD0rNUIE50mM2iT+GxVWI4kMoeYeBM/b2RIa7zdHaSIzPSi14u/uf1UjO4CjMqktQQgecPDVIGjYR5DzCmimDDJpYgrKjNCvEIKYSNbSsvwV/88jJpn9b9i/r53VmtcV3UUQaH4AicAB9cgga4BU3QAhg8gmfwCt6cJ+fFeXc+5qMlp9g5AH/gfP4Ai62UMg==</latexit>µ

<latexit sha1_base64="EIF09UBGxVopLK294mFH9c4UVZA=">AAAB/XicbVBJSwMxGM3UrdZtXG5egkXwVGbE7Vj04rGCXaAzlEyaaUOzDElGqEPxr3jxoIhX/4c3/42Zdg7a+iDk8d73kZcXJYxq43nfTmlpeWV1rbxe2djc2t5xd/daWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0k/vtB6I0leLejBMScjQQNKYYGSv13IMgkqyvx9xeWTBAnKNJpedWvZo3BVwkfkGqoECj534FfYlTToTBDGnd9b3EhBlShmJGJpUg1SRBeIQGpGupQJzoMJumn8Bjq/RhLJU9wsCp+nsjQ1znAe0kR2ao571c/M/rpia+CjMqktQQgWcPxSmDRsK8CtinimDDxpYgrKjNCvEQKYSNLSwvwZ//8iJpndb8i9r53Vm1fl3UUQaH4AicAB9cgjq4BQ3QBBg8gmfwCt6cJ+fFeXc+ZqMlp9jZB3/gfP4Ax1eVcQ==</latexit>�

<latexit sha1_base64="eDfuxnrI5AmhN1iN4r3dB1ZoEFE=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJCDFWCeI0VLIxF6ktqQ+U4TmvVcSLbAVWhn8LCAEKsfAkbf4PTdoCWI1k+Oude+fj4CWdKO863tbS8srq2Xtgobm5t7+zapb2milNJaIPEPJZtHyvKmaANzTSn7URSHPmctvzhTe63HqhULBZ1PUqoF+G+YCEjWBupZ5e6fswDNYrMldXH9yfFnl12Ks4EaJG4M1KGGWo9+6sbxCSNqNCEY6U6rpNoL8NSM8LpuNhNFU0wGeI+7RgqcESVl02ij9GRUQIUxtIcodFE/b2R4Ujl6cxkhPVAzXu5+J/XSXV45WVMJKmmgkwfClOOdIzyHlDAJCWajwzBRDKTFZEBlpho01Zegjv/5UXSPK24F5Xzu7Ny9XpWRwEO4BCOwYVLqMIt1KABBB7hGV7hzXqyXqx362M6umTNdvbhD6zPH/alk9A=</latexit>

T ⇤

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

Given X = {xm}Mm=1 ∼ µ, Y = {yn}Nn=1 ∼ γ, µ ∈ ∆N−1 and γ ∈ ∆M−1,

Ŵp(X,Y ) :=
(

min
T∈Π(µ,γ)

∑M

m=1

∑N

n=1
dp(xm, yn)tmn

)1/p

=
(

min
T∈Π(µ,γ)

⟨D,T ⟩
)1/p

= min
T∈Π(µ,γ)

E1/p
(x,y)∼T [d

p(x, y)],

(6)

where D = [dp(xm, yn)], T = [tmn], Π(µ,γ) = {T > 0|T1M = µ,T⊤1N = γ}.
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Empirical OT Problem Defined on Samples

Sampling

<latexit sha1_base64="xIbxYWePkcOQF8krzXbHQxc04BQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLK6tr6RnmzsrW9s7tX3T94NFGiGbZYJCLdCahBwRW2LLcCO7FGKgOB7WB8m/vtJ9SGR+rBTmL0JR0qHnJGbS71ZFLpV2tu3Z2BLBOvIDUo0OxXv3qDiCUSlWWCGtP13Nj6KdWWM4HTSi8xGFM2pkPsZlRRicZPZ7dOyUmmDEgY6ayUJTP190RKpTETGWSdktqRWfRy8T+vm9jw2k+5ihOLis0XhYkgNiL542TANTIrJhmhTPPsVsJGVFNms3jyELzFl5fJ41ndu6xf3J/XGjdFHGU4gmM4BQ+uoAF30IQWMBjBM7zCmyOdF+fd+Zi3lpxi5hD+wPn8AZXsjfQ=</latexit>µ
<latexit sha1_base64="mnJCF/EZHTbGsArYURAqmJa87zI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kJaymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ITFMcMlayFGwTqIZiUPB2uH4NvfbT0wbruQDThLWi8lQ8ohTglYKujHBURhlnWmlX615dW8Gd5n4BalBgWa/+tUdKJrGTCIVxJjA9xLsZUQjp4JNK93UsITQMRmywFJJYmZ62Szy1D2xysCNlLZPojtTf29kJDZmEod2Mo9oFr1c/M8LUoyuexmXSYpM0vlHUSpcVG5+vzvgmlEUE0sI1dxmdemIaELRtpSX4C+evEwez+r+Zf3i/rzWuCnqKMMRHMMp+HAFDbiDJrSAgoJneIU3B50X5935mI+WnGLnEP7A+fwBCCSRGg==</latexit>

X

<latexit sha1_base64="b43c0gcMPTi0dyR6lWMCS1w2u/M=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Nvc7T1RpJsWDmSQ0iPFQsIgRbKzk92JsRmGUPU4r/WrNrbszoGXiFaQGBZr96ldvIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jEKgMUSWWfMGim/t7IcKz1JA7tZB5RL3q5+J/npya6DjImktRQQeYfRSlHRqL8fjRgihLDJ5ZgopjNisgIK0yMbSkvwVs8eZm0z+reZf3i/rzWuCnqKMMRHMMpeHAFDbiDJrSAgIRneIU3xzgvzrvzMR8tOcXOIfyB8/kDCaqRGw==</latexit>

Y

Solve OT
<latexit sha1_base64="NsKYXGhJhx6Er2fk1S4UjsGd4j4=">AAAB+nicbVA7T8MwGHTKq5RXCiOLRYXEVCWI11jBwlgk+pCaqHIct7XqR2Q7oCr0p7AwgBArv4SNf4PTZoCWkyyf7r5PPl+UMKqN5307pZXVtfWN8mZla3tnd8+t7re1TBUmLSyZVN0IacKoIC1DDSPdRBHEI0Y60fgm9zsPRGkqxb2ZJCTkaCjogGJkrNR3q0EkWawn3F5ZwNNppe/WvLo3A1wmfkFqoECz734FscQpJ8JghrTu+V5iwgwpQzEj00qQapIgPEZD0rNUIE50mM2iT+GxVWI4kMoeYeBM/b2RIa7zdHaSIzPSi14u/uf1UjO4CjMqktQQgecPDVIGjYR5DzCmimDDJpYgrKjNCvEIKYSNbSsvwV/88jJpn9b9i/r53VmtcV3UUQaH4AicAB9cgga4BU3QAhg8gmfwCt6cJ+fFeXc+5qMlp9g5AH/gfP4Ai62UMg==</latexit>µ

<latexit sha1_base64="EIF09UBGxVopLK294mFH9c4UVZA=">AAAB/XicbVBJSwMxGM3UrdZtXG5egkXwVGbE7Vj04rGCXaAzlEyaaUOzDElGqEPxr3jxoIhX/4c3/42Zdg7a+iDk8d73kZcXJYxq43nfTmlpeWV1rbxe2djc2t5xd/daWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0k/vtB6I0leLejBMScjQQNKYYGSv13IMgkqyvx9xeWTBAnKNJpedWvZo3BVwkfkGqoECj534FfYlTToTBDGnd9b3EhBlShmJGJpUg1SRBeIQGpGupQJzoMJumn8Bjq/RhLJU9wsCp+nsjQ1znAe0kR2ao571c/M/rpia+CjMqktQQgWcPxSmDRsK8CtinimDDxpYgrKjNCvEQKYSNLSwvwZ//8iJpndb8i9r53Vm1fl3UUQaH4AicAB9cgjq4BQ3QBBg8gmfwCt6cJ+fFeXc+ZqMlp9jZB3/gfP4Ax1eVcQ==</latexit>�

<latexit sha1_base64="eDfuxnrI5AmhN1iN4r3dB1ZoEFE=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJCDFWCeI0VLIxF6ktqQ+U4TmvVcSLbAVWhn8LCAEKsfAkbf4PTdoCWI1k+Oude+fj4CWdKO863tbS8srq2Xtgobm5t7+zapb2milNJaIPEPJZtHyvKmaANzTSn7URSHPmctvzhTe63HqhULBZ1PUqoF+G+YCEjWBupZ5e6fswDNYrMldXH9yfFnl12Ks4EaJG4M1KGGWo9+6sbxCSNqNCEY6U6rpNoL8NSM8LpuNhNFU0wGeI+7RgqcESVl02ij9GRUQIUxtIcodFE/b2R4Ujl6cxkhPVAzXu5+J/XSXV45WVMJKmmgkwfClOOdIzyHlDAJCWajwzBRDKTFZEBlpho01Zegjv/5UXSPK24F5Xzu7Ny9XpWRwEO4BCOwYVLqMIt1KABBB7hGV7hzXqyXqx362M6umTNdvbhD6zPH/alk9A=</latexit>

T ⇤

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

Given X = {xm}Mm=1 ∼ µ, Y = {yn}Nn=1 ∼ γ, µ ∈ ∆N−1 and γ ∈ ∆M−1,

Ŵp(X,Y ) :=
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min
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=
(
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where D = [dp(xm, yn)], T = [tmn], Π(µ,γ) = {T > 0|T1M = µ,T⊤1N = γ}.
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Wasserstein Barycenters

<latexit sha1_base64="DVpfT9y1CkZVVjLE9DajRXEE+50=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHERUnE17LoxmWFvqCNYTKdtEMnkzAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3Dw5bKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5G97nfHlOpWCwaepJQL8IDwUJGsDaSb9u9COthEGaNqZ+506dz3644VWcGtEzcglSgQN23v3r9mKQRFZpwrFTXdRLtZVhqRjidlnupogkmIzygXUMFjqjyslnyKTo1Sh+FsTRPaDRTf29kOFJqEgVmMs+pFr1c/M/rpjq89TImklRTQeaHwpQjHaO8BtRnkhLNJ4ZgIpnJisgQS0y0KatsSnAXv7xMWhdV97p69XhZqd0VdZTgGE7gDFy4gRo8QB2aQGAMz/AKb1ZmvVjv1sd8dMUqdo7gD6zPH15Uk38=</latexit>

T⇤
1

<latexit sha1_base64="fZjEvbM09lCxGQvq+uoSgOF5mnk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgLkpSfC2LblxW6AvaGCbTSTt08mBmUighf+LGhSJu/RN3/o2TNgttPTBwOOde7pnjxZxJZVnfRmltfWNzq7xd2dnd2z8wD486MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOtN7nO/O6VCsihsqVlMnQCPQuYzgpWWXNMcBFiNPT9tZW5az54uXLNq1aw50CqxC1KFAk3X/BoMI5IENFSEYyn7thUrJ8VCMcJpVhkkksaYTPCI9jUNcUClk86TZ+hMK0PkR0K/UKG5+nsjxYGUs8DTk3lOuezl4n9eP1H+rZOyME4UDcnikJ9wpCKU14CGTFCi+EwTTATTWREZY4GJ0mVVdAn28pdXSades69rV4+X1cZdUUcZTuAUzsGGG2jAAzShDQSm8Ayv8GakxovxbnwsRktGsXMMf2B8/gBf25OA</latexit>

T⇤
2

<latexit sha1_base64="IGV2WAJDTFPAlngWBCEc6GQnA6A=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgLkrie1l047JCX9DGMJlO2qGTBzOTQgn5EzcuFHHrn7jzb5y0WWjrgYHDOfdyzxwv5kwqy/o2Siura+sb5c3K1vbO7p65f9CWUSIIbZGIR6LrYUk5C2lLMcVpNxYUBx6nHW98n/udCRWSRWFTTWPqBHgYMp8RrLTkmmY/wGrk+Wkzc9OL7OnMNatWzZoBLRO7IFUo0HDNr/4gIklAQ0U4lrJnW7FyUiwUI5xmlX4iaYzJGA9pT9MQB1Q66Sx5hk60MkB+JPQLFZqpvzdSHEg5DTw9meeUi14u/uf1EuXfOikL40TRkMwP+QlHKkJ5DWjABCWKTzXBRDCdFZERFpgoXVZFl2AvfnmZtM9r9nXt6vGyWr8r6ijDERzDKdhwA3V4gAa0gMAEnuEV3ozUeDHejY/5aMkodg7hD4zPH2Fik4E=</latexit>

T⇤
3

<latexit sha1_base64="iHKZnLs9pvdCLlz22lbrGXJ4qhI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJlgEVyURX8uiG5cVrC00IUymk3bozCTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpQyqrTrfluVpeWV1bXqem1jc2t7x97de1BJJjFp44QlshshRRgVpK2pZqSbSoJ4xEgnGt0UfueRSEUTca/HKQk4GggaU4y0kUL7wOdID6M4705Cz1eU+zwLvdCuuw13CmeReCWpQ4lWaH/5/QRnnAiNGVKq57mpDnIkNcWMTGp+pkiK8AgNSM9QgThRQT6NP3GOjdJ34kSaJ7QzVX9v5IgrNeaRmSzCqnmvEP/zepmOr4KcijTTRODZoThjjk6cogunTyXBmo0NQVhSk9XBQyQR1qaxminBm//yInk4bXgXjfO7s3rzuqyjCodwBCfgwSU04RZa0AYMOTzDK7xZT9aL9W59zEYrVrmzD39gff4ANbCVqA==</latexit>

X1 ⇠ µ1
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X ⇠ µ̄

▶ Denote PXd
as the space of all probability measures in the metric space Xd.

▶ (PXd
,Wp) becomes a metric space of probability measures.

▶ Given a set of probability measures {µk}Kk=1 ⊂ PXd
, we can define the

p-Wasserstein barycenter [Agueh et al, 2021] as

µ̄ := arg min
µ∈PXd

∑K

k=1
W p
p (µ, µk). (7)

[Agueh et al, 2021] Agueh, M. and Carlier, G., Barycenters in the Wasserstein space. SIAM Journal on
Mathematical Analysis, 2011.
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Advantages of Optimal Transport

A valid metric for probability measures

▶ Apply to distribution comparison and fitting

▶ Wasserstein barycenter can achieve multi-distribution averaging and fusion

Consistent sample-based estimation

▶ With the increase of samples, Ŵp →Wp

The OT plan/matrix indicates the coherency of sample pairs

▶ Apply to point cloud matching and registration
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Computational Bottlenecks of Optimal Transport and Possible Solutions

▶ A constrained linear programming problem:

Ŵ p
p (X,Y ) = min

T∈Π(µ,γ)
⟨D,T ⟩. (8)

Apply the Simplex algorithm leads to O(N3) complexity.

▶ Solution 1: Develop efficient optimization algorithms and acceleration methods
▶ Sinkhorn-scaling
▶ Proximal point
▶ Bregman ADMM

▶ Solution 2: Apply structured/stochastic OT plan
▶ Stochastic optimization
▶ Sinkhorn-scaling with importance sparsification

▶ Solution 3: Explore efficient surrogates of OT distance
▶ Sliced Wasserstein (SW) distance
▶ Hilbert curve projection (HCP) distance
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Sinkhorn-scaling Algorithm for Entropic OT

Motivation and Principle:

▶ Improve the smoothness of the OT problem

Sinkhorn Distance (Entropic OT Problem) [Cuturi, NeurIPS 2013]

Ŵp,ϵ := min
T∈Π(µ,γ)

⟨D,T ⟩−ϵ H(T )︸ ︷︷ ︸
Entropy

,

H(T ) = −⟨logT − 1,T ⟩.
(9)

Sinkhorn-Knopp algorithm:

1. Set a kernel matrix Φ = exp(−D
ϵ ) and a dual variable a = µ.

2. Sinkhorn iteration: Repeat b = γ
Φ⊤a

and a = µ
Φb until convergence.

3. T ∗ = Φ⊙ (ab⊤).

[Cuturi, NeurIPS 2013] Cuturi, M. Sinkhorn distances: Lightspeed computation of optimal transport.
NeurIPS, 2013.
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Ŵp,ϵ := min
T∈Π(µ,γ)

⟨D,T ⟩−ϵ H(T )︸ ︷︷ ︸
Entropy

,

H(T ) = −⟨logT − 1,T ⟩.
(9)

Sinkhorn-Knopp algorithm:

1. Set a kernel matrix Φ = exp(−D
ϵ ) and a dual variable a = µ.

2. Sinkhorn iteration: Repeat b = γ
Φ⊤a

and a = µ
Φb until convergence.

3. T ∗ = Φ⊙ (ab⊤).

[Cuturi, NeurIPS 2013] Cuturi, M. Sinkhorn distances: Lightspeed computation of optimal transport.
NeurIPS, 2013.

14 / 122



Proximal Point Algorithm: A Variant of Sinkhorn-scaling
Motivation and Principle:
▶ The (explicit) entropic regularizer might be unnecessary
▶ Solve the “exact” OT problem via a Sinkhorn-like algorithm

Proximal point algorithm:

1. Initialize T (0) = µν⊤.

2. In the m-th iteration, consider the penalty between the optimal transport and its
previous approximation [Xie, et al., UAI 2020]

min
T∈Π(µ,γ)

⟨D,T ⟩+ ϵKL(T ∥T (m))︸ ︷︷ ︸
Proximal term

⇒ min
T∈Π(µ,γ)

⟨D − ϵ logT (m)

︸ ︷︷ ︸
ϵ logΦ(m)

,T ⟩ − ϵH(T ).
(10)

3. Apply the Sinkhorn iterations to obtain T (m+1) = Φ(m) ⊙ (a(m)(b(m))⊤).
[Xie, et al., UAI 2020] Xie, Y., Wang, X., Wang, R., & Zha, H. A fast proximal point method for
computing exact Wasserstein distance. UAI 2020.
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Proximal Point Algorithm: A Variant of Sinkhorn-scaling
The connections between the Sinkhorn-scaling and the proximal point:
▶ In the m-th iteration, denote a(m)(b(m))⊤ as ∆(m):

Φ(m) = exp
(
−D − ϵ logT (m−1)

ϵ

)
= exp

(
−D

ϵ

)
⊙ T (m−1)

= exp
(
−D

ϵ

)
⊙Φ(m−1) ⊙∆(m−1)

= exp
(
−D

ϵ

)
⊙ exp

(
−D − γ logT (m−2)

ϵ

)
⊙∆(m−1)

= exp
(
−m
ϵ
D
)
⊙ (⊙m−1

i=0 ∆(i))︸ ︷︷ ︸
∆m

.

(11)

▶ ∆m determines the initial point while the problem corresponding to the iteration
steps is convex.

▶ So proximal point algorithm implements the Sinkhorn-scaling with a decaying
weight ϵ

m .
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Bregman ADMM: Solve OT without Sinkhorn
Motivation and Principle:

▶ The Sinkhorn-based algorithm often suffers from numerical instability issue.

▶ The Sinkhorn-based algorithm is restricted to the OT problem with entropy or
KLD regularization.

▶ Decouple the doubly-stochastic constraint to two one-side constraints can simplify
the problem.

Reformulation of OT problem [Wang, et al. NeurIPS 2014]:

▶ Introduce an auxiliary variable S and a dual variable Z:

minT∈Π(µ,γ)⟨D,T ⟩ ⇔ minT∈Π(µ,·),S∈Π(·,γ),T=S⟨D,T ⟩

⇔ minT∈Π(µ,·),S∈Π(·,γ),Z⟨D,T ⟩+ ⟨Z,T − S⟩+
Bregman Div.︷ ︸︸ ︷
ϵBϕ(T ,S)︸ ︷︷ ︸

Augmented Lagrangian

(12)

[Wang, et al. NeurIPS 2014] Wang, H., & Banerjee, A. Bregman alternating direction method of
multipliers. NeurIPS 2014.
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Bregman ADMM: Solve OT without Sinkhorn

Bregman Divergence: Given a differentiable and strictly convex function ϕ,

Bϕ(x, y) = ϕ(x)− ϕ(y)− ⟨∇ϕ(y), x− y⟩. (13)

Commonly-used Bregman divergence:

▶ ϕ(x) = 1
2x

2: Euclidean distance Bϕ(x, y) =
1
2∥x− y∥2.

▶ ϕ(x) = x log x− x: KL-divergence Bϕ(x, y) = KL(x∥y) = x log x
y − x+ y.

Naturally, the Bregman ADMM is also applicable for various regularized OT:

▶ Considering the above Bregman divergence leads to the OT problems with
entropic or quadratic regularizers.

The Bregman ADMM algorithm solves the OT problems iteratively.

▶ Each step has a closed form.

▶ Sublinear convergence rate.
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Bregman ADMM: Solve OT without Sinkhorn
▶ Initialize Z(0) = 0, T (0) = S(0) = µγ⊤.

▶ Repeat the following steps till convergence:
1. Update primal variable T :

T (m+1) = arg minT∈Π(µ,·)⟨D,T ⟩+ ⟨Z(m),T ⟩+ ϵKL(T ∥S(m))

First-order optimality
============⇒ T (m+1) = exp

(ϵ logS(m) −D −Z(m)

ϵ

)

Project to Π(µ, ·)
==========⇒ T (m+1) = diag(µ)Softmaxr

(ϵ logS(m) −D −Z(m)

ϵ

)
.

(14)

2. Update auxiliary variable S:

S(m+1) = arg minS∈Π(·,γ) −⟨Z(m),S⟩+ ϵKL(S∥T (m+1))

= Softmaxc
(ϵ logT (m+1) +Z(m)

ϵ

)
diag(γ).

(15)

3. Update dual variable Z:

Z(m+1) =Z(m) + ϵ(T (m+1) − S(m+1). (16)
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Impose Structures on OT Plans: Low-rank Optimal Transport
▶ Low-rank OT plans [Scetbon et al. 2021]: T = Qdiag−1(g)R⊤ ∈ Π(µ,γ)

min
Q,R,g

⟨D,Qdiag−1(g)R⊤⟩,

s.t. Q ∈ RN×r
+ , Q1r = µ, R ∈ RM×r

+ , R1r = γ,

g ∈ Rr+, R⊤1N = Q⊤1M = g.

(17)

▶ A mirror descent scheme w.r.t. the KL-divergence, leading to the Dykstra’s
Algorithm in each step: In the m-th step:

Q(m+1),R(m+1), g(m+1) = arg min
Q,R,g∈Ω

KL({Q,R, g}∥{ξ1, ξ2, ξ3}),

ξ1 = Q(m) ⊙ exp(−ϵmDR(m)diag−1(g(m))),

ξ2 = R(m) ⊙ exp(−ϵmD⊤Q(m)diag−1(g(m))),

ξ3 = g(m) ⊙ exp(ϵmdiag((Q
(m))⊤DR(m))/(g(m))2).

(18)

[Scetbon et al. 2021] Meyer Scetbon, Marco Cuturi, and Gabriel Peyré. Low-rank sinkhorn
factorization, ICML, 2021.

20 / 122



Impose Structures on OT Plans: Low-rank Optimal Transport
▶ Low-rank OT plans [Scetbon et al. 2021]: T = Qdiag−1(g)R⊤ ∈ Π(µ,γ)

min
Q,R,g

⟨D,Qdiag−1(g)R⊤⟩,

s.t. Q ∈ RN×r
+ , Q1r = µ, R ∈ RM×r

+ , R1r = γ,

g ∈ Rr+, R⊤1N = Q⊤1M = g.

(17)

▶ A mirror descent scheme w.r.t. the KL-divergence, leading to the Dykstra’s
Algorithm in each step: In the m-th step:

Q(m+1),R(m+1), g(m+1) = arg min
Q,R,g∈Ω

KL({Q,R, g}∥{ξ1, ξ2, ξ3}),

ξ1 = Q(m) ⊙ exp(−ϵmDR(m)diag−1(g(m))),

ξ2 = R(m) ⊙ exp(−ϵmD⊤Q(m)diag−1(g(m))),

ξ3 = g(m) ⊙ exp(ϵmdiag((Q
(m))⊤DR(m))/(g(m))2).

(18)

[Scetbon et al. 2021] Meyer Scetbon, Marco Cuturi, and Gabriel Peyré. Low-rank sinkhorn
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Impose Structures on OT Plans: Sparse Optimal Transport

▶ Replace the entropic regularizer to a quadratic regularizer [Blondel et al.
2018]:

min
T∈Π(µ,γ)

⟨D,T ⟩+ ϵ

2
∥T ∥2F . (19)

▶ Applying the L-BFGS algorithm to solve the smoothed dual formulation of (19),
the OT plan has a closed-form expression: for T ∗ = [t∗mn],

t∗mn =
1

ϵ
[a∗m + b∗n − dmn]+. (20)

▶ This problem is highly correlated with LASSO, leading to a sparse OT plan.

[Blondel et al. 2018] Blondel, Mathieu, Vivien Seguy, and Antoine Rolet. Smooth and sparse optimal
transport. AISTATS, 2018.
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Impose Structures on OT Plans: Sparse Optimal Transport
▶ Sample the OT plan randomly via importance sparsification [Li et al. 2023]:

apply the principle of Poisson sampling to sketch the kernel matrix Φ = [ϕmn] to
s nonzero elements:

Φ̃ = [ϕ̃mn], where ϕ̃mn =

{
ϕmn

p∗mn
with prob.p∗mn = min{1, pmns}

0 otherwise.
(21)
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[Li et al. 2023] Li, M., Yu, J., Li, T. and Meng, C., Importance Sparsification for Sinkhorn Algorithm.
JMLR, 2023.

22 / 122



Impose Structures on OT Plans: Sparse Optimal Transport

▶ The sampling probability P = [pmn] is determined by the upper bound of D⊙T ∗:

dmn ≤ c0, t
∗
mn ≤ µm, νn ⇒ dmnt

∗
mn ≤ c0

√
µmνn ⇒ pmn =

√
µmνn∑

m,n

√
µmνn

(22)

▶ Reduce the complexity from O(N2) to O(N logN) when s ≈ N logN .

▶ The approximation error between Ŵp,ϵ and W̃p,ϵ is bounded:

|Ŵp,ϵ − W̃p,ϵ| ≤ cϵ

√
N3−2α

s
, where c > 0, α ∈ (0.5, 1). (23)
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Sliced Wasserstein: A Surrogate of Wasserstein Distance
Motivation: The optimal transport between 1D distributions is relatively easy to solve.

▶ When dim(X ) = 1, Wp has a closed form, related to 1D histogram transform
and equalization.

Wp(µ, γ) =
(∫ 1

0
|F−1(z)−G−1(z)|pdz

)1/p
, (24)

where F,G : X 7→ [0, 1] are CDF’s of µ and ν.

▶ Given x = {xn}Nn=1 ∼ µ and y = {yn}Nn=1 ∼ ν:

Ŵp(x,y) =
( N∑

n=1

|xn − yσ(n)|pdz
)1/p

, (25)

where σ denotes the sorting operation.

Theorem: For one dimensional x1 ≤ ... ≤ xN and y1 ≤ ... ≤ yN , identity permutation
(σ(n) = n for n = 1, ..., N) leads to the optimal transport between them.
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Sliced Wasserstein: A Surrogate of Wasserstein Distance

Sliced-Wasserstein distance [Bonneel et al., 2015]:

▶ Given two distributions µ and γ defined on a metric space (X ⊂ RD, dX),
projecting ∀x ∈ X through a linear projection θ ∈ SD−1, i.e., Rθ(x) = ⟨x, θ⟩,
leads to
▶ A 1D metric space (Rθ(X ), dRθ(X )).
▶ The one-dimensional distributions after projection Rθ#µ and Rθ#γ.

SWp(µ, γ) := Eθ∼pSD−1
[Wp(Rθ#µ,Rθ#γ)] =

∫

θ∈SD−1

Wp(Rθ#µ,Rθ#γ)dp(θ)(26)

[Bonneel et al., 2015] Bonneel, N., Rabin, J., Peyré, G. and Pfister, H., Sliced and radon wasserstein
barycenters of measures. Journal of Mathematical Imaging and Vision, 2015.
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Sliced Wasserstein: A Surrogate of Wasserstein Distance

▶ Practical implementation:
▶ Samples X = {xn}Nn=1 ∼ µ and Y = {yn}Nn=1 ∼ γ are provided.
▶ Finite number of projections are sampled based on a distribution {θl}Ll=1 ∼ pSD−1 .

▶ Sample-based sliced Wasserstein distance:

ŜW p(X,Y ) =
1

L

L∑

l=1


 min

T∈Π( 1
N
1N ,

1
N
1N )

N∑

m,n=1

|θ⊤l xm − θ⊤l yn|ptmn




1/p

=
1

L

L∑

l=1

(
1

N
min
σ∈PN

N∑

n=1

|θ⊤l xn − θ⊤l yσ(n)|p
)1/p

=
1

L

L∑

l=1

(
1

N

N∑

n=1

|θ⊤l xσ∗(n) − θ⊤l yσ∗(n)|p
)1/p

(27)
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Extensions of Sliced Wasserstein

Max-sliced Wasserstein (MSW) [Deshpande et al., 2019]: Instead of randomly
sampling projections, learn the optimal one in an adversarial way.

▶ Given two distributions µ and γ defined on a metric space (X ⊂ RD, dX), find the
optimal projection that maximizes the 1D Wasserstein distance:

MSWp(µ, γ) := max
θ∈SD−1

Wp(Rθ#µ,Rθ#γ) (28)

▶ Given samples X = {xn}Nn=1 ∼ µ and Y = {yn}Nn=1 ∼ γ,

M̂SW p(X,Y ) := max
θ∈SD−1

(
min
σ∈PN

N∑

n=1

|θ⊤xn − θ⊤yσ(n)|p
)1/p

(29)

[Deshpande et al., 2019] Deshpande, I., Hu, Y.T., Sun, R., Pyrros, A., Siddiqui, N., Koyejo, S., Zhao,
Z., Forsyth, D. and Schwing, A.G., Max-sliced wasserstein distance and its use for gans. CVPR, 2019.
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Extensions of Sliced Wasserstein

▶ MSWp is strongly equivalence to Wp [Paty et al. 2019, Bayraktar et al. 2021]:
for p = 1, 2,

∃0 < c1 < c2, c1MSWp ≤Wp ≤ c2MSWp. (30)

▶ In other words, in many situations, using MSWp should be comparable to using
Wp concerning distance metric.

[Paty et al. 2019] Paty, F.P. and Cuturi, M., Subspace robust Wasserstein distances. ICML, 2019.
[Bayraktar et al. 2021] Bayraktar, E. and Guo, G., Strong equivalence between metrics of Wasserstein
type. 2021.
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Extensions of Sliced Wasserstein

Generalized sliced Wasserstein (GSW) [Kolouri, et al., 2019]: Replacing the linear
projections to nonlinear ones (by generalized Radon transformation)

▶ Given two distributions µ and γ defined on a metric space (X ⊂ RD, dX), we have

GSWp(µ, γ) :=

∫

Fθ∈Ω
Wp(Fθ#µ, Fθ#γ)dp(θ),

MGSWp(µ, γ) := max
Fθ∈Ω

Wp(Fθ#µ, Fθ#γ)
(31)

where Fθ ∈ Ω is the generalized Radon transformation and θ is rotation angle.

▶ Alternating optimization is applied to compute these variants.

[Kolouri, et al., 2019] Kolouri, S., Nadjahi, K., Simsekli, U., Badeau, R., & Rohde, G. Generalized
sliced wasserstein distances. NeurIPS, 2019.
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Hilbert Curve Projection Distance: Locality-preserving Projection + OT

Motivation: Linear projections used in SW often break the locality-preserving
property.

Linear 
Proj.

Hilbert
Curve Proj.

Hilbert curve, a special kind of space-filling curve, provides us a potential projection
method that has locality-preserving property.
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Hilbert Curve Projection Distance: Locality-preserving Projection + OT
▶ A K-order Hilbert curve HK :

▶ Partition the [0, 1] and D-dimensional unit hyper-cube [0, 1]D into (2K)D parts.
▶ Construct a bijection between them.

▶ H(x) = limK→∞HK(x) is a surjection H : [0, 1] → [0, 1]d (space-filing curve).

▶ H covers the entire hyper-cube and enjoys the locality-preserving property:

∥H(x)−H(y)∥2 ≤ 2
√
d+ 3|x− y|1/d, ∀x, y ∈ [0, 1]. (32)
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Hilbert Curve Projection Distance: Locality-preserving Projection + OT
▶ Given a probability measure µ defined on a hyper-cube Ωµ,

▶ The Hilbert curve: Hµ : [0, 1] 7→ Ωµ

▶ The CDF along Hµ, denoted as g : [0, 1] 7→ [0, 1]:

gµ(t) = infs∈[0,t] µ
(

Hµ([0, s])︸ ︷︷ ︸
A Borel set in Ωµ

)
.

(33)

▶ The Hilbert Curve Projection (HCP) distance [Li, et al. 2022] is

HCPp(µ, γ) :=
(∫ 1

0
∥Hµ(g

−1
µ (t))−Hγ(g

−1
γ (t))∥p

p
dt
) 1

p

Compare to 1D Wp(µ, γ) =
(∫ 1

0
|F−1(z)−G−1(z)|pdz

)1/p (34)

▶ A valid metric for probability measures + An upper bound of Wp:

HCPp(µN , µ) → 0, and Wp(µ, γ) ≤ HCPp(µ, γ). (35)

[Li et al, 2022] Li, T., Meng, C., Xu, H. and Yu, J., Hilbert curve projection distance for distribution
comparison. arXiv:2205.15059, 2022.
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Hilbert Curve Projection Distance: Locality-preserving Projection + OT
(a) (b) (c) (d)

1. Project D-dimensional samples along their K-order Hilbert curves, and determine
the OT plan accordingly. (O((N +M)DK))

2. Determine the OT plan via sorting the projected samples.
(O(N logN +M logM))

3. Compute the HCP distance by the raw samples and the OT plan.

ĤCP p(X,Y ) =
(∑

m,n

∥xm − yn∥ppt∗mn
)1/p

. (36)
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Summary
▶ Wp and its variants (e.g., SWp, MSWp HCPp, and so on) provide valid metrics

for probability measures.
▶ MSWp is strongly equivalent to Wp

▶ SWp is weakly equivalent to Wp

▶ HCPp is an upper bound of Wp

▶ Efficient approximation methods (Sinkhorn, Proximal Point, Bregman ADMM,
etc.) are proposed with the help of various smoothness regularizers.
▶ Sublinear convergence rate (i.e., O(1/ϵ2) steps to achieve ϵ-approximation)
▶ Reduce the complexity to O(N2)

▶ Structured OT plans (Low-rank and/or sparse OT plans) often lead to further
accelerations.
▶ The time complexity of Low-rank OT is O(N2r) but it reduces memory cost

significantly.
▶ Apply importance sparsification reduces the complexity to O(N logN)

▶ Potential applications:
▶ For distance-centric applications: design loss functions.
▶ For OT plan-centric applications: solve matching problems and design models.
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5-min break for Q & A
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Outline

Part 1 Introduction to Computational Optimal Transport
▶ Preliminary and basic concepts
▶ Typical variants and computational methods

Part 2 OT-based Generative Modeling
▶ A (partial) family tree of OT-based generative models
▶ Generative models for structured data

Part 3 OT-based Privacy-preserving Machine Learning
▶ Robust multi-modal learning paradigms
▶ Decentralized distribution comparison
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Generative Modeling = Distribution Fitting and Matching
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▶ g : Z 7→ X is the generator/decoder.

▶ pz is the (predefined) latent distribution, and pg = g#pz is the model distribution.

▶ Learn g to fit data distribution px by pg.
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OT-based Generative Modeling Paradigms

Solution 1: Minimize W1 approximately in its dual-form.

▶ WGAN and its variants

Solution 2: Minimize W2 approximately in its primal-form.

▶ Differentiable Sinkhorn divergence (SinkDiff) and its variants

▶ Wasserstein Autoencoder (WAE) and its variants

Solution 3: Minimize efficient surrogate of W2, e.g., SW2 and MSW2

▶ Sliced Wasserstein generative (SGW) model and its variants.
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The Dual Form of Wp

The primal form of Wp:

W p
p (µ, γ) = inf

π∈Π(µ,γ)

∫

x,y∈X 2

∥x− y∥ppdπ(x, y) = inf
π∈Π(µ,γ)

E(x,y)∼π[∥x− y∥pp] (37)

The dual form of Wp:

W p
p (µ, γ) = sup

ϕ,ψ

∫

x∈X
ϕ(x)dµ(x)−

∫

y∈X
ψ(y)dγ(y) = sup

ϕ,ψ
Ex∼µ[ϕ(x)]− Ey∼γ [ψ(y)].(38)

▶ ϕ(x)− ψ(y) ≤ ∥x− y∥pp, ∀ x, y ∈ X 2.

The dual form of W1:

W1(µ, γ) = sup
f∈L1

∫

x∈X
f(x)dµ(x)−

∫

y∈X
f(y)dγ(y) = sup

f∈L1

Ex∼µ[f(x)]− Ey∼γ [f(y)].(39)

▶ f ∈ L1: f satisfies 1-Lipschitzness, i.e., |f(x)− f(y)| ≤ ∥x− y∥1, ∀ x, y ∈ X 2.

39 / 122



The Dual Form of Wp

The primal form of Wp:

W p
p (µ, γ) = inf

π∈Π(µ,γ)

∫

x,y∈X 2

∥x− y∥ppdπ(x, y) = inf
π∈Π(µ,γ)

E(x,y)∼π[∥x− y∥pp] (37)

The dual form of Wp:

W p
p (µ, γ) = sup

ϕ,ψ

∫

x∈X
ϕ(x)dµ(x)−

∫

y∈X
ψ(y)dγ(y) = sup

ϕ,ψ
Ex∼µ[ϕ(x)]− Ey∼γ [ψ(y)].(38)

▶ ϕ(x)− ψ(y) ≤ ∥x− y∥pp, ∀ x, y ∈ X 2.

The dual form of W1:

W1(µ, γ) = sup
f∈L1

∫

x∈X
f(x)dµ(x)−

∫

y∈X
f(y)dγ(y) = sup

f∈L1

Ex∼µ[f(x)]− Ey∼γ [f(y)].(39)

▶ f ∈ L1: f satisfies 1-Lipschitzness, i.e., |f(x)− f(y)| ≤ ∥x− y∥1, ∀ x, y ∈ X 2.

39 / 122



The Dual Form of Wp

The primal form of Wp:

W p
p (µ, γ) = inf

π∈Π(µ,γ)

∫

x,y∈X 2

∥x− y∥ppdπ(x, y) = inf
π∈Π(µ,γ)

E(x,y)∼π[∥x− y∥pp] (37)

The dual form of Wp:

W p
p (µ, γ) = sup

ϕ,ψ

∫

x∈X
ϕ(x)dµ(x)−

∫

y∈X
ψ(y)dγ(y) = sup

ϕ,ψ
Ex∼µ[ϕ(x)]− Ey∼γ [ψ(y)].(38)

▶ ϕ(x)− ψ(y) ≤ ∥x− y∥pp, ∀ x, y ∈ X 2.

The dual form of W1:

W1(µ, γ) = sup
f∈L1

∫

x∈X
f(x)dµ(x)−

∫

y∈X
f(y)dγ(y) = sup

f∈L1

Ex∼µ[f(x)]− Ey∼γ [f(y)].(39)

▶ f ∈ L1: f satisfies 1-Lipschitzness, i.e., |f(x)− f(y)| ≤ ∥x− y∥1, ∀ x, y ∈ X 2.
39 / 122



Wasserstein Generative Adversarial Network (WGAN)
Wasserstein Generative Adversarial Network (WGAN) [Arjovsky et al., 2017]: Fit
the model distribution pg by minimizing its 1-Wasserstein distance to the data
distribution px in the dual-form:

W1(px, pg) = inf
π∈Π(px,pg)

E(x,g(z))∼π[∥x− g(z)∥1] = sup
f∈L1

Ex[f(x)]− Ez[f(g(z))] (40)

Therefore, we have

inf
g
W1(px, pg) ⇐⇒ inf

g
sup
f∈L1

Ex[f(x)]− Ez[f(g(z))] (41)

Given a set of samples X = {xn}Nn=1 and a set of latent code Z = {zn}Nn=1, we have

min
g

max
f∈L1

∑

n

[f(xn)]−
∑

n

[f(g(zn))] (42)

[Arjovsky et al., 2017] Arjovsky, M., Chintala, S. and Bottou, L., Wasserstein generative adversarial
networks. ICML, 2017.

40 / 122



Wasserstein Generative Adversarial Network (WGAN)
Wasserstein Generative Adversarial Network (WGAN) [Arjovsky et al., 2017]: Fit
the model distribution pg by minimizing its 1-Wasserstein distance to the data
distribution px in the dual-form:

W1(px, pg) = inf
π∈Π(px,pg)

E(x,g(z))∼π[∥x− g(z)∥1] = sup
f∈L1

Ex[f(x)]− Ez[f(g(z))] (40)

Therefore, we have

inf
g
W1(px, pg) ⇐⇒ inf

g
sup
f∈L1

Ex[f(x)]− Ez[f(g(z))] (41)

Given a set of samples X = {xn}Nn=1 and a set of latent code Z = {zn}Nn=1, we have

min
g

max
f∈L1

∑

n

[f(xn)]−
∑

n

[f(g(zn))] (42)

[Arjovsky et al., 2017] Arjovsky, M., Chintala, S. and Bottou, L., Wasserstein generative adversarial
networks. ICML, 2017.

40 / 122



Wasserstein Generative Adversarial Network (WGAN)
Wasserstein Generative Adversarial Network (WGAN) [Arjovsky et al., 2017]: Fit
the model distribution pg by minimizing its 1-Wasserstein distance to the data
distribution px in the dual-form:

W1(px, pg) = inf
π∈Π(px,pg)

E(x,g(z))∼π[∥x− g(z)∥1] = sup
f∈L1

Ex[f(x)]− Ez[f(g(z))] (40)

Therefore, we have

inf
g
W1(px, pg) ⇐⇒ inf

g
sup
f∈L1

Ex[f(x)]− Ez[f(g(z))] (41)

Given a set of samples X = {xn}Nn=1 and a set of latent code Z = {zn}Nn=1, we have

min
g

max
f∈L1

∑

n

[f(xn)]−
∑

n

[f(g(zn))] (42)

[Arjovsky et al., 2017] Arjovsky, M., Chintala, S. and Bottou, L., Wasserstein generative adversarial
networks. ICML, 2017.

40 / 122



Improve WGAN with Gradient Penalty (WGAN-GP)
Motivations:

▶ We cannot hold the Lipschitzness of f strictly based on finite samples.

▶ WGAN clips f ’s weights to ensure its Lipchitzness, leading to undesired
performance.

WGAN-GP [Gulrajani, et al., 2017]: Adding a gradient penalty leads to a soft but
better Lipchitz regularizer.

inf
g
sup
f

Ex[f(x)]− Ez[f(g(z))] + λEz[(∥∇g(z)f(g(z))∥ − 1)2]. (43)

Given samples, we have

min
g

max
f

∑

n

f(xn)−
∑

n

f(g(zn)) + λ
∑

n

(∥∇g(zn)f(g(zn))∥ − 1)2. (44)

[Gulrajani, et al., 2017] Gulrajani, I., Ahmed, F., Arjovsky, M., Dumoulin, V. and Courville, A.C.,
Improved training of wasserstein gans. NeurIPS, 2017.
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SinkDiff: Learning Generative Models Based on Sinkhorn Divergence
Motivations:

▶ Learn generative models by minimizing the primal-form entropic optimal
transport (EOT).

Problem 1: EOT is not a distance because of the entropic term (i.e., Wp,ϵ(µ, µ) ̸= 0).

▶ Sinkhorn Divergence [Genevay et al., 2018]:

W̄p,ϵ(µ, γ) := 2Wp,ϵ(µ, γ)−Wp,ϵ(µ, µ)−Wp,ϵ(γ, γ). (45)

▶ ϵ→ 0: W̄p,ϵ(µ, γ) → 2Wp(µ, γ).
▶ ϵ→ ∞: W̄p,ϵ(µ, γ) →MMD(µ, γ)

SinkDiff Generative Model:

inf
g
W̄2,ϵ(px, pg) ≈ inf

g,π∈Πϵ(px,pg)
Ex,g(z)∼π[∥x− g(z)∥22] (46)

[Genevay et al., 2018] Genevay, A., Peyré, G. and Cuturi, M., March. Learning generative models with
sinkhorn divergences. AISTATS, 2018.
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SinkDiff: Learning Generative Models Based on Sinkhorn Divergence
Problem 2: The distance between high-dimensional real and fake data suffers from
the curse of dimensionality.

▶ Train an encoder f for dimensionality reduction in an adversarial way

sup
f

inf
g
W̄2,ϵ(f#px, f#pg)

= sup
f

inf
g,π∈Πϵ(f#px,f#pg)

Ef(x),f(g(z))∼π[∥f(x)− f(g(z))∥22]
(47)

▶ Given a batch of samples,

max
f

min
g,T∈Πϵ

⟨D(f(X), f(g(Z))),T ⟩+ ϵH(T ). (48)

▶ This method can be extended by the OT-GAN in [Salimans et al., 2018], replacing
the Sinkhorn divergence to a minibatch energy distance.

[Salimans et al., 2018] Salimans, T., Zhang, H., Radford, A. and Metaxas, D., Improving GANs Using
Optimal Transport. ICLR, 2018.
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Conditional Transport (CT): Amortization of Approximated OT Plan

Motivation: The OT plan in SinkDiff is nonparametric. Calling Sinkhorn-scaling
algorithm is time-consuming.

▶ Conditional Transport (CT) [Zheng et al., 2021]: Relax the OT plan to two
coupled transition matrices (with two one-side constraints):

sup
f

inf
g
CT (f#px, f#pg)

= sup
f

inf
g,π1∈Π(px,·),π2∈Π(·,pg)

Ex,g(z)∼π1 [d(f(x), f(g(z)))]

+ Ex,g(z)∼π2 [d(f(x), f(g(z)))].

(49)

[Zheng et al., 2021] Zheng, H. and Zhou, M., Exploiting Chain Rule and Bayes’ Theorem to Compare
Probability Distributions. NeurIPS, 2021.
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Conditional Transport (CT): Amortization of Approximated OT Plan

▶ Given samples, π1 and π2 are parametrized by a softmax-based model
(amortization):

π1(xn|g(z);ϕ) =
exp⟨ϕ(xn), ϕ(g(z))⟩∑
m exp⟨ϕ(xm), ϕ(g(z))⟩

,

π2(g(zn)|x;ϕ) =
exp⟨ϕ(g(zn)), ϕ(x)⟩∑
m exp⟨ϕ(g(zm)), ϕ(x)⟩

.

(50)

▶ The learning paradigm is

max
f

min
g,ϕ

⟨D(f(X), f(g(Z))),Tϕ(X, g(Z))⟩ (51)

where Tϕ = [π1(xn|g(zm);ϕ)] or [π2(g(zn)|xm;ϕ)].
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Wasserstein Autoencoder (WAE)

Besides approximate the primal form of Wp by EOT, another way is applying the
autoencoding architecture.

▶ Wasserstein autoencoder (WAE) [Tolstikhin, et al., 2018] fits the model
distribution pg by minimizing its W2 distance to the data distribution px
approximately.

inf
g
W2(px, pg) ≈ inf

g,f
EpxEqz|x;f [dx(x, g(z))]︸ ︷︷ ︸

reconstruction loss

+ γdp(

qz;f︷ ︸︸ ︷
Epx [qz|x;f ], pz)︸ ︷︷ ︸

distance(posterior, prior)

, (52)

▶ qz|x;f is the posterior of z given x, parameterized by an encoder f : X 7→ Z.
▶ qz;f = Epx

[qz|x;f ] is the expectation of the posterior distributions.
▶ pz is the prior of z.

[Tolstikhin, et al., 2018] Tolstikhin, I., Bousquet, O., Gelly, S., & Schoelkopf, B. Wasserstein
Auto-Encoders. ICLR 2018.
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Comparisons with Other Autoencoders

Method f : X 7→ Z Prior pz Learn pz dp(qz;Q, pz)

VAE Probabilistic N (z; 0, I) No KL
GMVAE Probabilistic 1

K

∑
kN (z;uk,Σk) No KL

VampPrior Probabilistic 1
K

∑
kN (z;Q(xk)) Yes KL

WAE Deterministic N (z; 0, I) No MMD/GAN
SWAE Deterministic N (z; 0, I) No SW2

RAE Probabilistic/Deterministic 1
K

∑
kN (z;uk,Σk) Yes FGW2

HCP-AE Probabilistic/Deterministic N (z; 0, I) No HCP2

SWAE [Kolouri et al., 2018] Kolouri, S., Pope, P.E., Martin, C.E. and Rohde, G.K., Sliced Wasserstein
auto-encoders. ICLR, 2018.
RAE [Xu et al., 2020] Xu, H., Luo, D., Henao, R., Shah, S. and Carin, L., Learning autoencoders with
relational regularization. ICML, 2020.
HCP-AE [Li et al., 2022] Li, T., Meng, C., Xu, H. and Yu, J., Hilbert curve projection distance for
distribution comparison. arXiv:2205.15059. 2022.
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Sliced Wasserstein Generative (SWG) Model
Motivations: Apply a computationally-efficient surrogate of Wp to simply the learning
of generative models.

▶ Sliced Wasserstein Generative (SWG) Model [Deshpande et al., 2018]:
Minimize SW2 between pg and px directly as

inf
g
SW2(px, pg) = inf

g

∫

f∈SD−1

W2(f#px, f#pg)dp(f)

= inf
g

∫

f∈SD−1

W2(f#px, f ◦ g#pz)dp(f)
(53)

▶ Given a batch of samples X, we sample L projectors in SD−1 uniformly:

min
g

L∑

l=1

Ŵ2(fl(X), fl(g(Z))), Z ∼ N (0, I). (54)

[Deshpande et al., 2018] Deshpande, I., Zhang, Z. and Schwing, A.G., 2018. Generative modeling
using the sliced wasserstein distance. CVPR, 2018.
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Max-Sliced Wasserstein Generative (Max-SWG) Model
Motivations: MSWp is strongly equivalent to Wp, so using it as the surrogate can be
better.

▶ Max-Sliced Wasserstein Generative (Max-SWG) Model [Deshpande et al.,
2019]: Minimize MSW2 between pg and px directly as

inf
g
MSW2(px, pg) = inf

g
sup

f∈SD−1

W2(f#px, f#pg)

= inf
g

sup
f∈SD−1

W2(f#px, f ◦ g#pz)
(55)

▶ Given a batch of samples X, we obtain an adversarial learning paradigm, where f
works as the discriminator:

min
g

max
f∈SD−1

Ŵ2(f(X), f(g(Z))), Z ∼ N (0, I). (56)

[Deshpande et al., 2019] Deshpande, I., Hu, Y.T., Sun, R., Pyrros, A., Siddiqui, N., Koyejo, S., Zhao,
Z., Forsyth, D. and Schwing, A.G., Max-sliced wasserstein distance and its use for gans. CVPR, 2019.
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Amortized Max-Sliced Wasserstein Generative Model
Motivations: The f in Max-SWG is nonparametric. For each batch, we have to solve
an optimization problem iteratively to obtain f .

▶ Amortized Max-Sliced Wasserstein Generative (AM-SWG) Model [Nguyen
et al., 2022]: Minimize MSW2 between pg and px approximately by applying a
parametric projector fθ : X 2B 7→ SD−1, where B is batch size.

inf
g
M̃SW 2(px, pg) = inf

g
sup

fθ:X 2B 7→SD−1

W2(fθ#px, fθ#pg)

= inf
g

sup
f :X 2B 7→SD−1

W2(f#px, fθ ◦ g#pz)
(57)

▶ Given a batch of samples X, we obtain an adversarial learning paradigm, where f
works as the discriminator:

min
g

max
θ
Ŵ2(fθ(X), fθ(g(Z))), Z ∼ N (0, I). (58)

[Nguyen et al., 2022] Nguyen, K. and Ho, N., Amortized projection optimization for sliced Wasserstein
generative models. NeurIPS, 2022.
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A (Partial) Family Tree of OT-based Generative Models

 
Dual Form Primal Form

SW-based 
Surrogate

SWAE
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inf
g
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f2L1

Ex[f(x)] � Ez[f(g(z))]
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inf
g

sup
f2L1

Ex[f(x)] � Ez[f(g(z))]
<latexit sha1_base64="pc8WXKLoEgGjX9C5paY6GtA8Lmw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARKkhJxNey6MZlRfuANoTJdNIOnUyGmYlYQlz4K25cKOLWz3Dn3zhts9DWAxcO59zLvfcEglGlHefbmptfWFxaLqwUV9fWNzbtre2GihOJSR3HLJatACnCKCd1TTUjLSEJigJGmsHgauQ374lUNOZ3eiiIF6EepyHFSBvJt3c7lId+2svgbdMXZeE/HD0Kv3fo2yWn4owBZ4mbkxLIUfPtr043xklEuMYMKdV2HaG9FElNMSNZsZMoIhAeoB5pG8pRRJSXjh/I4IFRujCMpSmu4Vj9PZGiSKlhFJjOCOm+mvZG4n9eO9HhhZdSLhJNOJ4sChMGdQxHacAulQRrNjQEYUnNrRD3kURYm8yKJgR3+uVZ0jiuuGeV05uTUvUyj6MA9sA+KAMXnIMquAY1UAcYZOAZvII368l6sd6tj0nrnJXP7IA/sD5/APehlgM=</latexit>

inf
g

SWp(px, pg)

<latexit sha1_base64="PRIis22br9U8MaGn/0cG6lRTDzg=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEClJmxNey2I3LCn1BOwyZNDMNzWRCkhHLUPFX3LhQxK3f4c6/MX0stPXAhcM593LvPYFgVGnH+bZyS8srq2v59cLG5tb2jr2711RJKjFp4IQlsh0gRRjlpKGpZqQtJEFxwEgrGFTHfuueSEUTXtdDQbwYRZyGFCNtJN8+6FIe+lk0gtV6SfgPp4/Cj058u+iUnQngInFnpAhmqPn2V7eX4DQmXGOGlOq4jtBehqSmmJFRoZsqIhAeoIh0DOUoJsrLJueP4LFRejBMpCmu4UT9PZGhWKlhHJjOGOm+mvfG4n9eJ9XhtZdRLlJNOJ4uClMGdQLHWcAelQRrNjQEYUnNrRD3kURYm8QKJgR3/uVF0jwru5fli7vzYuVmFkceHIIjUAIuuAIVcAtqoAEwyMAzeAVv1pP1Yr1bH9PWnDWb2Qd/YH3+AEUtlQ0=</latexit>

inf
g

CT (px, pg)
<latexit sha1_base64="Gz919OP3w8GH/0NLpC/azr7iS2I=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIr6WRTduhIr2AW0Ik+kkHTqZDDMTsYRu/BU3LhRx62e482+ctllo9cCFwzn3cu89gWBUacf5sgpz8wuLS8Xl0srq2vqGvbnVVEkqMWnghCWyHSBFGOWkoalmpC0kQXHASCsYXI791j2Riib8Tg8F8WIUcRpSjLSRfHunS3noR/D6tuWLivAfDqHwowPo22Wn6kwA/xI3J2WQo+7bn91egtOYcI0ZUqrjOkJ7GZKaYkZGpW6qiEB4gCLSMZSjmCgvmzwwgvtG6cEwkaa4hhP150SGYqWGcWA6Y6T7atYbi/95nVSH515GuUg14Xi6KEwZ1AkcpwF7VBKs2dAQhCU1t0LcRxJhbTIrmRDc2Zf/kuZR1T2tntwcl2sXeRxFsAv2QAW44AzUwBWogwbAYASewAt4tR6tZ+vNep+2Fqx8Zhv8gvXxDY81lRo=</latexit>

inf
g

MSWp(px, pg)

<latexit sha1_base64="W3R9bZRifVmul0wG5NOQaknEKJc=">AAACDHicbVDLSgMxFM3UV62vqks3wSIoSJkRX0vRjRuhon1AW4ZM5k4bzGRCklHL0A9w46+4caGIWz/AnX9j+lio9UDgcM653NwTSM60cd0vJzc1PTM7l58vLCwuLa8UV9dqOkkVhSpNeKIaAdHAmYCqYYZDQyogccChHtycDfz6LSjNEnFtehLaMekIFjFKjJX8YqnFROR3cOuOhWAYDyG7uKr3fbkt/ftdLP3ODrYpt+wOgSeJNyYlNEbFL362woSmMQhDOdG66bnStDOiDKMc+oVWqkESekM60LRUkBh0Oxse08dbVglxlCj7hMFD9edERmKte3FgkzExXf3XG4j/ec3URMftjAmZGhB0tChKOTYJHjSDQ6aAGt6zhFDF7F8x7RJFqLH9FWwJ3t+TJ0ltr+wdlg8u90snp+M68mgDbaJt5KEjdILOUQVVEUUP6Am9oFfn0Xl23pz3UTTnjGfW0S84H9+Ct5qh</latexit>

inf
g

M̂SW p(px, pg)
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Long break
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Recent Progress: OT-based Generative Models for Structured Data

<latexit sha1_base64="BtvItvm3mt2L7QHMbQ7iJc57RLE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0iqrfVW9OKxov2ANpTNdtsu3WzC7kYsoT/BiwdFvPqLvPlv3KYRVPTBwOO9GWbm+RFnSjvOh5VbWl5ZXcuvFzY2t7Z3irt7LRXGktAmCXkoOz5WlDNBm5ppTjuRpDjwOW37k8u5376jUrFQ3OppRL0AjwQbMoK1kW6i/n2/WHLsiuOeV0+QYzspUlJzyzXkZkoJMjT6xffeICRxQIUmHCvVdZ1IewmWmhFOZ4VerGiEyQSPaNdQgQOqvCQ9dYaOjDJAw1CaEhql6veJBAdKTQPfdAZYj9Vvby7+5XVjPax5CRNRrKkgi0XDmCMdovnfaMAkJZpPDcFEMnMrImMsMdEmnYIJ4etT9D9plW23aleuT0v1iyyOPBzAIRyDC2dQhytoQBMIjOABnuDZ4taj9WK9LlpzVjazDz9gvX0CrKmOFA==</latexit>px

<latexit sha1_base64="KF65uQNcH858yYG8vr6gHxGK+Hw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKpi20oWy223bpZhN2J0IN/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omDjVjPsslrFuhdRwKRT3UaDkrURzGoWSN8PR7dRvPnJtRKwecJzwIKIDJfqCUbSSn3Szp0m3XHGr7gxkmXg5qUCOerf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2bETcmKVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVu6xe3J9Xajd5HEU4gmM4BQ+uoAZ3UAcfGAh4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/NkKO9w==</latexit>pz

<latexit sha1_base64="ndad8l2RPTIo2UrqU5XNbPN8Kms=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCqyFTnNouhKIblxXsA9phyKSZaWjmQZIR2qFf4saFIm79FHf+jelDUNEDl3s4515yc/yUM6kQ+jAKa+sbm1vF7dLO7t5+2Tw47MgkE4S2ScIT0fOxpJzFtK2Y4rSXCoojn9OuP76e+917KiRL4js1Sakb4TBmASNYackzy6mXh7PL0MsHlVnqTT2zgixUrTuoAZFV1a3qaOIgu1FrQNtCC1TACi3PfB8ME5JFNFaEYyn7NkqVm2OhGOF0VhpkkqaYjHFI+5rGOKLSzReHz+CpVoYwSISuWMGF+n0jx5GUk8jXkxFWI/nbm4t/ef1MBXU3Z3GaKRqT5UNBxqFK4DwFOGSCEsUnmmAimL4VkhEWmCidVUmH8PVT+D/pVC27Zjm355Xm1SqOIjgGJ+AM2OACNMENaIE2ICADD+AJPBtT49F4MV6XowVjtXMEfsB4+wRLapOJ</latexit>pg = g#pz

<latexit sha1_base64="lGeUwXO0ZAsyJbLMW0Kypi+o8KQ=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgasgUp7a7ohuXLdgHtEPJpJk2NvMgyQhl6Be4caGIWz/JnX9j+hBU9EDI4Zx7ufcePxFcaYw/rNza+sbmVn67sLO7t39QPDxqqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uZ77nXsmFY+jWz1NmBeSUcQDTok2UnM0KJawjctVF9cQtsvmK7uGuNipVWrIsfECJVihMSi+94cxTUMWaSqIUj0HJ9rLiNScCjYr9FPFEkInZMR6hkYkZMrLFovO0JlRhiiIpXmRRgv1e0dGQqWmoW8qQ6LH6rc3F//yeqkOql7GoyTVLKLLQUEqkI7R/Go05JJRLaaGECq52RXRMZGEapNNwYTwdSn6n7TLtlOx3eZFqX61iiMPJ3AK5+DAJdThBhrQAgoMHuAJnq0769F6sV6XpTlr1XMMP2C9fQI+zo1C</latexit>g

Graph, 
Sequence,

Point Cloud,
Kernel or Its Gram Matrix, ….
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Gromov-Wasserstein Distance: The OT between MM-Spaces

Gromov-Wasserstein distance [Sturm 2006; Mémoli 2011] between XdX ,µX and YdY ,µY :
GWp(XdX ,µX ,YdY ,µY ) := ( infπ∈Π(µX ,µY ) Ex,x′,y,y′∼π×π[r(x, x′, y, y′)])1/p

=
(

inf
π∈Π(µX ,µY )

∫

(x,x′)∈X 2

∫

(y,y′)∈Y2

r(x, x′, y, y′)dπ(x, y)dπ(x′, y′)
)1/p

.
(59)

Minimize expected relational distance r(x, x′, y, y′) = |dX(x, x′)− dY (y, y
′)|p.

[Sturm 2006] Sturm, K.T., On the geometry of metric measure spaces. Acta Mathematica, 2006.
[Mémoli 2011] Mémoli, F., Gromov–Wasserstein distances and the metric approach to object
matching. Foundations of computational mathematics, 2011.
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Gromov-Wasserstein Distance for Structured Data (Point Clouds)

Given X = {xm}Mm=1, Y = {yn}Nn=1, and distributions µX ∈ ∆N−1, µY ∈ ∆M−1:

ĜW p(X,Y ) = (minT∈Π(µX ,µY )⟨R,T ⊗ T ⟩)1/p

=
(
minT∈Π(µX ,µY )

∑M

m,m′=1

∑N

n,n′=1
r(xm, xm′ , yn, yn′)tmntm′n′

)1/p
.

(60)

▶ π∗ or T ∗: the optimal transport plan between samples.
▶ π∗ × π∗ or T ∗ ⊗ T ∗: the optimal transport plan between sample pairs.
▶ Useful properties: Translation-, rotation-, and permutation-invariance
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Gromov-Wasserstein Distance for Structured Data (Graphs)

G(VX , µX ,DX)

<latexit sha1_base64="2W4kSVzGOoMKWbvZj7K3NW2mCo4="></latexit>

G(VY , µY ,DY )

<latexit sha1_base64="I7n+hEiEgyH8hks5s3pL5XH4SW8="></latexit>

T = [Tij ]

<latexit sha1_base64="ahHB/TH+K6aGw3ppBAgJvyxr0JI=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokUdCMU3bis0Be0IUymk3bs5MHMRAgh/oobF4q49UPc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G2vrG5tb25Wd6u7e/sGheXTck1EiCO2SiEdi4GFJOQtpVzHF6SAWFAcep31vdlv4/UcqJIvCjkpj6gR4EjKfEay05Jq1UYDV1POzTn497LgZe8gd16xbDWsOtErsktShRNs1v0bjiCQBDRXhWMqhbcXKybBQjHCaV0eJpDEmMzyhQ01DHFDpZPPwOTrTyhj5kdAvVGiu/t7IcCBlGnh6sogql71C/M8bJsq/cjIWxomiIVkc8hOOVISKJtCYCUoUTzXBRDCdFZEpFpgo3VdVl2Avf3mV9C4adrPRvG/WWzdlHRU4gVM4BxsuoQV30IYuEEjhGV7hzXgyXox342MxumaUOzX4A+PzB/o5lP0=</latexit>

r(i, i0, j, j0) = |dX
ii0 � dY

jj0 |2

<latexit sha1_base64="hw4mDnY0sSl4LOS+6QX1iaHHoNM="></latexit>

GWp(GX , GY ) :=
(
minT∈Π(µX ,µY )⟨R,T ⊗ T ⟩

)1/p

=
(
minT∈Π(µX ,µY ) E(i,i′,j,j′)∼T×T [r(i, i

′, j, j′)]
)1/p (61)

▶ A (pseudo) metric for graphs: permutation-invariant, robust to graph size,
more efficient than QAP.

[Chowdhury et al., 2019] Chowdhury, S., & Mémoli, F. The gromov–wasserstein distance between
networks and stable network invariants. Information and Inference: A Journal of the IMA, 2019.
[Xu et al., 2019] Xu, H., Luo, D., & Carin, L. Gromov-Wasserstein learning for graph matching and
node embedding. ICML, 2019. 56 / 122



Fused Gromov-Wasserstein Distance: Combine GWp with Wp

For graphs/point clouds, consider the GW distance between their topological
structure/nodes’ relations and the Wasserstein distance between their node
attributions jointly [Titouan, et al., 2019].

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

FGWp(XdX ,µX ,YdY ,µY ;β) =
(

inf
π∈Π(µX ,µY )

(1− β) ∫X×Y d(x, y)dπ(x, y)︸ ︷︷ ︸
Wasserstein term

+ β ∫X×Y ∫X×Y rx,y,x′,y′dπ(x, y)dπ(x
′, y′)︸ ︷︷ ︸

Gromov-Wasserstein term

)1/p
.

(62)

[Titouan, et al., 2019] Titouan, V., Courty, N., Tavenard, R., & Flamary, R. Optimal transport for
structured data with application on graphs. ICML 2019.
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Fused Gromov-Wasserstein Distance: Combine GWp with Wp

For graphs/point clouds, consider the GW distance between their topological
structure/nodes’ relations and the Wasserstein distance between their node
attributions jointly [Titouan, et al., 2019].

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

FGWp(XdX ,µX ,YdY ,µY ;β) =
(

inf
π∈Π(µX ,µY )

(1− β) ∫X×Y d(x, y)dπ(x, y)︸ ︷︷ ︸
Wasserstein term

+ β ∫X×Y ∫X×Y rx,y,x′,y′dπ(x, y)dπ(x
′, y′)︸ ︷︷ ︸

Gromov-Wasserstein term

)1/p
.

(62)

[Titouan, et al., 2019] Titouan, V., Courty, N., Tavenard, R., & Flamary, R. Optimal transport for
structured data with application on graphs. ICML 2019.

57 / 122



Fused Gromov-Wasserstein Distance: Combine GWp with Wp

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

In practice, given X = {xi}Mi=1 and Y = {yj}Nj=1, we have

F̂GW p(X,Y ;β) =
(
minT∈Π(µX ,µY )(1− β)

∑M

m=1

∑N

n=1
d(xm, yn)tmn

+ β
∑M

m,m′=1

∑N

n,n′=1
r(xm, xm′ , yn, yn′)tmntm′n′

)1/p

⇔(minT∈Π(µX ,µY )⟨DXY − 2DXTD⊤
Y ,T ⟩)1/p

(63)
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Fused Gromov-Wasserstein Distance: Combine GWp with Wp

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

R

<latexit sha1_base64="pwQmGmoXCB6r+QykHKtqjhfKPzM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF4+t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1VrzVqlfp3HUYQTOIVz8OAS6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frueM3Q==</latexit>

In practice, given X = {xi}Mi=1 and Y = {yj}Nj=1, we have

F̂GW p(X,Y ;β) =
(
minT∈Π(µX ,µY )(1− β)

∑M

m=1

∑N

n=1
d(xm, yn)tmn

+ β
∑M

m,m′=1

∑N

n,n′=1
r(xm, xm′ , yn, yn′)tmntm′n′

)1/p

⇔(minT∈Π(µX ,µY )⟨DXY − 2DXTD⊤
Y ,T ⟩)1/p

(63)
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From (F)GW Distance to (F)GW Barycenters

Given {Gk}Kk=1, K ≥ 2, their (weighted) GW barycenter [Peyré, et al., 2016] is

Ḡ(V̄, µ̄,B∗)︸ ︷︷ ︸
Barycenter graph

, {T ∗
k }Kk=1︸ ︷︷ ︸

OT matrices

:= arg minG
∑K

k=1
λkGW

p
p (Gk, G)

⇔ arg minB min{Tk∈Π(µk,µ̄)}Kk=1
−
∑K

k=1
λk⟨DkTkB

⊤,Tk⟩
(64)

Permutation-invariance: If Ḡ is a GW barycenter of {Gk}Kk=1, then permute(Ḡ) is a
valid GW barycenter as well.
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Implementation of GW Barycenter
▶ Approximation of µ̄ [Xu, et al., 2019]:

µ̄ =
∑K

k=1
λkinterpolate|V̄|(sort(µk)), (65)

▶ sort(·) sorts the elements of the input vector in descending order.
▶ interpolate|V̄|(·) samples |V̄| values from the input vector via an interpolation

method (e.g., bilinear or cubic interpolation).

▶ Alternating optimization strategy:
▶ Obtain Tk = argminT∈Π(µk,µ̄) −⟨DkTB⊤,T ⟩ for k = 1, ...,K.

▶ Sinkhorn, Proximal Gradient, Bregman ADMM, ...

▶ Update barycenter in a closed form (the first-order optimality condition):

B∗ =
1

µ̄µ̄⊤
∑K

k=1
λkT

⊤
k DkTk. (66)

[Xu, et al. 2019] Xu, H., Luo, D., & Carin, L. Scalable Gromov-Wasserstein learning for graph
partitioning and matching. NeurIPS, 2019.
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Open Resources

AAAI’22 Tutorial on Gromov-Wasserstein Learning
https://hongtengxu.github.io/talks.html
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OT-based Graph Generative Modeling
Leverage (F)GW distance and barycenters, we can

▶ Estimate Graphons (Nonparametric Graph Generative Models)

Row/Col.
Sampling

Edge
Sampling

Adjacency
Matrix

Sorting &
Smoothing

▶ Learn Graph-level Wasserstein Autoencoders

Attributed 
Graphs Latent Graph 

Representations

Generated 
Graphs

Decoder gEncoder f
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Graphon Estimation: Learning A Nonparametric Graph Generator
Graphon: A Nonparametric Graph Generative Model

Graphon

:
:

<latexit sha1_base64="kP3mkfhuuFIufFUtBLTCQcPLbLM=">AAACB3icbVBLSwMxGMzWV62vVY+CBItQoZRsURRPBS8eK9gHbNeSTbNtaDa7JFlxKb158a948aCIV/+CN/+NabsHbR0ITGa+j2TGjzlTGqFvK7e0vLK6ll8vbGxube/Yu3tNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfnDq4nfuqdSsUjc6jSmXoj7ggWMYG2krn3YKj2U05NL6KIydLy7aifEsdJRdu/aRVRBU8BF4mSkCDLUu/ZXpxeRJKRCE46Vch0Ua2+EpWaE03GhkygaYzLEfeoaKnBIlTea5hjDY6P0YBBJc4SGU/X3xgiHSqWhbyZDrAdq3puI/3luooMLb8REnGgqyOyhIOHQ5JyUAntMUqJ5aggmkpm/QjLAEhNtqiuYEpz5yIukWa04ZxV0c1qsoayOPDgAR6AEHHAOauAa1EEDEPAInsEreLOerBfr3fqYjeasbGcf/IH1+QNBwJZS</latexit>

W (x, y) : [0, 1]2 7! [0, 1]

<latexit sha1_base64="06cyxC37FgDcJXazCXD7lbZhMa4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCF48V7Ae2S8lms21oNlmSrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvTAU3FuNvr7S2vrG5Vd6u7Ozu7R9UD4/aRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDrpsR8qEeWd6cAfVGu4judAq8QvSA0KNAfVr36kaJYwaakgxvR8nNogJ9pyKti00s8MSwkdkyHrOSpJwkyQzy+eojOnRChW2pW0aK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrEKz91HENaNWTBwhVHN3K6Ijogm1LqSKC8FffnmVtC/q/lUd31/WGriIowwncArn4MM1NOAOmtACChKe4RXePOO9eO/ex6K15BUzx/AH3ucPZIGQrA==</latexit>

W1

<latexit sha1_base64="sM04W8hghK8akhSw3B02d1d8vb4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Ktmi6LHgxWMF+4HtUrLZbBuaTZYkK5Sl/8KLB0W8+m+8+W9M2z1o64OBx3szzMwLU8GNxfjbW1vf2NzaLu2Ud/f2Dw4rR8dtozJNWYsqoXQ3JIYJLlnLcitYN9WMJKFgnXB8O/M7T0wbruSDnaQsSMhQ8phTYp302A+ViPLOdFAfVKq4hudAq8QvSBUKNAeVr36kaJYwaakgxvR8nNogJ9pyKti03M8MSwkdkyHrOSpJwkyQzy+eonOnRChW2pW0aK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrEKz91HENaNWTBwhVHN3K6Ijogm1LqSyC8FffnmVtOs1/6qG7y+rDVzEUYJTOIML8OEaGnAHTWgBBQnP8ApvnvFevHfvY9G65hUzJ/AH3ucPZgWQrQ==</latexit>

W2

<latexit sha1_base64="Ml6E82ELpQ/MHjLAPANMZI2bc5c=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4KllR9Fjw4kkq2A9sl5LNZtvQbLIkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZemApuLMbf3srq2vrGZmmrvL2zu7dfOThsGZVpyppUCaU7ITFMcMmallvBOqlmJAkFa4ejm6nffmLacCUf7DhlQUIGksecEuukx16oRJS3J/27fqWKa3gGtEz8glShQKNf+epFimYJk5YKYkzXx6kNcqItp4JNyr3MsJTQERmwrqOSJMwE+eziCTp1SoRipV1Ji2bq74mcJMaMk9B1JsQOzaI3Ff/zupmNr4OcyzSzTNL5ojgTyCo0fR9FXDNqxdgRQjV3tyI6JJpQ60IquxD8xZeXSeu85l/W8P1FtY6LOEpwDCdwBj5cQR1uoQFNoCDhGV7hzTPei/fufcxbV7xi5gj+wPv8AZB1kMk=</latexit>

WN

<latexit sha1_base64="HJlMF+4mlvmircYxyL2S1B/U37o=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCC11WsA9oh5JJb9vQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj28xvTVBpHslHM43RD+lQ8gFn1FjJ74bUjBgV6d2s5/XKFbfqzkFWiZeTCuSo98pf3X7EkhClYYJq3fHc2PgpVYYzgbNSN9EYUzamQ+xYKmmI2k/noWfkzCp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxgxs/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPJVuCt/zlVdK8qHpXVffhslJz8zqKcAKncA4eXEMN7qEODWDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+i3pHz</latexit>G1

<latexit sha1_base64="EdSpo6v8mSrpDQe93S3QS/YUXAo=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZmi6LLgQpcV7APaoWTS2zY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O2vrG5tb24Wd4u7e/sFh6ei4qaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxbea3Jqg0j+Sjmcboh3Qo+YAzaqzkd0NqRoyK9G7Wq/ZKZbfizkFWiZeTMuSo90pf3X7EkhClYYJq3fHc2PgpVYYzgbNiN9EYUzamQ+xYKmmI2k/noWfk3Cp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxgxs/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPRVuCt/zlVdKsVryrivtwWa65eR0FOIUzuAAPrqEG91CHBjB4gmd4hTdn4rw4787HYnTNyXdO4A+czx+kYpH0</latexit>G2

<latexit sha1_base64="si46jpDlf8SILHXhzCKOtUrZ/sI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFlwoSupYB/QDiWTpm1oJjMmdwpl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglgKg6777aysrq1vbBa2its7u3v7pYPDhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdJP5zTHXRkTqEScx90M6UKIvGEUr+Z2Q4pBRmd5Ou/fdUtmtuDOQZeLlpAw5at3SV6cXsSTkCpmkxrQ9N0Y/pRoFk3xa7CSGx5SN6IC3LVU05MZPZ6Gn5NQqPdKPtH0KyUz9vZHS0JhJGNjJLKRZ9DLxP6+dYP/aT4WKE+SKzQ/1E0kwIlkDpCc0ZygnllCmhc1K2JBqytD2VLQleItfXiaN84p3WXEfLspVN6+jAMdwAmfgwRVU4Q5qUAcGT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDztKSEA==</latexit>GN

Row/Column
Sampling
(Uniform)

Element
Sampling
(Bernoulli)

:
:

Directed or Undirected
Graphs

?
<latexit sha1_base64="ouHBe0yiSeWlcB7v4dV0lxOEP3E=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCBz1WsLXYLiWbzbah2WRJskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MBXcWIy/vdLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaU7ITFMcMlallvBOqlmJAkFewhH11P/4Ylpw5W8t+OUBQkZSB5zSqyTHnuhElF+M+n7/WoN1/EMaJn4BalBgWa/+tWLFM0SJi0VxJiuj1Mb5ERbTgWbVHqZYSmhIzJgXUclSZgJ8tnFE3TilAjFSruSFs3U3xM5SYwZJ6HrTIgdmkVvKv7ndTMbXwU5l2lmmaTzRXEmkFVo+j6KuGbUirEjhGrubkV0SDSh1oVUcSH4iy8vk/ZZ3b+o47vzWgMXcZThCI7hFHy4hAbcQhNaQEHCM7zCm2e8F+/d+5i3lrxi5hD+wPv8AUwRkJw=</latexit>

G1

<latexit sha1_base64="FIA4uBe361CBqGZBE0sf97FNsdo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCBz1WsB/YhrLZbNqlm92wuxFK6L/w4kERr/4bb/4bt2kO2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuZn73SeqNJPiwUwT6sd4JFjECDZWehwEkofZ7WzYGFZrbt3NgVaJV5AaFGgNq1+DUJI0psIQjrXue25i/Awrwwins8og1TTBZIJHtG+pwDHVfpZfPENnVglRJJUtYVCu/p7IcKz1NA5sZ4zNWC97c/E/r5+a6NrPmEhSQwVZLIpSjoxE8/dRyBQlhk8twUQxeysiY6wwMTakig3BW355lXQade+y7t5f1JpuEUcZTuAUzsGDK2jCHbSgDQQEPMMrvDnaeXHenY9Fa8kpZo7hD5zPH02VkJ0=</latexit>

G2

<latexit sha1_base64="UIqewFLuD8/+B/IQKVTtumU+eOE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg56kgv3ANpTNZtMu3eyG3Y1QQv6FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScaeO6305pZXVtfaO8Wdna3tndq+4ftLVMFaEtIrlU3QBrypmgLcMMp91EURwHnHaC8fXU7zxRpZkUD2aSUD/GQ8EiRrCx0mM/kDzMbvLB3aBac+vuDGiZeAWpQYHmoPrVDyVJYyoM4Vjrnucmxs+wMoxwmlf6qaYJJmM8pD1LBY6p9rPZxTk6sUqIIqlsCYNm6u+JDMdaT+LAdsbYjPSiNxX/83qpia78jIkkNVSQ+aIo5chINH0fhUxRYvjEEkwUs7ciMsIKE2NDqtgQvMWXl0n7rO5d1N3781rDLeIowxEcwyl4cAkNuIUmtICAgGd4hTdHOy/Ou/Mxby05xcwh/IHz+QN4BZC5</latexit>

GN
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Graphon Estimation: Learning A Nonparametric Graph Generator
Graphon: A Nonparametric Graph Generative Model

Graphon

:
:

<latexit sha1_base64="kP3mkfhuuFIufFUtBLTCQcPLbLM=">AAACB3icbVBLSwMxGMzWV62vVY+CBItQoZRsURRPBS8eK9gHbNeSTbNtaDa7JFlxKb158a948aCIV/+CN/+NabsHbR0ITGa+j2TGjzlTGqFvK7e0vLK6ll8vbGxube/Yu3tNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfnDq4nfuqdSsUjc6jSmXoj7ggWMYG2krn3YKj2U05NL6KIydLy7aifEsdJRdu/aRVRBU8BF4mSkCDLUu/ZXpxeRJKRCE46Vch0Ua2+EpWaE03GhkygaYzLEfeoaKnBIlTea5hjDY6P0YBBJc4SGU/X3xgiHSqWhbyZDrAdq3puI/3luooMLb8REnGgqyOyhIOHQ5JyUAntMUqJ5aggmkpm/QjLAEhNtqiuYEpz5yIukWa04ZxV0c1qsoayOPDgAR6AEHHAOauAa1EEDEPAInsEreLOerBfr3fqYjeasbGcf/IH1+QNBwJZS</latexit>

W (x, y) : [0, 1]2 7! [0, 1]

<latexit sha1_base64="06cyxC37FgDcJXazCXD7lbZhMa4=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCF48V7Ae2S8lms21oNlmSrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvTAU3FuNvr7S2vrG5Vd6u7Ozu7R9UD4/aRmWashZVQuluSAwTXLKW5VawbqoZSULBOuH4duZ3npg2XMkHO0lZkJCh5DGnxDrpsR8qEeWd6cAfVGu4judAq8QvSA0KNAfVr36kaJYwaakgxvR8nNogJ9pyKti00s8MSwkdkyHrOSpJwkyQzy+eojOnRChW2pW0aK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrEKz91HENaNWTBwhVHN3K6Ijogm1LqSKC8FffnmVtC/q/lUd31/WGriIowwncArn4MM1NOAOmtACChKe4RXePOO9eO/ex6K15BUzx/AH3ucPZIGQrA==</latexit>

W1

<latexit sha1_base64="sM04W8hghK8akhSw3B02d1d8vb4=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4Ktmi6LHgxWMF+4HtUrLZbBuaTZYkK5Sl/8KLB0W8+m+8+W9M2z1o64OBx3szzMwLU8GNxfjbW1vf2NzaLu2Ud/f2Dw4rR8dtozJNWYsqoXQ3JIYJLlnLcitYN9WMJKFgnXB8O/M7T0wbruSDnaQsSMhQ8phTYp302A+ViPLOdFAfVKq4hudAq8QvSBUKNAeVr36kaJYwaakgxvR8nNogJ9pyKti03M8MSwkdkyHrOSpJwkyQzy+eonOnRChW2pW0aK7+nshJYswkCV1nQuzILHsz8T+vl9n4Jsi5TDPLJF0sijOBrEKz91HENaNWTBwhVHN3K6Ijogm1LqSyC8FffnmVtOs1/6qG7y+rDVzEUYJTOIML8OEaGnAHTWgBBQnP8ApvnvFevHfvY9G65hUzJ/AH3ucPZgWQrQ==</latexit>

W2

<latexit sha1_base64="Ml6E82ELpQ/MHjLAPANMZI2bc5c=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJ4KllR9Fjw4kkq2A9sl5LNZtvQbLIkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZemApuLMbf3srq2vrGZmmrvL2zu7dfOThsGZVpyppUCaU7ITFMcMmallvBOqlmJAkFa4ejm6nffmLacCUf7DhlQUIGksecEuukx16oRJS3J/27fqWKa3gGtEz8glShQKNf+epFimYJk5YKYkzXx6kNcqItp4JNyr3MsJTQERmwrqOSJMwE+eziCTp1SoRipV1Ji2bq74mcJMaMk9B1JsQOzaI3Ff/zupmNr4OcyzSzTNL5ojgTyCo0fR9FXDNqxdgRQjV3tyI6JJpQ60IquxD8xZeXSeu85l/W8P1FtY6LOEpwDCdwBj5cQR1uoQFNoCDhGV7hzTPei/fufcxbV7xi5gj+wPv8AZB1kMk=</latexit>

WN

<latexit sha1_base64="HJlMF+4mlvmircYxyL2S1B/U37o=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCC11WsA9oh5JJb9vQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj28xvTVBpHslHM43RD+lQ8gFn1FjJ74bUjBgV6d2s5/XKFbfqzkFWiZeTCuSo98pf3X7EkhClYYJq3fHc2PgpVYYzgbNSN9EYUzamQ+xYKmmI2k/noWfkzCp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxgxs/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPJVuCt/zlVdK8qHpXVffhslJz8zqKcAKncA4eXEMN7qEODWDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+i3pHz</latexit>G1

<latexit sha1_base64="EdSpo6v8mSrpDQe93S3QS/YUXAo=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZmi6LLgQpcV7APaoWTS2zY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O2vrG5tb24Wd4u7e/sFh6ei4qaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxbea3Jqg0j+Sjmcboh3Qo+YAzaqzkd0NqRoyK9G7Wq/ZKZbfizkFWiZeTMuSo90pf3X7EkhClYYJq3fHc2PgpVYYzgbNiN9EYUzamQ+xYKmmI2k/noWfk3Cp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxgxs/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPRVuCt/zlVdKsVryrivtwWa65eR0FOIUzuAAPrqEG91CHBjB4gmd4hTdn4rw4787HYnTNyXdO4A+czx+kYpH0</latexit>G2

<latexit sha1_base64="si46jpDlf8SILHXhzCKOtUrZ/sI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFlwoSupYB/QDiWTpm1oJjMmdwpl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglgKg6777aysrq1vbBa2its7u3v7pYPDhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdJP5zTHXRkTqEScx90M6UKIvGEUr+Z2Q4pBRmd5Ou/fdUtmtuDOQZeLlpAw5at3SV6cXsSTkCpmkxrQ9N0Y/pRoFk3xa7CSGx5SN6IC3LVU05MZPZ6Gn5NQqPdKPtH0KyUz9vZHS0JhJGNjJLKRZ9DLxP6+dYP/aT4WKE+SKzQ/1E0kwIlkDpCc0ZygnllCmhc1K2JBqytD2VLQleItfXiaN84p3WXEfLspVN6+jAMdwAmfgwRVU4Q5qUAcGT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDztKSEA==</latexit>GN

Row/Column
Sampling
(Uniform)

Element
Sampling
(Bernoulli)

:
:

Directed or Undirected
Graphs

?
<latexit sha1_base64="ouHBe0yiSeWlcB7v4dV0lxOEP3E=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCBz1WsLXYLiWbzbah2WRJskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MBXcWIy/vdLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaU7ITFMcMlallvBOqlmJAkFewhH11P/4Ylpw5W8t+OUBQkZSB5zSqyTHnuhElF+M+n7/WoN1/EMaJn4BalBgWa/+tWLFM0SJi0VxJiuj1Mb5ERbTgWbVHqZYSmhIzJgXUclSZgJ8tnFE3TilAjFSruSFs3U3xM5SYwZJ6HrTIgdmkVvKv7ndTMbXwU5l2lmmaTzRXEmkFVo+j6KuGbUirEjhGrubkV0SDSh1oVUcSH4iy8vk/ZZ3b+o47vzWgMXcZThCI7hFHy4hAbcQhNaQEHCM7zCm2e8F+/d+5i3lrxi5hD+wPv8AUwRkJw=</latexit>

G1

<latexit sha1_base64="FIA4uBe361CBqGZBE0sf97FNsdo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCBz1WsB/YhrLZbNqlm92wuxFK6L/w4kERr/4bb/4bt2kO2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuZn73SeqNJPiwUwT6sd4JFjECDZWehwEkofZ7WzYGFZrbt3NgVaJV5AaFGgNq1+DUJI0psIQjrXue25i/Awrwwins8og1TTBZIJHtG+pwDHVfpZfPENnVglRJJUtYVCu/p7IcKz1NA5sZ4zNWC97c/E/r5+a6NrPmEhSQwVZLIpSjoxE8/dRyBQlhk8twUQxeysiY6wwMTakig3BW355lXQade+y7t5f1JpuEUcZTuAUzsGDK2jCHbSgDQQEPMMrvDnaeXHenY9Fa8kpZo7hD5zPH02VkJ0=</latexit>

G2

<latexit sha1_base64="UIqewFLuD8/+B/IQKVTtumU+eOE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg56kgv3ANpTNZtMu3eyG3Y1QQv6FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScaeO6305pZXVtfaO8Wdna3tndq+4ftLVMFaEtIrlU3QBrypmgLcMMp91EURwHnHaC8fXU7zxRpZkUD2aSUD/GQ8EiRrCx0mM/kDzMbvLB3aBac+vuDGiZeAWpQYHmoPrVDyVJYyoM4Vjrnucmxs+wMoxwmlf6qaYJJmM8pD1LBY6p9rPZxTk6sUqIIqlsCYNm6u+JDMdaT+LAdsbYjPSiNxX/83qpia78jIkkNVSQ+aIo5chINH0fhUxRYvjEEkwUs7ciMsIKE2NDqtgQvMWXl0n7rO5d1N3781rDLeIowxEcwyl4cAkNuIUmtICAgGd4hTdHOy/Ou/Mxby05xcwh/IHz+QN4BZC5</latexit>

GN
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Two Paradigms of Graphon Estimation

▶ Traditional paradigm: Given a single large-scale graph, estimate a graphon by a
step-function and make it as smooth as possible.
▶ Collecting and processing a large-scale graph are challenging.
▶ The estimation and its smoothness depend on the sorting of nodes (according to

their degrees).

▶ The proposed paradigm: Given a set of unaligned but small graphs, estimate a
graphon by solving a GW barycenter problem [Xu, et al., 2021].
▶ Reduce the difficulty on data collection and processing.
▶ Robust to the challenging cases where the graph nodes are hard to sort.

[Xu, et al., 2021] Xu, H., Luo, D., Carin, L., & Zha, H. Learning Graphons via Structured
Gromov-Wasserstein Barycenters. AAAI 2021.
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Oracle Graphon Estimation

Cut norm: ∥W∥□ := supX ,Y⊂Ω

∣∣∣ ∫
X×Y

W (x, y)dxdy
∣∣∣,

Cut distance: δ□(W1,W2) := inf
ϕ ∈ SΩ︸ ︷︷ ︸

Measure-preserved map

∥W1 −W ϕ
2︸ ︷︷ ︸

Residual

∥□. (67)

Graphon

<latexit sha1_base64="KL6DDXUF1KZ4sHcK8Ia6ztsB91o=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPFiyepYD+wDWWz2bRLN7thdyOUkH/hxYMiXv033vw3btsctPXBwOO9GWbmBQln2rjut1NaWV1b3yhvVra2d3b3qvsHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDP1O09UaSbFg5kk1I/xULCIEWys9NgPJA+z63xwN6jW3Lo7A1omXkFqUKA5qH71Q0nSmApDONa657mJ8TOsDCOc5pV+qmmCyRgPac9SgWOq/Wx2cY5OrBKiSCpbwqCZ+nsiw7HWkziwnTE2I73oTcX/vF5qois/YyJJDRVkvihKOTISTd9HIVOUGD6xBBPF7K2IjLDCxNiQKjYEb/HlZdI+q3sXdff+vNZwizjKcATHcAoeXEIDbqEJLSAg4Ble4c3Rzovz7nzMW0tOMXMIf+B8/gBu25Cz</latexit>

AN

<latexit sha1_base64="mI2OKPNjdk5LvXJzSr2PL2uh1e8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseKF48V7Ae2oWw2m3bpZjfsboQS+i+8eFDEq//Gm//GbZqDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbud+94kqzaR4MNOE+jEeCRYxgo2VHgeB5GF2Mxs2htWaW3dzoFXiFaQGBVrD6tcglCSNqTCEY637npsYP8PKMMLprDJINU0wmeAR7VsqcEy1n+UXz9CZVUIUSWVLGJSrvycyHGs9jQPbGWMz1sveXPzP66cmuvYzJpLUUEEWi6KUIyPR/H0UMkWJ4VNLMFHM3orIGCtMjA2pYkPwll9eJZ1G3busu/cXtaZbxFGGEziFc/DgCppwBy1oAwEBz/AKb452Xpx352PRWnKKmWP4A+fzB0RrkJc=</latexit>

A2

<latexit sha1_base64="ghsww/htbv2Fk27URccA1+Ld/js=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseKF48VbC22S8lms21oNlmSrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvTAU3FuNvr7Syura+Ud6sbG3v7O5V9w/aRmWashZVQulOSAwTXLKW5VawTqoZSULBHsLRzdR/eGLacCXv7ThlQUIGksecEuukx16oRJRfT/p+v1rDdTwDWiZ+QWpQoNmvfvUiRbOESUsFMabr49QGOdGWU8EmlV5mWEroiAxY11FJEmaCfHbxBJ04JUKx0q6kRTP190ROEmPGSeg6E2KHZtGbiv953czGV0HOZZpZJul8UZwJZBWavo8irhm1YuwIoZq7WxEdEk2odSFVXAj+4svLpH1W9y/q+O681sBFHGU4gmM4BR8uoQG30IQWUJDwDK/w5hnvxXv3PuatJa+YOYQ/8D5/AELnkJY=</latexit>

A1

Merging
and

Smoothing
Sorting
Nodes

:
:

:
:<latexit sha1_base64="DgK4mWaqYZ41Ojd1c1o8DsOgdvo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIosuKG1dSwT6gCWEynbRDJw9mboQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6Z4yeCK7Csb6OytLyyulZdr21sbm3vmLt7HRWnkrI2jUUsez5RTPCItYGDYL1EMhL6gnX98XXhdx+YVDyO7mGSMDckw4gHnBLQkmceOMDFgGVOSGDkB9lVnnu3nlm3GtYUeJHYJamjEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlNSdVLCF0TIasr2lEQqbcbJo+x8daGeAglvpFgKfq742MhEpNQl9PFiHVvFeI/3n9FIJLN+NRkgKL6OxQkAoMMS6qwAMuGQUx0YRQyXVWTEdEEgq6sJouwZ7/8iLpnDbs84Z1d1ZvWmUdVXSIjtAJstEFaqIb1EJtRNEjekav6M14Ml6Md+NjNloxyp199AfG5w/43JV/</latexit>

ÃN

<latexit sha1_base64="zNWDCPU/IP3yepgp04l9uaOpRG0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IURZcVNy4r2Ac0IUymN+3QyYOZiVBD8FfcuFDErf/hzr9x0mahrQcGDufcyz1z/IQzqSzr26isrK6tb1Q3a1vbO7t75v5BV8apoNChMY9F3ycSOIugo5ji0E8EkNDn0PMnN4XfewAhWRzdq2kCbkhGEQsYJUpLnnnkKMaHkDkhUWM/yK7z3Gt6Zt1qWDPgZWKXpI5KtD3zyxnGNA0hUpQTKQe2lSg3I0IxyiGvOamEhNAJGcFA04iEIN1slj7Hp1oZ4iAW+kUKz9TfGxkJpZyGvp4sQspFrxD/8wapCq7cjEVJqiCi80NByrGKcVEFHjIBVPGpJoQKprNiOiaCUKULq+kS7MUvL5Nus2FfNKy783rLKuuoomN0gs6QjS5RC92iNuogih7RM3pFb8aT8WK8Gx/z0YpR7hyiPzA+fwDObJVj</latexit>

Ã2

<latexit sha1_base64="/Xh0mrlZ9fdddzYDtAw3AU/Zmig=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUlE0WXFjcsKthaaECaTSTt0MgkzN0INwV9x40IRt/6HO//GSZuFth4YOJxzL/fMCVLOFNj2t1FbWl5ZXauvNzY2t7Z3zN29nkoySWiXJDyR/QArypmgXWDAaT+VFMcBp/fB+Lr07x+oVCwRdzBJqRfjoWARIxi05JsHLjAe0tyNMYyCKL8qCt/xzabdsqewFolTkSaq0PHNLzdMSBZTAYRjpQaOnYKXYwmMcFo03EzRFJMxHtKBpgLHVHn5NH1hHWsltKJE6ifAmqq/N3IcKzWJAz1ZhlTzXin+5w0yiC69nIk0AyrI7FCUcQsSq6zCCpmkBPhEE0wk01ktMsISE9CFNXQJzvyXF0nvtOWct+zbs2bbruqoo0N0hE6Qgy5QG92gDuoigh7RM3pFb8aT8WK8Gx+z0ZpR7eyjPzA+fwDM6JVi</latexit>

Ã1

<latexit sha1_base64="cf0B5BH/xo+9Mp/jH+yM2k72bqo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxgv2AdinZNNvGZpMlyYrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDP1249UaSbFvUlj6kd4KFjICDZWarWrT2fpab9ccWvuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9hZRjhdFLqJZrGmIzxkHYtFTii2s9m107QiVUGKJTKljBopv6eyHCkdRoFtjPCZqQXvan4n9dNTHjtZ0zEiaGCzBeFCUdGounraMAUJYanlmCimL0VkRFWmBgbUMmG4C2+vExa5zXvsubeXVTqbh5HEY7gGKrgwRXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AmBaObQ==</latexit>

W (x, y)
<latexit sha1_base64="Uy7GyahKc+SfreUtjFXbWP5cIKw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURiy4LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u16389GEdZTgnnWyXPfbjhNZwG0TtySNKBEx7e/RuOYpBEVmnCs1NB1Eu1lWGpGOM1ro1TRBJMZntChoQJHVHnZIniOzo0yRmEszRMaLdTfGxmOlJpHgZksMqpVrxD/84apDm+8jIkk1VSQ5aEw5UjHqGgBjZmkRPO5IZhIZrIiMsUSE226qpkS3NUvr5PeZdNtNZ37q0bbKeuowimcwQW4cA1tuIMOdIFACs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz8ubZNf</latexit>

WP

Step function
<latexit sha1_base64="c6HGpQHgjaELvoF9DiXN/hNRBqg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBizcrmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2glv93P76f9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6CXKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuXdXdh8tawy3iKMMJnMI5eHANDbiDJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBxzyOmw==</latexit>

WO

Oracle
Estimation

<latexit sha1_base64="TWiHO0ae4n8bPvL6VL+la31Mmvs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY8FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxTZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qwVXdv7+sNfwijjKcwCmcQwDX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AI9Kj6g=</latexit>⇡
<latexit sha1_base64="9eZ2O0KlTGCJ6dKElSwSUMHcxCg="></latexit>

kW � WPk⇤  2p
log K

kWkL2

Weak Regularity Lemma

<latexit sha1_base64="5CogZ/MAYF4ZrJfWIl2SDnveYy8="></latexit>

�⇤(W � WO)  C

|P|
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Oracle Graphon Estimation

Cut norm: ∥W∥□ := supX ,Y⊂Ω

∣∣∣ ∫
X×Y

W (x, y)dxdy
∣∣∣,

Cut distance: δ□(W1,W2) := inf
ϕ ∈ SΩ︸ ︷︷ ︸

Measure-preserved map

∥W1 −W ϕ
2︸ ︷︷ ︸

Residual

∥□. (67)

Graphon

Merging
and

Smoothing
Sorting
Nodes

:
:

:
:

<latexit sha1_base64="cf0B5BH/xo+9Mp/jH+yM2k72bqo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxgv2AdinZNNvGZpMlyYrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDP1249UaSbFvUlj6kd4KFjICDZWarWrT2fpab9ccWvuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9hZRjhdFLqJZrGmIzxkHYtFTii2s9m107QiVUGKJTKljBopv6eyHCkdRoFtjPCZqQXvan4n9dNTHjtZ0zEiaGCzBeFCUdGounraMAUJYanlmCimL0VkRFWmBgbUMmG4C2+vExa5zXvsubeXVTqbh5HEY7gGKrgwRXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AmBaObQ==</latexit>

W (x, y)
<latexit sha1_base64="Uy7GyahKc+SfreUtjFXbWP5cIKw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURiy4LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u16389GEdZTgnnWyXPfbjhNZwG0TtySNKBEx7e/RuOYpBEVmnCs1NB1Eu1lWGpGOM1ro1TRBJMZntChoQJHVHnZIniOzo0yRmEszRMaLdTfGxmOlJpHgZksMqpVrxD/84apDm+8jIkk1VSQ5aEw5UjHqGgBjZmkRPO5IZhIZrIiMsUSE226qpkS3NUvr5PeZdNtNZ37q0bbKeuowimcwQW4cA1tuIMOdIFACs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz8ubZNf</latexit>

WP

Step function
<latexit sha1_base64="c6HGpQHgjaELvoF9DiXN/hNRBqg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBizcrmLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2glv93P76f9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6CXKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuXdXdh8tawy3iKMMJnMI5eHANDbiDJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBxzyOmw==</latexit>

WO

Oracle
Estimation

<latexit sha1_base64="TWiHO0ae4n8bPvL6VL+la31Mmvs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY8FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxTZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qwVXdv7+sNfwijjKcwCmcQwDX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AI9Kj6g=</latexit>⇡
<latexit sha1_base64="9eZ2O0KlTGCJ6dKElSwSUMHcxCg="></latexit>

kW � WPk⇤  2p
log K

kWkL2

Weak Regularity Lemma

<latexit sha1_base64="xozQ8VvhGdaoaQKp+d4TYC9l0DM="></latexit>

�⇤(W, WO)  C

|P|

<latexit sha1_base64="QEOJ73+5tLNqgIHqul6eHawwxd0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0WPBg56kgv2AJoTNZtsu3WTD7qRQQv6JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb6uytr6xuVXdru3s7u0f2IdHHS0zRVmbSiFVLySaCZ6wNnAQrJcqRuJQsG44vp353QlTmsvkCaYp82MyTPiAUwJGCmzbGxHIvVCKKL8riuAhsOtOw5kDrxK3JHVUohXYX14kaRazBKggWvddJwU/Jwo4FayoeZlmKaFjMmR9QxMSM+3n88sLfGaUCA+kMpUAnqu/J3ISaz2NQ9MZExjpZW8m/uf1Mxjc+DlP0gxYQheLBpnAIPEsBhxxxSiIqSGEKm5uxXREFKFgwqqZENzll1dJ56LhXjWcx8t60ynjqKITdIrOkYuuURPdoxZqI4om6Bm9ojcrt16sd+tj0Vqxyplj9AfW5w/QupO3</latexit>

ĜN

<latexit sha1_base64="CoiOOh3tSMiIpvUgBhnby6UjREg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSSi6LHgQY8V7Ac0IWw2m3bpZjfsbgol5J948aCIV/+JN/+N2zYHrT4YeLw3w8y8KGNUadf9smpr6xubW/Xtxs7u3v6BfXjUUyKXmHSxYEIOIqQIo5x0NdWMDDJJUBox0o8mt3O/PyVSUcEf9SwjQYpGnCYUI22k0Lb9MdKFHwkWF3dlGXqh3XRb7gLOX+JVpAkVOqH96ccC5ynhGjOk1NBzMx0USGqKGSkbfq5IhvAEjcjQUI5SooJicXnpnBkldhIhTXHtLNSfEwVKlZqlkelMkR6rVW8u/ucNc53cBAXlWa4Jx8tFSc4cLZx5DE5MJcGazQxBWFJzq4PHSCKsTVgNE4K3+vJf0rtoeVct9+Gy2XarOOpwAqdwDh5cQxvuoQNdwDCFJ3iBV6uwnq03633ZWrOqmWP4BevjG6TGk5o=</latexit>

Ĝ1

<latexit sha1_base64="Zuh8c9frag0Fg4HA9v5560dnReo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKoseCBz1WsB/QhLDZbNqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38393oQpzVP5BNOM+QkZSh5zSsBIgW17IwKFF6YiKu5ns6AZ2HWn4SyA14lbkjoq0Q7sLy9KaZ4wCVQQrQeuk4FfEAWcCjareblmGaFjMmQDQyVJmPaLxeUzfGGUCMepMiUBL9TfEwVJtJ4moelMCIz0qjcX//MGOcS3fsFllgOTdLkozgWGFM9jwBFXjIKYGkKo4uZWTEdEEQomrJoJwV19eZ10mw33uuE8XtVbThlHFZ2hc3SJXHSDWugBtVEHUTRBz+gVvVmF9WK9Wx/L1opVzpyiP7A+fwCmSpOb</latexit>

Ĝ2
<latexit sha1_base64="5GtF+byHovai3XPMNiszyz6OcL0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KklR9FjwoMcK9gOaUDabTbt0sxt2N0IJ+RtePCji1T/jzX/jts1BWx8MPN6bYWZemHKmjet+O2vrG5tb25Wd6u7e/sFh7ei4q2WmCO0QyaXqh1hTzgTtGGY47aeK4iTktBdObmd+74kqzaR4NNOUBgkeCRYzgo2V/NwPJY/yu6IYNoe1uttw50CrxCtJHUq0h7UvP5IkS6gwhGOtB56bmiDHyjDCaVH1M01TTCZ4RAeWCpxQHeTzmwt0bpUIxVLZEgbN1d8TOU60niah7UywGetlbyb+5w0yE98EORNpZqggi0VxxpGRaBYAipiixPCpJZgoZm9FZIwVJsbGVLUheMsvr5Jus+FdNdyHy3rLLeOowCmcwQV4cA0tuIc2dIBACs/wCm9O5rw4787HonXNKWdO4A+czx8ZAJGp</latexit>

G2

<latexit sha1_base64="BsAWwkwoVW74GfZIF+w3H14wc4I=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBgx4r2A9oQtlsNu3SzW7Y3Qgl5G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777VTW1jc2t6rbtZ3dvf2D+uFRV8tMEdohkkvVD7GmnAnaMcxw2k8VxUnIaS+c3M783hNVmknxaKYpDRI8EixmBBsr+bkfSh7ld0Ux9Ib1htt050CrxCtJA0q0h/UvP5IkS6gwhGOtB56bmiDHyjDCaVHzM01TTCZ4RAeWCpxQHeTzmwt0ZpUIxVLZEgbN1d8TOU60niah7UywGetlbyb+5w0yE98EORNpZqggi0VxxpGRaBYAipiixPCpJZgoZm9FZIwVJsbGVLMheMsvr5LuRdO7aroPl42WW8ZRhRM4hXPw4BpacA9t6ACBFJ7hFd6czHlx3p2PRWvFKWeO4Q+czx8XfJGo</latexit>

G1

<latexit sha1_base64="au2nAEYL/8ScM+WJENao7K5QaFM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg56kgrWFJpTNZtMu3eyG3Y1QQv6GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6acaeO6305lZXVtfaO6Wdva3tndq+8fPGqZKUI7RHKpeiHWlDNBO4YZTnupojgJOe2G4+up332iSjMpHswkpUGCh4LFjGBjJT/3Q8mj/KYoBneDesNtujOgZeKVpAEl2oP6lx9JkiVUGMKx1n3PTU2QY2UY4bSo+ZmmKSZjPKR9SwVOqA7y2c0FOrFKhGKpbAmDZurviRwnWk+S0HYm2Iz0ojcV//P6mYmvgpyJNDNUkPmiOOPISDQNAEVMUWL4xBJMFLO3IjLCChNjY6rZELzFl5fJ41nTu2i69+eNllvGUYUjOIZT8OASWnALbegAgRSe4RXenMx5cd6dj3lrxSlnDuEPnM8fQ3CRxQ==</latexit>

GN
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Oracle Graphon Estimation

Cut norm: ∥W∥□ := supX ,Y⊂Ω

∣∣∣ ∫
X×Y

W (x, y)dxdy
∣∣∣,

Cut distance: δ□(W1,W2) := inf
ϕ ∈ SΩ︸ ︷︷ ︸

Measure-preserved map

∥W1 −W ϕ
2︸ ︷︷ ︸

Residual

∥□. (67)

Graphon

Merging
and

Smoothing
Undesired
Sorting

:
:

:
:

<latexit sha1_base64="cf0B5BH/xo+9Mp/jH+yM2k72bqo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxgv2AdinZNNvGZpMlyYrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDP1249UaSbFvUlj6kd4KFjICDZWarWrT2fpab9ccWvuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9hZRjhdFLqJZrGmIzxkHYtFTii2s9m107QiVUGKJTKljBopv6eyHCkdRoFtjPCZqQXvan4n9dNTHjtZ0zEiaGCzBeFCUdGounraMAUJYanlmCimL0VkRFWmBgbUMmG4C2+vExa5zXvsubeXVTqbh5HEY7gGKrgwRXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AmBaObQ==</latexit>

W (x, y)
<latexit sha1_base64="Uy7GyahKc+SfreUtjFXbWP5cIKw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURiy4LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u16389GEdZTgnnWyXPfbjhNZwG0TtySNKBEx7e/RuOYpBEVmnCs1NB1Eu1lWGpGOM1ro1TRBJMZntChoQJHVHnZIniOzo0yRmEszRMaLdTfGxmOlJpHgZksMqpVrxD/84apDm+8jIkk1VSQ5aEw5UjHqGgBjZmkRPO5IZhIZrIiMsUSE226qpkS3NUvr5PeZdNtNZ37q0bbKeuowimcwQW4cA1tuIMOdIFACs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz8ubZNf</latexit>

WP

Step function

<latexit sha1_base64="TWiHO0ae4n8bPvL6VL+la31Mmvs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY8FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxTZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qwVXdv7+sNfwijjKcwCmcQwDX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AI9Kj6g=</latexit>⇡
<latexit sha1_base64="9eZ2O0KlTGCJ6dKElSwSUMHcxCg="></latexit>

kW � WPk⇤  2p
log K

kWkL2

Weak Regularity Lemma

Bad
Estimation

<latexit sha1_base64="xozQ8VvhGdaoaQKp+d4TYC9l0DM="></latexit>

�⇤(W, WO)  C

|P|

<latexit sha1_base64="UIqewFLuD8/+B/IQKVTtumU+eOE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg56kgv3ANpTNZtMu3eyG3Y1QQv6FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScaeO6305pZXVtfaO8Wdna3tndq+4ftLVMFaEtIrlU3QBrypmgLcMMp91EURwHnHaC8fXU7zxRpZkUD2aSUD/GQ8EiRrCx0mM/kDzMbvLB3aBac+vuDGiZeAWpQYHmoPrVDyVJYyoM4Vjrnucmxs+wMoxwmlf6qaYJJmM8pD1LBY6p9rPZxTk6sUqIIqlsCYNm6u+JDMdaT+LAdsbYjPSiNxX/83qpia78jIkkNVSQ+aIo5chINH0fhUxRYvjEEkwUs7ciMsIKE2NDqtgQvMWXl0n7rO5d1N3781rDLeIowxEcwyl4cAkNuIUmtICAgGd4hTdHOy/Ou/Mxby05xcwh/IHz+QN4BZC5</latexit>

GN

<latexit sha1_base64="ouHBe0yiSeWlcB7v4dV0lxOEP3E=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCBz1WsLXYLiWbzbah2WRJskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MBXcWIy/vdLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaU7ITFMcMlallvBOqlmJAkFewhH11P/4Ylpw5W8t+OUBQkZSB5zSqyTHnuhElF+M+n7/WoN1/EMaJn4BalBgWa/+tWLFM0SJi0VxJiuj1Mb5ERbTgWbVHqZYSmhIzJgXUclSZgJ8tnFE3TilAjFSruSFs3U3xM5SYwZJ6HrTIgdmkVvKv7ndTMbXwU5l2lmmaTzRXEmkFVo+j6KuGbUirEjhGrubkV0SDSh1oVUcSH4iy8vk/ZZ3b+o47vzWgMXcZThCI7hFHy4hAbcQhNaQEHCM7zCm2e8F+/d+5i3lrxi5hD+wPv8AUwRkJw=</latexit>

G1

<latexit sha1_base64="FIA4uBe361CBqGZBE0sf97FNsdo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCBz1WsB/YhrLZbNqlm92wuxFK6L/w4kERr/4bb/4bt2kO2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuZn73SeqNJPiwUwT6sd4JFjECDZWehwEkofZ7WzYGFZrbt3NgVaJV5AaFGgNq1+DUJI0psIQjrXue25i/Awrwwins8og1TTBZIJHtG+pwDHVfpZfPENnVglRJJUtYVCu/p7IcKz1NA5sZ4zNWC97c/E/r5+a6NrPmEhSQwVZLIpSjoxE8/dRyBQlhk8twUQxeysiY6wwMTakig3BW355lXQade+y7t5f1JpuEUcZTuAUzsGDK2jCHbSgDQQEPMMrvDnaeXHenY9Fa8kpZo7hD5zPH02VkJ0=</latexit>

G2

<latexit sha1_base64="Zuh8c9frag0Fg4HA9v5560dnReo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKoseCBz1WsB/QhLDZbNqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwDY7zbVU2Nre2d6q7tb39g8Mj+/ikq9NcUdahqUhVPySaCS5ZBzgI1s8UI0koWC8c38393oQpzVP5BNOM+QkZSh5zSsBIgW17IwKFF6YiKu5ns6AZ2HWn4SyA14lbkjoq0Q7sLy9KaZ4wCVQQrQeuk4FfEAWcCjareblmGaFjMmQDQyVJmPaLxeUzfGGUCMepMiUBL9TfEwVJtJ4moelMCIz0qjcX//MGOcS3fsFllgOTdLkozgWGFM9jwBFXjIKYGkKo4uZWTEdEEQomrJoJwV19eZ10mw33uuE8XtVbThlHFZ2hc3SJXHSDWugBtVEHUTRBz+gVvVmF9WK9Wx/L1opVzpyiP7A+fwCmSpOb</latexit>

Ĝ2

<latexit sha1_base64="CoiOOh3tSMiIpvUgBhnby6UjREg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSSi6LHgQY8V7Ac0IWw2m3bpZjfsbgol5J948aCIV/+JN/+N2zYHrT4YeLw3w8y8KGNUadf9smpr6xubW/Xtxs7u3v6BfXjUUyKXmHSxYEIOIqQIo5x0NdWMDDJJUBox0o8mt3O/PyVSUcEf9SwjQYpGnCYUI22k0Lb9MdKFHwkWF3dlGXqh3XRb7gLOX+JVpAkVOqH96ccC5ynhGjOk1NBzMx0USGqKGSkbfq5IhvAEjcjQUI5SooJicXnpnBkldhIhTXHtLNSfEwVKlZqlkelMkR6rVW8u/ucNc53cBAXlWa4Jx8tFSc4cLZx5DE5MJcGazQxBWFJzq4PHSCKsTVgNE4K3+vJf0rtoeVct9+Gy2XarOOpwAqdwDh5cQxvuoQNdwDCFJ3iBV6uwnq03633ZWrOqmWP4BevjG6TGk5o=</latexit>

Ĝ1

<latexit sha1_base64="QEOJ73+5tLNqgIHqul6eHawwxd0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0WPBg56kgv2AJoTNZtsu3WTD7qRQQv6JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb6uytr6xuVXdru3s7u0f2IdHHS0zRVmbSiFVLySaCZ6wNnAQrJcqRuJQsG44vp353QlTmsvkCaYp82MyTPiAUwJGCmzbGxHIvVCKKL8riuAhsOtOw5kDrxK3JHVUohXYX14kaRazBKggWvddJwU/Jwo4FayoeZlmKaFjMmR9QxMSM+3n88sLfGaUCA+kMpUAnqu/J3ISaz2NQ9MZExjpZW8m/uf1Mxjc+DlP0gxYQheLBpnAIPEsBhxxxSiIqSGEKm5uxXREFKFgwqqZENzll1dJ56LhXjWcx8t60ynjqKITdIrOkYuuURPdoxZqI4om6Bm9ojcrt16sd+tj0Vqxyplj9AfW5w/QupO3</latexit>

ĜN

65 / 122



Oracle Graphon Estimation

Cut norm: ∥W∥□ := supX ,Y⊂Ω

∣∣∣ ∫
X×Y

W (x, y)dxdy
∣∣∣,

Cut distance: δ□(W1,W2) := inf
ϕ ∈ SΩ︸ ︷︷ ︸

Measure-preserved map

∥W1 −W ϕ
2︸ ︷︷ ︸

Residual

∥□. (67)

Graphon

Merging
and

Smoothing
Undesired
Sorting

:
:

:
:

<latexit sha1_base64="cf0B5BH/xo+9Mp/jH+yM2k72bqo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdUfRY8OKxgv2AdinZNNvGZpMlyYrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDP1249UaSbFvUlj6kd4KFjICDZWarWrT2fpab9ccWvuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9hZRjhdFLqJZrGmIzxkHYtFTii2s9m107QiVUGKJTKljBopv6eyHCkdRoFtjPCZqQXvan4n9dNTHjtZ0zEiaGCzBeFCUdGounraMAUJYanlmCimL0VkRFWmBgbUMmG4C2+vExa5zXvsubeXVTqbh5HEY7gGKrgwRXU4RYa0AQCD/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AmBaObQ==</latexit>

W (x, y)
<latexit sha1_base64="Uy7GyahKc+SfreUtjFXbWP5cIKw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURiy4LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u16389GEdZTgnnWyXPfbjhNZwG0TtySNKBEx7e/RuOYpBEVmnCs1NB1Eu1lWGpGOM1ro1TRBJMZntChoQJHVHnZIniOzo0yRmEszRMaLdTfGxmOlJpHgZksMqpVrxD/84apDm+8jIkk1VSQ5aEw5UjHqGgBjZmkRPO5IZhIZrIiMsUSE226qpkS3NUvr5PeZdNtNZ37q0bbKeuowimcwQW4cA1tuIMOdIFACs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz8ubZNf</latexit>

WP

Step function

<latexit sha1_base64="TWiHO0ae4n8bPvL6VL+la31Mmvs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY8FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxTZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qwVXdv7+sNfwijjKcwCmcQwDX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AI9Kj6g=</latexit>⇡
<latexit sha1_base64="9eZ2O0KlTGCJ6dKElSwSUMHcxCg="></latexit>

kW � WPk⇤  2p
log K

kWkL2

Weak Regularity Lemma

Bad
Estimation

<latexit sha1_base64="xozQ8VvhGdaoaQKp+d4TYC9l0DM="></latexit>

�⇤(W, WO)  C

|P|
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ĜN

Can we achieve graph alignment and graphon learning jointly?
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Practical Estimation: Optimizing An Upper Bound of Estimation Error

Learning task

▶ W : Ω2 7→ [0, 1]: An unknown target graphon

Data

▶ {Gm : Ω2 7→ [0, 1]}Mm=1: The step functions of observed graphs (induced from
adjacency matrices)

Unknown but useful concepts for theoretical analysis

▶ {Ĝm : Ω2 7→ [0, 1]}Mm=1: Perfectly aligned step functions of observed graphs (by
perfect measure-preserving mapping)

▶ WO = 1
M

∑M
m=1 Ĝm: The oracle graph estimator

Practical Implementation

▶ WP : The practical estimation based on observed {Gm}Mm=1.
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Practical Estimation: Optimizing An Upper Bound of Estimation Error

δ□(W,WP) ≤δ□(W,WO) + δ□(WO,WP) (Triangle Inequality)

=δ□(W,WO) + δ□

( 1

M

∑M

m=1
Ĝm,WP

)

≤δ□(W,WO) +
1

M

∑M

m=1
δ□(Ĝm,WP) (Triangle Inequality)

=δ□(W,WO) +
1

M

∑M

m=1
δ□(Gm,WP) (δ□(Gm, Ĝm) = 0)

≤δ□(W,WO) +
1

M

∑M

m=1
δ1(Gm,WP). (δ□(W,W

′) ≤ δ1(W,W
′))

(68)

▶ δ1 distance: δ1(W1,W2) := infϕ∈SΩ
∥W1 −W ϕ

2 ∥L1 .

▶ Task: minWP∈[0,1]K×K

∑M
m=1 δ1(Gm,WP).
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Learning Graphons as Gromov-Wasserstein Barycenters

δ1(W1,W2) = GW1(W1,W2)︸ ︷︷ ︸
[Janson, 2013]

∼= GW2(W1,W2)︸ ︷︷ ︸
[Mémoli, 2011]

.
(69)

The task becomes a Gromov-Wasserstein barycenter (GWB) problem:

minWP∈[0,1]K×K

∑M

m=1
GW 2

2 (Gm,WP). (70)

Let A and µ be the matrix and marginal vectors corresponding to a 2D step function,
we have

GW 2
2 (Gm,WP) = min

T∈Π(µ1,µ2)

∑
i,i′,j,j′

rii′jj′

p(r)︷ ︸︸ ︷
tijti′j′

︸ ︷︷ ︸
E[r]

⇔ min
T∈Π(µ1,µ2)

−⟨A1TA⊤
2 ,T ⟩.(71)

[Janson, 2013] Janson, S. Graphons, cut norm and distance, couplings and rearrangements. New York
journal of mathematics, 2013.
[Mémoli, 2011] Mémoli, F. Gromov–Wasserstein distances and the metric approach to object
matching. Foundations of computational mathematics, 2011.
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Two Variants for Structured GWBs
Can we achieve a smoothed graphon?

▶ Smoothed GW Barycenter (SGWB) [Xu, et al., AAAI 2021]:

minWP∈[0,1]K×K

∑M

m=1
GW 2

2 (Gm,WP) + α∥∆WP∥2F . (72)

▶ Similar to classic GWB problem, an alternating optimization strategy works well.

When the graphs are from multiple graphons, how to learn the model?

▶ A Mixture of GWBs [Xu, et al., AAAI 2021]:

min{Wc}Cc=1,P∈Π( 1
C
1C ,

1
M

1M )

∑C

c=1

∑M

m=1
pcmGW

2
2 (Gm,Wc)

︸ ︷︷ ︸
⟨P , Dgw⟩

(73)

▶ pcm: the probability of generating the m-th graph from the c-th graphon.

▶ Learn a graphon set to minimize its hierarchical GW distance to the observed
graphs.
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Experiments
Easy Case: The node degrees provide strong evidence for sorting nodes.

(a) W (x, y) = xy and 0  x, y  1

(b) W (x, y) = |x � y| and 0  x, y  1

Figure 1: Illustrations of learning results obtained by various methods for different graphons. In both (a) and (b), we visualize the graphon
and its estimations with size 1, 000 ⇥ 1, 000, and each estimation is derived based on 10 graphs with less than 300 nodes. The node degrees
of the graphs provide strong evidence to align graphs when learning the graphon in (a) but are useless for the graphon in (b). Our GWB
method outperforms state-of-the-art methods. Especially in the challenging case (b), the estimation derived by our method can be aligned to
the ground truth by a measure-preserving mapping, which is close to the ground truth under the cut distance.

ing problem before learning graphons. Because of the NP-
hardness of the matching problem, this preprocessing often
introduces severe noise to the subsequent learning problem
and leads to undesirable learning results.

To overcome the aforementioned challenges, we propose
a new method to learn one or multiple graphons from un-
aligned graphs. Our method leverages step functions to es-
timate graphons. It minimizes the Gromov-Wasserstein dis-
tance (GWD) (Mémoli 2011) between the step function of
each observed graph and that of the target graphon, whose
solution is a Gromov-Wasserstein barycenter (GWB) of the
graphs (Xu, Luo, and Carin 2019). We demonstrate that this
learning strategy minimizes an upper bound of the cut dis-
tance (Lovász 2012) between the graphon and its step func-
tion, which leads to a computationally-efficient algorithm.

To the best of our knowledge, our work makes the first
attempt to learn graphons from unaligned graphs. Different
from existing methods, which first match graphs heuristi-
cally and then estimate graphons, our method leverages the
permutation-invariance of the GW distance and integrates
graph matching implicitly in the estimation phase. As a re-
sult, our method mitigates bias caused by undesired match-
ing processes. Given a graphon W (x, y), if its marginal
W (y) =

R
x2⌦

W (x, y)dx (or W (x) =
R

y2⌦
W (x, y)dy)

is very different from a constant function, the graphs gen-
erated by it can be aligned readily by sorting and matching
their nodes according to their degrees. On the contrary, if
its marginal is close to a constant function, it will be hard
to align its graphs because the node degrees of the graphs’
nodes are almost the same. As illustrated in Figure 1, no mat-
ter whether it is easy to align the graphs or not, our method
can successfully learn the graphons and consistently outper-
forms existing methods. Besides the basic GWB method,
we design a smoothed GWB method to enhance the con-
tinuity of learned graphons. Additionally, to learn multiple
graphons from the graphs with unknown clustering struc-
tures, we propose a mixture model of GWBs. These struc-
tured GWB models achieve encouraging learning results in
some complicated scenarios.

Proposed Method
A graphon W : ⌦2 7! [0, 1] is defined on a probability
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m=1 be a set of graphs generated by an unknown
graphon W , whose sampling process is shown in (1). We
want to estimate the graphon based on the observed graphs,
making the estimation close to the ground truth under a spe-
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Approximate graphons by step functions
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pings from ⌦ to ⌦. Accordingly, we have W�

2 (x, y) =
W2(�(x), �(y)). The cut distance plays a central role in
graphon theory. We say that two graphons W1, W2 are
equivalent if �⇤(W1, W2) = 0, denoted as W1

⇠= W2.
The work in (Borgs et al. 2008) demonstrates that the quo-
tient space cW := W\ ⇠= is homeomorphic to the set of
graphons and (cW, �⇤) is a compact metric space. Similarly,
we can define �1(W1, W2) := inf�2S⌦ kW1�W�

2 k1, where
kWk1 :=
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tions, we have
�⇤(W1, W2)  �1(W1, W2), 8 W1, W2 2 W. (4)

Let P = (P1, .., PK) be a partition of ⌦ into K measur-
able sets. We define a step function WP : ⌦2 7! [0, 1] as

WP(x, y) =
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k,k0=1
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Hard Case: The nodes of each graph have comparable degrees.

(a) W (x, y) = xy and 0  x, y  1

(b) W (x, y) = |x � y| and 0  x, y  1

Figure 1: Illustrations of learning results obtained by various methods for different graphons. In both (a) and (b), we visualize the graphon
and its estimations with size 1, 000 ⇥ 1, 000, and each estimation is derived based on 10 graphs with less than 300 nodes. The node degrees
of the graphs provide strong evidence to align graphs when learning the graphon in (a) but are useless for the graphon in (b). Our GWB
method outperforms state-of-the-art methods. Especially in the challenging case (b), the estimation derived by our method can be aligned to
the ground truth by a measure-preserving mapping, which is close to the ground truth under the cut distance.
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and its estimations with size 1, 000 ⇥ 1, 000, and each estimation is derived based on 10 graphs with less than 300 nodes. The node degrees
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method outperforms state-of-the-art methods. Especially in the challenging case (b), the estimation derived by our method can be aligned to
the ground truth by a measure-preserving mapping, which is close to the ground truth under the cut distance.
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graphons from the graphs with unknown clustering struc-
tures, we propose a mixture model of GWBs. These struc-
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some complicated scenarios.

Proposed Method
A graphon W : ⌦2 7! [0, 1] is defined on a probability
space (⌦, µ), where µ is a probability measure on the space
⌦. Each W formulates a space of graphons, denoted as W .
Let {Gm}M

m=1 be a set of graphs generated by an unknown
graphon W , whose sampling process is shown in (1). We
want to estimate the graphon based on the observed graphs,
making the estimation close to the ground truth under a spe-
cific metric.

Approximate graphons by step functions
A graphon can always be approximated by a step function in
the cut norm (Frieze and Kannan 1999). For each W 2 W ,
its cut norm is defined as

kWk⇤ := supX ,Y⇢⌦

���
Z

X⇥Y
W (x, y)dxdy

���, (2)

where the supremum is taken over all measurable subsets
X and Y of ⌦. Based on the cut norm, we can define a
commonly-used metric called cut distance (Lovász 2012)
between W1, W2 2 W:

�⇤(W1, W2) := inf�2S⌦ kW1 � W�
2 k⇤, (3)

where S⌦ represents the set of measure-preserving map-
pings from ⌦ to ⌦. Accordingly, we have W�

2 (x, y) =
W2(�(x), �(y)). The cut distance plays a central role in
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Graphon Wasserstein Autoencoder (GWAE) for Graph Generation
Motivations:
▶ Build a graph-level WAE for graph representation and generation
▶ Achieve Transferable graph generation (e.g., generating arbitrary-sized graphs

with similar node clustering structures)

Recall the Wasserstein Autoencoder:

inf
g
W2(px, pg) ≈ inf

g,f
EpxEqz|x;f [dx(x, g(z))]︸ ︷︷ ︸

reconstruction loss

+ γdp(

qz;f︷ ︸︸ ︷
Epx [qz|x;f ], pz)︸ ︷︷ ︸

distance(posterior, prior)

, (74)

Reconstruction Loss: x and g(z) becomes graphs, so dx cannot be Euclidean
anymore.

▶ A nature choose is GW distance.

Model Architecture:
▶ Encoder f can be a GNN
▶ Decoder g can be a Gromov-Wasserstein Factorization (GWF) model
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Gromov-Wasserstein Factorization

Traditional Factorization Models:
▶ Given {y1, ...,yI}, we would like to learn the basis A = [a1, ...,aK ] and the

coefficient vector (representation) λi for each yi.

min{A,λ1:I}∈Ω
∑I

i=1
dloss(Aλi,yi). (75)

▶ PCA: dloss = ℓ2. (MSE)
▶ Robust PCA: dloss = ℓ1. (MAE)
▶ NMF: dloss = ℓ2, Ω = Nonnegativeness.
▶ LDA: dloss = KL, Ω = Simplex.
▶ Wasserstein dictionary learning: dloss = Wasserstein, Ω = Simplex.
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Gromov-Wasserstein Factorization for Graphs

▶ When Ω = Simplex, we have

Aλ = arg miny
∑K

k=1
λk∥y − ak∥22︸ ︷︷ ︸

Euclidean barycenter

= b(A,λ; ℓ2).
(76)

▶ Accordingly, a generalized factorization model can be written as

min{A,λ1:I}∈Ω
∑I

i=1
dloss(b(A,λi; db︸︷︷︸

b’s metric

),yi). (77)
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Gromov-Wasserstein Factorization for Graphs
Gromov-Wasserstein Factorization (GWF) [Xu, AAAI 2020]: Learning interpretable
factorization model to represent unaligned graphs.

▶ Estimate each graph by a GW barycenter graph:

Bgw(U1:K ,λ) := arg min
B

∑K

k=1
λkGW

2
2 (B,Gk(Uk)). (78)

▶ {Gk(Uk)}Kk=1: a set of graph factors.
▶ λ1:I = {λi ∈ ∆K−1}Ii=1: the coefficients of the graph factors corresponding to

{Gi}Ii=1 (The representations of the observed graphs).
[Xu, AAAI 2020] Xu, H. Gromov-Wasserstein factorization models for graph clustering. AAAI 2020.
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Learning Gromov-Wasserstein Factorization

Learning task:

min
1≥U1:K≥0, λ1:I∈∆K−1

∑I

i=1
dloss(Bgw(U1:K ,λi), Gi). (79)
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U3

<latexit sha1_base64="2jHzNl5G8NxIKYls2CH7xxlGWuY=">AAAB/HicdVBNS8NAEN3Ur1q/qj16WSyCp5K0odWb6MWjgrVCE8pmO7FLNx/sTsQS6l/x4kERr/4Qb/4bN1pBRR8MPN6bYWZekEqh0bbfrNLc/MLiUnm5srK6tr5R3dy60EmmOHR5IhN1GTANUsTQRYESLlMFLAok9ILxceH3rkFpkcTnOEnBj9hVLELBGRppUK15EKWj3EO4wSDMu9PpoDWo1u3GwX676bap3bDtjtN0CtLsuC2XOkYpUCcznA6qr94w4VkEMXLJtO47dop+zhQKLmFa8TINKeNjdgV9Q2MWgfbzj+OndNcoQxomylSM9EP9PpGzSOtJFJjOiOFI//YK8S+vn2G47+ciTjOEmH8uCjNJMaFFEnQoFHCUE0MYV8LcSvmIKcbR5FUxIXx9Sv8nF82G4zbcM7d+eDSLo0y2yQ7ZIw7pkENyQk5Jl3AyIXfkgTxat9a99WQ9f7aWrNlMjfyA9fIOtEGVeA==</latexit>

�1

<latexit sha1_base64="7DYYyYQaKbO8rwV/gKkkWZaCfGg=">AAACBHicdVC7SgNBFJ31GeMramkzmAhWYUeCiZ1oYxnBmEA2hNnJ3WRw9sHMXTEsKWz8FRsLRWz9CDv/xlmNoKIHBg7n3MOde/xESYOu++bMzM7NLywWlorLK6tr66WNzQsTp1pAS8Qq1h2fG1AyghZKVNBJNPDQV9D2L09yv30F2sg4OsdxAr2QDyMZSMHRSv3StgdhMso8hGv0g6ziKZsd8Mpk0mf9Utmtuq7LGKM5YfUD15LDw8Y+a1CWWxZlMkWzX3r1BrFIQ4hQKG5Ml7kJ9jKuUQoFk6KXGki4uORD6Foa8RBML/s4YkJ3rTKgQazti5B+qN8TGQ+NGYe+nQw5jsxvLxf/8ropBo1eJqMkRYjE56IgVRRjmjdCB1KDQDW2hAst7V+pGHHNBdreiraEr0vp/+Riv8pq1dpZrXx0PK2jQLbJDtkjjNTJETklTdIigtyQO/JAHp1b5955cp4/R2ecaWaL/IDz8g4gpphq</latexit>

�2

<latexit sha1_base64="nPri4N73MfjbOT/LM3lexH2UTnQ=">AAACBHicdVC7SgNBFJ31GeMramkzGAWrsBOCSbqgjaWCUSEbwuzkbjJk9sHMXTEsKWz8FRsLRWz9CDv/xlmNoKIHBg7n3MOde/xESYOu++bMzM7NLywWlorLK6tr66WNzXMTp1pAW8Qq1pc+N6BkBG2UqOAy0cBDX8GFPzrK/Ysr0EbG0RmOE+iGfBDJQAqOVuqVtj0Ik2HmIVyjH2S7nrLZPt+dTHrVXqnsVlzXZYzRnLD6gWtJs9mosgZluWVRJlOc9EqvXj8WaQgRCsWN6TA3wW7GNUqhYFL0UgMJFyM+gI6lEQ/BdLOPIyZ0zyp9GsTavgjph/o9kfHQmHHo28mQ49D89nLxL6+TYtDoZjJKUoRIfC4KUkUxpnkjtC81CFRjS7jQ0v6ViiHXXKDtrWhL+LqU/k/OqxVWq9ROa+XW4bSOAtkmO2SfMFInLXJMTkibCHJD7sgDeXRunXvnyXn+HJ1xppkt8gPOyzsiKphr</latexit>

�3

<latexit sha1_base64="PEI4b3NZTxPZiytEsW/LF/dlFew=">AAACBHicdVC7SgNBFJ2N7/iKWtoMJoJV2IlBYyfaWCoYE8iGMDu5awZnH8zcFcOSwsZfsbFQxNaPsPNvnDURVPTAwOGce7hzj58oadB1353C1PTM7Nz8QnFxaXlltbS2fmHiVAtoiljFuu1zA0pG0ESJCtqJBh76Clr+1XHut65BGxlH5zhMoBvyy0gGUnC0Uq+06UGYDDIP4Qb9IKt4ymb7vDIa9XZ7pbJbdV2XMUZzwvb3XEsODho11qAstyzKZILTXunN68ciDSFCobgxHeYm2M24RikUjIpeaiDh4opfQsfSiIdgutnnESO6bZU+DWJtX4T0U/2eyHhozDD07WTIcWB+e7n4l9dJMWh0MxklKUIkxouCVFGMad4I7UsNAtXQEi60tH+lYsA1F2h7K9oSvi6l/5OLWpXVq/WzevnwaFLHPNkkW2SHMLJPDskJOSVNIsgtuSeP5Mm5cx6cZ+dlPFpwJpkN8gPO6wcjrphs</latexit>

B

<latexit sha1_base64="EQ53t03QZg++4Kg5527TK/D1QZU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMdSLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt48yGWeN2aBccavuAmSdeDmpQI7moPzVH8YslRgZJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lEZWo/Wxx74xcWGVIwljZigxZqL8nMiq1nsrAdkpqxnrVm4v/eb3UhDd+xqMkNRix5aIwFcTEZP48GXKFzIipJZQpbm8lbEwVZcZGVLIheKsvr5P2VdWrVWv3tUq9kcdRhDM4h0vw4BrqcAdNaAEDAc/wCm/Oo/PivDsfy9aCk8+cwh84nz8tkpAR</latexit>

Gi

<latexit sha1_base64="7ZBmwoBjnb1YefdepcjhGDcMCwc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiBz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw22f98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1atXZfq9Sv8ziKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMYMI2u</latexit>
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Learning Gromov-Wasserstein Factorization

Reparameterize the problem to an unconstrained optimization problem:

min
V1:K , z1:I

∑I

i=1
dloss(Bgw(σ(V1:K), softmax(zi)), Gi). (80)

(1) Compute optimal transport matrices by GWD modules; (2) Fix the OT matrices
and learn the model parameters via SGD:

GWB 
L-Step

Loss

B(L)

<latexit sha1_base64="U+YVk+SzD1nPbAWa5CP6WD1yuqI=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkWol7IrBR+nohcPHirYB7RryWazbWg2WZKsUJfFv+LFgyJe/R/e/Ddm2x60dSBkmPk+Mhk/ZlRpx/m2FhaXlldWC2vF9Y3NrW17Z7epRCIxaWDBhGz7SBFGOWloqhlpx5KgyGek5Q+vcr/1QKSigt/pUUy8CPU5DSlG2kg9e7/rCxaoUWSu9DK7T8s3x1nPLjkVZww4T9wpKYEp6j37qxsInESEa8yQUh3XibWXIqkpZiQrdhNFYoSHqE86hnIUEeWl4/QZPDJKAEMhzeEajtXfGymKVB7QTEZID9Ssl4v/eZ1Eh2deSnmcaMLx5KEwYVALmFcBAyoJ1mxkCMKSmqwQD5BEWJvCiqYEd/bL86R5UnGrlfPbaql2Ma2jAA7AISgDF5yCGrgGddAAGDyCZ/AK3qwn68V6tz4mowvWdGcP/IH1+QN1aZU3</latexit>

Ci
<latexit sha1_base64="hRVzbzcztiavhzqWzYgh8Cak55g=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKiqtCNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gPDHM65lzlzgpQzpR3n29rY3Nre2a3sVfcPDo+O7ZPTrkoySWiHJDyR/QArypmgHc00p/1UUhwHnPaCSavwe1MqFUvEk56l1IvxSLCIEayN5Nv2MEh4qGaxufLW3Ge+XXPqzgJonbglqUGJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ1Xh5miKSYTPKIDQwWOqfLyRfI5ujRKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZju68nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpoS3NUvr5Nuo+5e1xuPN7XmfVlHBc7hAq7AhVtowgO0oQMEpvAMr/Bm5daL9W59LEc3rHLnDP7A+vwB/qWT3Q==</latexit>

dq
loss(B

(L), Ci)

<latexit sha1_base64="Bnr1JVXrLOuFOIjIcKqLdJohZSw=">AAACJHicbVDLSgMxFM34tr6qLt0Ei9CClBkp+NqIbly4ULAPaOuQyaRtaGYyJnfEMszHuPFX3LjwgQs3fovpY1FbD4QczrmXe+/xIsE12Pa3NTM7N7+wuLScWVldW9/Ibm5VtIwVZWUqhVQ1j2gmeMjKwEGwWqQYCTzBql73ou9XH5jSXIa30ItYMyDtkLc4JWAkN3vqu0kD2CMkQmqdpnfJfZpveFL4uheYLzk3Uv6qkO7jcfUidXnBzebsoj0AnibOiOTQCNdu9qPhSxoHLAQqiNZ1x46gmRAFnAqWZhqxZhGhXdJmdUNDEjDdTAZHpnjPKD5uSWVeCHigjnckJND97UxlQKCjJ72++J9Xj6F11Ex4GMXAQjoc1IoFBon7iWGfK0ZB9AwhVHGzK6YdoggFk2vGhOBMnjxNKgdFp1Q8vinlzk5GcSyhHbSL8shBh+gMXaJrVEYUPaEX9IberWfr1fq0voalM9aoZxv9gfXzCyk7pkw=</latexit>

GWD
M-Step

GWD
M-Step

GWD
M-Step

: Av
er
ag
e

B(l)
<latexit sha1_base64="inLiay9OJqcF4ehlDA+w+bLi2ZE=">AAAB/XicbVBLSwMxGMzWV62v9XHzEixCvZTdKiieil48VrAPaNeSzaZtaDZZkqxQl8W/4sWDIl79H978N2bbPWjrQMgw831kMn7EqNKO820VlpZXVteK66WNza3tHXt3r6VELDFpYsGE7PhIEUY5aWqqGelEkqDQZ6Ttj68zv/1ApKKC3+lJRLwQDTkdUIy0kfr2Qc8XLFCT0FzJVXqfVNhJ2rfLTtWZAi4SNydlkKPRt796gcBxSLjGDCnVdZ1IewmSmmJG0lIvViRCeIyGpGsoRyFRXjJNn8JjowRwIKQ5XMOp+nsjQaHKAprJEOmRmvcy8T+vG+vBhZdQHsWacDx7aBAzqAXMqoABlQRrNjEEYUlNVohHSCKsTWElU4I7/+VF0qpV3dNq7fasXL/M6yiCQ3AEKsAF56AObkADNAEGj+AZvII368l6sd6tj9lowcp39sEfWJ8/o5eVTw==</latexit>

B(l+1)
<latexit sha1_base64="Jlgf/Vg0GVsYnrzhtgAFHkv5R4M=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARKkLZrYLiqejFYwX7gHYt2WzahmaTJckKZd2Df8WLB0W8+je8+W/MtnvQ6kDIMPN9ZDJ+xKjSjvNlFRYWl5ZXiqultfWNzS17e6elRCwxaWLBhOz4SBFGOWlqqhnpRJKg0Gek7Y+vMr99T6Sigt/qSUS8EA05HVCMtJH69l7PFyxQk9BcyWV6l1TYsXuU9u2yU3WmgH+Jm5MyyNHo25+9QOA4JFxjhpTquk6kvQRJTTEjaakXKxIhPEZD0jWUo5AoL5nmT+GhUQI4ENIcruFU/bmRoFBlEc1kiPRIzXuZ+J/XjfXg3Esoj2JNOJ49NIgZ1AJmZcCASoI1mxiCsKQmK8QjJBHWprKSKcGd//Jf0qpV3ZNq7ea0XL/I6yiCfXAAKsAFZ6AOrkEDNAEGD+AJvIBX69F6tt6s99lowcp3dsEvWB/fiMGVvw==</latexit>

T
(l+1)
1<latexit sha1_base64="RRskV6RQLxRbP3nYNWkDhV5PErM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpSkCrosuHFZoS9oY5hMJu3QSSbMTIQSAm78FTcuFHHrT7jzb5y0WWjrgWEO59zLvfd4MaNSWda3UVpZXVvfKG9WtrZ3dvfM/YOu5InApIM546LvIUkYjUhHUcVIPxYEhR4jPW9yk/u9ByIk5VFbTWPihGgU0YBipLTkmkdDjzNfTkP9pe3MTe3sPq2xc/ssc82qVbdmgMvELkgVFGi55tfQ5zgJSaQwQ1IObCtWToqEopiRrDJMJIkRnqARGWgaoZBIJ53dkMFTrfgw4EK/SMGZ+rsjRaHM19SVIVJjuejl4n/eIFHBtZPSKE4UifB8UJAwqDjMA4E+FQQrNtUEYUH1rhCPkUBY6dgqOgR78eRl0m3U7Yt64+6y2mwUcZTBMTgBNWCDK9AEt6AFOgCDR/AMXsGb8WS8GO/Gx7y0ZBQ9h+APjM8fr1CXeQ==</latexit>

T
(l+1)
2<latexit sha1_base64="KD5lHXVwjdRsacU5F0v3B1GDMWM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpQkCrosuHFZoS9oY5hMJu3QSSbMTIQSAm78FTcuFHHrT7jzb5y0XWjrgWEO59zLvff4CaNSWda3UVpZXVvfKG9WtrZ3dvfM/YOO5KnApI0546LnI0kYjUlbUcVILxEERT4jXX98U/jdByIk5XFLTRLiRmgY05BipLTkmUcDn7NATiL9Za3cy5z8Pquxc/ss98yqVbemgMvEnpMqmKPpmV+DgOM0IrHCDEnZt61EuRkSimJG8soglSRBeIyGpK9pjCIi3Wx6Qw5PtRLAkAv9YgWn6u+ODEWyWFNXRkiN5KJXiP95/VSF125G4yRVJMazQWHKoOKwCAQGVBCs2EQThAXVu0I8QgJhpWOr6BDsxZOXScep2xd15+6y2nDmcZTBMTgBNWCDK9AAt6AJ2gCDR/AMXsGb8WS8GO/Gx6y0ZMx7DsEfGJ8/sN2Xeg==</latexit>

T
(l+1)
K

<latexit sha1_base64="fuCKMbT5rVkDGvqkDGHhTvi2u+k=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpSkCrosuBHcVOgL2hgmk0k7dJIJMxOhhIAbf8WNC0Xc+hPu/BsnbRZaPTDM4Zx7ufceL2ZUKsv6MkpLyyura+X1ysbm1vaOubvXlTwRmHQwZ1z0PSQJoxHpKKoY6ceCoNBjpOdNrnK/d0+EpDxqq2lMnBCNIhpQjJSWXPNg6HHmy2mov7SduelNdpfW2Kl9krlm1apbM8C/xC5IFRRouebn0Oc4CUmkMENSDmwrVk6KhKKYkawyTCSJEZ6gERloGqGQSCed3ZDBY634MOBCv0jBmfqzI0WhzNfUlSFSY7no5eJ/3iBRwaWT0ihOFInwfFCQMKg4zAOBPhUEKzbVBGFB9a4Qj5FAWOnYKjoEe/Hkv6TbqNtn9cbtebXZKOIog0NwBGrABhegCa5BC3QABg/gCbyAV+PReDbejPd5ackoevbBLxgf39eil5M=</latexit>

T
(l)
1<latexit sha1_base64="raSXBoYr1ODpGlcOtKtx35nTY9c=">AAAB/3icbVDNS8MwHE39nPOrKnjxEhzCvIx2CnocePE4YV+w1ZKm6RaWJiVJhVF78F/x4kERr/4b3vxvTLcddPNByOO934+8vCBhVGnH+bZWVtfWNzZLW+Xtnd29ffvgsKNEKjFpY8GE7AVIEUY5aWuqGeklkqA4YKQbjG8Kv/tApKKCt/QkIV6MhpxGFCNtJN8+HgSChWoSmytr5b57n1XZee7bFafmTAGXiTsnFTBH07e/BqHAaUy4xgwp1XedRHsZkppiRvLyIFUkQXiMhqRvKEcxUV42zZ/DM6OEMBLSHK7hVP29kaFYFRHNZIz0SC16hfif1091dO1llCepJhzPHopSBrWARRkwpJJgzSaGICypyQrxCEmEtamsbEpwF7+8TDr1mntRq99dVhr1eR0lcAJOQRW44Ao0wC1ogjbA4BE8g1fwZj1ZL9a79TEbXbHmO0fgD6zPH/EVlf0=</latexit>

T
(l)
2<latexit sha1_base64="dAmF0ELOa8J4ug6gJDQnzEp9gjE=">AAAB/3icbVDNS8MwHE39nPOrKnjxUhzCvIy2CnocePE4YV+w1ZKm6RaWJiVJhVF78F/x4kERr/4b3vxvTLcedPNByOO934+8vCChRCrb/jZWVtfWNzYrW9Xtnd29ffPgsCt5KhDuIE656AdQYkoY7iiiKO4nAsM4oLgXTG4Kv/eAhSSctdU0wV4MR4xEBEGlJd88HgachnIa6ytr5757n9Xpee6bNbthz2AtE6ckNVCi5Ztfw5CjNMZMIQqlHDh2orwMCkUQxXl1mEqcQDSBIzzQlMEYSy+b5c+tM62EVsSFPkxZM/X3RgZjWUTUkzFUY7noFeJ/3iBV0bWXEZakCjM0fyhKqaW4VZRhhURgpOhUE4gE0VktNIYCIqUrq+oSnMUvL5Ou23AuGu7dZa3plnVUwAk4BXXggCvQBLegBToAgUfwDF7Bm/FkvBjvxsd8dMUod47AHxifP/Kflf4=</latexit>

T
(l)
K

<latexit sha1_base64="1qg1wRbCpC7MZ5tBIgm6pBDAacI=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQ5mW0U9DjwIvgZcK+YKslTdMtLE1Kkgqj9uC/4sWDIl79N7z535huPejmg5DHe78feXl+TIlUtv1tlFZW19Y3ypuVre2d3T1z/6AreSIQ7iBOuej7UGJKGO4ooijuxwLDyKe450+uc7/3gIUknLXVNMZuBEeMhARBpSXPPBr6nAZyGukrbWfe7X1ao2eZZ1btuj2DtUycglRBgZZnfg0DjpIIM4UolHLg2LFyUygUQRRnlWEicQzRBI7wQFMGIyzddJY/s061ElghF/owZc3U3xspjGQeUU9GUI3lopeL/3mDRIVXbkpYnCjM0PyhMKGW4lZehhUQgZGiU00gEkRntdAYCoiUrqyiS3AWv7xMuo26c15v3F1Um42ijjI4BiegBhxwCZrgBrRAByDwCJ7BK3gznowX4934mI+WjGLnEPyB8fkDGSiWFw==</latexit>

f(V 1)

<latexit sha1_base64="S/d0TJIZbncB7qTyVor0NOdBStc="></latexit>

f(V 2)

<latexit sha1_base64="PGWOwF9LzRxx1m9BOOwtSGxtbrc="></latexit>

f(V K)

<latexit sha1_base64="hzojCrJoRqmKBGdH8FYZcZ/yioM="></latexit>

g(zi)

<latexit sha1_base64="ANnmFiM8A5lf8P4fyURA9/pKH3M="></latexit>

Overall scheme The GWB module
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Learning Gromov-Wasserstein Factorization

Reparameterize the problem to an unconstrained optimization problem:

min
V1:K , z1:I

∑I

i=1
dloss(Bgw(σ(V1:K), softmax(zi)), Gi). (80)

(1) Compute optimal transport matrices by GWD modules; (2) Fix the OT matrices
and learn the model parameters via SGD:

GWB 
L-Step

Loss

B(L)

<latexit sha1_base64="U+YVk+SzD1nPbAWa5CP6WD1yuqI=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkWol7IrBR+nohcPHirYB7RryWazbWg2WZKsUJfFv+LFgyJe/R/e/Ddm2x60dSBkmPk+Mhk/ZlRpx/m2FhaXlldWC2vF9Y3NrW17Z7epRCIxaWDBhGz7SBFGOWloqhlpx5KgyGek5Q+vcr/1QKSigt/pUUy8CPU5DSlG2kg9e7/rCxaoUWSu9DK7T8s3x1nPLjkVZww4T9wpKYEp6j37qxsInESEa8yQUh3XibWXIqkpZiQrdhNFYoSHqE86hnIUEeWl4/QZPDJKAEMhzeEajtXfGymKVB7QTEZID9Ssl4v/eZ1Eh2deSnmcaMLx5KEwYVALmFcBAyoJ1mxkCMKSmqwQD5BEWJvCiqYEd/bL86R5UnGrlfPbaql2Ma2jAA7AISgDF5yCGrgGddAAGDyCZ/AK3qwn68V6tz4mowvWdGcP/IH1+QN1aZU3</latexit>

Ci
<latexit sha1_base64="hRVzbzcztiavhzqWzYgh8Cak55g=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKiqtCNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gPDHM65lzlzgpQzpR3n29rY3Nre2a3sVfcPDo+O7ZPTrkoySWiHJDyR/QArypmgHc00p/1UUhwHnPaCSavwe1MqFUvEk56l1IvxSLCIEayN5Nv2MEh4qGaxufLW3Ge+XXPqzgJonbglqUGJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ1Xh5miKSYTPKIDQwWOqfLyRfI5ujRKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZju68nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpoS3NUvr5Nuo+5e1xuPN7XmfVlHBc7hAq7AhVtowgO0oQMEpvAMr/Bm5daL9W59LEc3rHLnDP7A+vwB/qWT3Q==</latexit>
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Overall scheme The GWB module
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Parametrizing Coefficients Leads to A Graph Autoencoder
Parametrizing coefficients leads to an autoencoder (GNN-GWF) [Xu, et al, 2023]:

min
V1:K , θ

∑I

i=1
GW2(Bgw(σ(V1:K), softmax(GNNθ(Gi))), Gi). (81)

Graph
Neural

Network
Softmax Gromov-Wasserstein 

Barycenter

Loss

Reconstruction Error

Observed
Graph

Reconstructed
Graph

Graph
Representation

▶ Eq. (81) works as the reconstruction loss.
▶ Regularizing the distribution of GNNθ(G) leads to a graph-level WAE.

[Xu, et al, 2023] Representing graphs via Gromov-Wasserstein factorization. IEEE TPAMI, 2023
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Extend to Graphon Wasserstein Autoencoder

Attributed 
Graphs

Induced 
Graphons

Induced 
Signals

Latent Graph 
Representations
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dw(pX , ph(Z))

Induction Sampling
Graphon
Factor-
ization

Decoder g

Graphon
Filters

Encoder f

Sample 
Space

Sample 
Space

[Xu, et al, 2021] Xu, H., Zhao, P., Huang, J. and Luo, D., Learning Graphon Autoencoders for
Generative Graph Modeling. arXiv:2105.14244. 2021.
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Preliminary Results for Transferable Graph Generation

Decoded graphon and original graph

Generated graphs with different sizes
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Summary

▶ Minimizing Wp is an important generative modeling paradigm, which can be
implemented in different ways
▶ Approximate it in its dual form
▶ Approximate it in its primal form
▶ Approximate it by (strongly or weakly) equivalent surrogates

▶ Gromovize Wp leads to GWp and its variants for structured data like graphs and
point clouds.
▶ The algorithms of Wp are applicable under slight modification
▶ The problem becomes non-convex but the algorithms still lead to stationary points
▶ GW barycenter provides a promising way to aggregate graphs

▶ Applying GW distance and barycenter, we can develop generative models for
graphs in different ways.
▶ GWB-based graphon estimation
▶ Gromov-Wasserstein factorization for graph representation and generation
▶ Graph-level Wasserstein autoencoder
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5-min break for Q & A
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Outline

Part 1 Introduction to Computational Optimal Transport
▶ Preliminary and basic concepts
▶ Typical variants and computational methods

Part 2 OT-based Generative Modeling
▶ A (partial) family tree of OT-based generative models
▶ Generative models for structured data

Part 3 OT-based Privacy-preserving Machine Learning
▶ Robust multi-modal learning paradigms
▶ Decentralized distribution comparison
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Data Privacy Issues in Machine Learning

▶ Case 1: I have data but they are noisy, incomplete, unaligned, ...
▶ Keep robustness to imperfect data

▶ Case 2: I don’t have data because of privacy protection, limited budgets, poor
sensors, ...
▶ Achieve machine learning without raw data sharing

We can develop OT-based solutions to the challenges.

▶ OT-based robust multi-modal learning for Case 1

▶ Privacy-preserving distributed distribution comparison for Case 2
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Two (Questionable) Assumptions on Multi-modal Learning

<latexit sha1_base64="5FrVcEbMZzOu+mvb/nUNp2Qw8eQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiTia1l047KCfWATwmQ6aYfOTMLMRKihXbnxV9y4UMStv+DOv3HSdqGtBy4czrmXe+8JE0aVdpxvq7CwuLS8Ulwtra1vbG7Z2zsNFacSkzqOWSxbIVKEUUHqmmpGWokkiIeMNMP+Ve4374lUNBa3epAQn6OuoBHFSBspsPc9jnQvjLK7YUA9RTlMgoeRF8USMTaigV12Ks4YcJ64U1IGU9QC+8vrxDjlRGjMkFJt10m0nyGpKWZkWPJSRRKE+6hL2oYKxInys/EfQ3holA40u00JDcfq74kMcaUGPDSd+dVq1svF/7x2qqMLP6MiSTUReLIoShnUMcxDgR0qCdZsYAjCkppbIe4hibA20ZVMCO7sy/OkcVxxzyqnNyfl6uU0jiLYAwfgCLjgHFTBNaiBOsDgETyDV/BmPVkv1rv1MWktWNOZXfAH1ucPEhOaGA==</latexit>

Zi ⇠ pz 8 i

Well-aligned multi-modal data Shared latent distribution
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Real-world Multi-modal Scenarios

▶ Only do some tests

▶ Have admissions in different
hospitals

▶ Collect data independently
from different hospitals

▶ Complementary modalities

View 1
Blood 
Test

View 2
Drugs

View 3
Genetic 

Test

Hospital 1 Hospital 2 Hospital 3

Latent
Space

Same patient,
but unaligned 

85 / 122



Real-world Multi-modal Scenarios

Unaligned multi-modal data + Clustered modalities in latent spaces.
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Traditional Multi-modal Learning Paradigms
▶ Multi-modal data [X1, ...,XS ] ∈ RN×(D1+...+DS).
▶ Learn latent representations directly or learn S encoders {fs : RDs 7→ Z}Ss=1.

Multi-kernel Fusion (MKF): Learn the encoders implicitly

maxU ,{αs}Ss=1
tr(U⊤K̄U), s.t. K̄ =

∑S

s=1
αsKs. (82)

Canonical Correlation Analysis (CCA):

min{fs,Us}Ss=1

∑
s ̸=s′

∥Us ◦ fs(Xs)− Us′ ◦ fs′(Xs′)∥2F ,

s.t. (Us ◦ fs(Xs))
⊤Us ◦ fs(Xs) = I, ∀s

(83)

Generalized Canonical Correlation Analysis (GCCA):

min{fs,Us}Ss=1,G

∑S

s=1
∥Us ◦ fs(Xs)−G∥2F , s.t. G⊤G = I, ∀s (84)

▶ How to make them applicable for unaligned data?
▶ How to introduce modality-level clustering structure?
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Multi-kernel Fusion (MKF): Learn the encoders implicitly

maxU ,{αs}Ss=1
tr(U⊤K̄U), s.t. K̄ =

∑S

s=1
αsKs. (82)

Canonical Correlation Analysis (CCA):

min{fs,Us}Ss=1

∑
s ̸=s′

∥Us ◦ fs(Xs)− Us′ ◦ fs′(Xs′)∥2F ,

s.t. (Us ◦ fs(Xs))
⊤Us ◦ fs(Xs) = I, ∀s

(83)

Generalized Canonical Correlation Analysis (GCCA):

min{fs,Us}Ss=1,G

∑S

s=1
∥Us ◦ fs(Xs)−G∥2F , s.t. G⊤G = I, ∀s (84)

▶ How to make them applicable for unaligned data?
▶ How to introduce modality-level clustering structure?
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Extend MKF to Unaligned Data via GW Barycenters

GW
Barycenter

Kernel 1

Kernel 2

Kernel M

…

α1α1

α2α2

αMαM

Fused Kernel

…

Fuse kernels by solving a weighted GW barycenter
problem:

maxU ,{αs}Ss=1
tr(U⊤KU),

s.t. K̄ ∈ min
K

∑S

s=1
αsGW2(K,Ks).

(85)

Nested optimization:

1. Compute the barycenter in a closed form

K̄ =
1

S2

∑S

s=1
αsT

∗
sKs(T

∗
s )

⊤ (86)

2. Plug the barycenter into the objective function:

maxU ,{αs}Ss=1
tr
(
U⊤
(∑S

s=1
αsT

∗
sKs(T

∗
s )

⊤
)
U
)
(87)
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Extend MKF to Unaligned Data via GW Barycenters
When computing the kernels by latent codes, we obtain parametric kernels and the
Gromov-Wasserstein multi-modal alignment and clustering model:

maxU∈Π,{fs}Ss=1
tr(U⊤KU)

︸ ︷︷ ︸
minGW (K̄,IC)

, s.t. K̄ ∈ min
K

∑S

s=1
αsGW2(K, K(fs)︸ ︷︷ ︸

param. kernel

).
(88)

Encoder 1

Encoder 2

Encoder M

:
:

:
:

Optimal 
Transports
for Alignment

Weighted GW Barycenter

Fused Kernel
for Clustering

Ground 
Truth

Estimation 
Error

Modality 1

Modality 2

Modality M

Kernel 1

Kernel 2

Kernel M

[Gong et al, 2022] Gong, F., Nie, Y. and Xu, H., Gromov-Wasserstein multi-modal alignment and
clustering. CIKM, 2022.

89 / 122



Multi-modal Clustering Performance
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Multi-modal Clustering Performance

Visualize the clustering results of the Handwritten dataset
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Extend CCA to Unaligned Data via Sliced Wasserstein

Sliced Wasserstein Canonical Correlation Analysis (SW-CCA):

min{fs,Us}Ss=1

∑
s ̸=s′

ŜW
2

2(Us ◦ fs(Xs), Us′ ◦ fs′(Xs′)),

s.t. (Us ◦ fs(Xs))
⊤Us ◦ fs(Xs) = I, ∀s

(89)

Sliced Wasserstein Generalized Canonical Correlation Analysis (SW-GCCA):

min{fs,Us}Ss=1,G

∑S

s=1
ŜW

2

2(Us ◦ fs(Xs),G), s.t. G⊤G = I, ∀s (90)

▶ Using SW distance does not require aligned data.

▶ It is differentiable and efficient, just requiring random projections and sorting
operations.

[Luo et al., 2022] Luo, D., Xu, H. and Carin, L., Differentiable Hierarchical Optimal Transport for
Robust Multi-View Learning. TPAMI, 2022.
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Extend CCA to Unaligned Data via Sliced Wasserstein

▶ Treat Us as a linear random projector, i.e., Us : Z 7→ R, and learn it in an
adversarial way, we have

Max-Sliced Wasserstein Canonical Correlation Analysis (MSW-CCA):

min{fs}Ss=1

∑
s ̸=s′

M̂SW
2

2(fs(Xs), fs′(Xs′)),

s.t. (Us ◦ fs(Xs))
⊤Us ◦ fs(Xs) = I, ∀s

(91)

Max-Sliced Wasserstein Generalized Canonical Correlation Analysis
(MSW-GCCA):

min{fs}Ss=1,G

∑S

s=1
M̂SW

2

2(fs(Xs),G), s.t. G⊤G = I, ∀s (92)
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Hierarchical Optimal Transport for Modality Clustering

Aligned
Labeled 
Data

Unaligned
Unlabeled 
Data

Wasserstein Space of The Views

Optimal Transport 
between Views

View 1
View 1 View 2 View 3 View 4

View 2
View 3

View 4

Classifier
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Optimal Transport 
between Views and Clusters

Label
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View 4
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Modality 2

Modality 3

Modality 4

Optimal Transport
between Modalities

Optimal Transport
between Modalities and Clusters

Wasserstein Space of Modalities

Principle:
▶ Further extend SW-CCA and SW-GCCA
▶ Capture the relations among the modalities by their OT distances.

94 / 122



Hierarchical Optimal Transport for Modality Clustering

Extend SW-CCA: Learn the pairwise relations between different modalities.

min
{fs,Us}Ss=1,

W∈Π( 1
S
1S ,

1
S
1S)

∑
s ̸=s′

wss′ŜW
2

2(Us ◦ fs(Xs), Us′ ◦ fs′(Xs′))
︸ ︷︷ ︸

Hierarchical OT

+ α
∥∥∑

s
(Us ◦ fs(Xs))

⊤Us ◦ fs(Xs)− I
∥∥2
F︸ ︷︷ ︸

CCA-Regularizer

+β H(W )︸ ︷︷ ︸
⟨W ,logW ⟩

.
(93)

▶ Lower level: the SW distance between different modalities’ sample sets.

▶ Upper level: Take the SW distances as the cost matrix, compute the EOT
between the group of modalities and itself. (Set wss = 0 to avoid trivial solutions)

▶ W ∗ indicates the clustering structure implicitly by the pairwise similarity between
different modalities.
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Hierarchical Optimal Transport for Modality Clustering

Extend SW-GCCA: Introduce K learnable reference matrix {Gk}Kk=1 and learn the
pairwise relations between the modalities and the references.

min
{fs,Us}Ss=1,{Gk}Kk=1,

W∈Π( 1
S
1S ,

1
K
1K)

∑
s,k
wskŜW

2

2(Us ◦ fs(Xs),Gk)
︸ ︷︷ ︸

Hierarchical OT

+ α
∥∥∑

k
GkG

⊤
k − I

∥∥2
F︸ ︷︷ ︸

GCCA Regularizer

+βH(W ).
(94)

▶ Lower level: the SW distance between each modality’s sample set and the
reference.

▶ Upper level: Take the SW distances as the cost matrix, compute the EOT
between the group of modalities and the clusters.

▶ W ∗ indicates the clustering structure explicitly.
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Performance on Multi-modal Classification
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[Luo et al., 2022] Luo, D., Xu, H. and Carin, L., Differentiable Hierarchical Optimal Transport for
Robust Multi-View Learning. TPAMI, 2022.
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Distributed Distribution Comparison
▶ In all above work, the data of each distribution are assumed to be stored in a

centralized way. The accessibility of the data is not considered.

Source Domain Target Domain
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Distributed 
Storage

Distributed 
Storage

▶ Real-world large-scale data are often stored in different servers in a distributed way.
▶ We need to find a way to achieve distributed distribution comparison.
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Distributed Distribution Comparison
▶ In all above work, the data of each distribution are assumed to be stored in a

centralized way. The accessibility of the data is not considered.

Source Domain Target Domain
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<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ

Distributed 
Storage

Distributed 
Storage

▶ Real-world large-scale data are often stored in different servers in a distributed way.
▶ We need to find a way to achieve distributed distribution comparison.
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(Centralized) Distributed Distribution Comparison

Source Domain Target Domain

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ

Distributed 
Storage

Distributed 
Storage

Central
Server

▶ High communication cost or high communication bandwidth requirement

▶ High storage cost in the central server.
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(Decentralized) Distributed Distribution Comparison

Source Domain Target Domain

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ

Distributed 
Storage

Distributed 
Storage

▶ Low cost on storage and low bandwidth cost

▶ Slow convergence (maybe high communication cost)
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Privacy-preserving Distributed Distribution Comparison

Source Domain Target Domain

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ

Distributed 
Storage

Distributed 
Storage

Raw 
Data

▶ Approximation precision + privacy preservation + communication efficiency

▶ Distributed Domain Adaptation, Federated Learning, ...
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A Potential Solution: Decentralized Entropic Optimal Transport

Source Domain Target Domain

<latexit sha1_base64="3WhjBAaok1Mi6OiEa9ahZFRW3k0=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhgoQZcTsGvXiMYBbIhFDT6SRNunuG7p5AGHLx4q948aCIV//Bm39jZzlo4oOCx3tVVNULY8608bxvJ7O0vLK6ll3PbWxube+4u3tVHSWK0AqJeKTqIWjKmaQVwwyn9VhRECGntbB/O/ZrA6o0i+SDGca0KaArWYcRMFZquYe1VhoMQNFYMx7JUSEQySkOuiAEnLTcvFf0JsCLxJ+RPJqh3HK/gnZEEkGlIRy0bvhebJopKMMIp6NckGgaA+lDlzYslSCobqaTL0b42Cpt3ImULWnwRP09kYLQeihC2ynA9PS8Nxb/8xqJ6Vw3UybjxFBJpos6CccmwuNIcJspSgwfWgJEMXsrJj1QQIwNLmdD8OdfXiTVs6J/Wby4P8+XbmZxZNEBOkIF5KMrVEJ3qIwqiKBH9Ixe0Zvz5Lw4787HtDXjzGb20R84nz8ex5hU</latexit>

W"(µ, �)
Decentralized EOT

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ
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Entropic Optimal Transport and Its Fenchel Dual Form
Entropic optimal transport (EOT) distance, or called Sinkhorn distance:

Wε(µ, γ) :=
(

inf
π∈Π(µ,γ)

∫

X 2

c(x, y)︸ ︷︷ ︸
∥x−y∥pp

dπ(x, y)
)1/p

− εH(π),
(95)

▶ Strictly-convex, but c(x, y) and π(x, y) are not friendly for decentralized cases.

Fenchel Dual Form of EOT:

W p
ε (µ, γ) := sup

u,v∈CX

∫

X
u(x)dµ(x) +

∫

X
v(y)dγ(y)− ε

∫

X 2

e
u(x)+v(y)−c(x,y)

ε dµ(x)dγ(y)

= sup
u,v∈CX

Ex∼µ,y∼γ [u(x) + v(y)− εe
u(x)+v(y)

ε

κ(x,y)︷ ︸︸ ︷
e−

c(x,y)
ε

︸ ︷︷ ︸
fε(x,y,u,v)

]

(96)

▶ Unconstrained dual functions + Expectation-based formulation

Keypoint: A privacy-preserving and communication-efficient approximation of κ(x, y).
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The Dual Problem in Decentralized Scenarios

▶ Storage protocol p⊗ q = [piqj ]:
▶ Hierarchical model: Select agents via p or q. Scatter data via µi or γj .

µ =
∑I

i=1
piµi, γ =

∑J

j=1
qjγj . (97)

▶ Communication protocol E = [eij ]:
▶ eij is the probability of the source agent i communicates with the target agent j.

Source Domain Target Domain

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ
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The Dual Problem in Decentralized Scenarios

▶ Storage protocol p⊗ q = [piqj ]:
▶ Hierarchical model: Select agents via p or q. Scatter data via µi or γj .

µ =
∑I

i=1
piµi, γ =

∑J

j=1
qjγj . (97)

▶ Communication protocol E = [eij ]:
▶ eij is the probability of the source agent i communicates with the target agent j.

Source Domain Target Domain

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ
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The Dual Problem in Decentralized Scenarios

▶ Storage protocol p⊗ q = [piqj ]:
▶ Hierarchical model: Select agents via p or q. Scatter data via µi or γj .

µ =
∑I

i=1
piµi, γ =

∑J

j=1
qjγj . (97)

▶ Communication protocol E = [eij ]:
▶ eij is the probability of the source agent i communicates with the target agent j.

Source Domain Target Domain

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ
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The Dual Problem in Decentralized Scenarios

▶ Storage protocol p⊗ q = [piqj ]:
▶ Hierarchical model: Select agents via p or q. Scatter data via µi or γj .

µ =
∑I

i=1
piµi, γ =

∑J

j=1
qjγj . (97)

▶ Communication protocol E = [eij ]:
▶ eij is the probability of the source agent i communicates with the target agent j.

Source Domain Target Domain

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ
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The Dual Problem in Decentralized Scenarios
The oracle under storage protocol:

Wε(µ, γ) = sup
u,v∈CX

Ex∼µ,y∼γfε(x, y, u, v)

= sup
u,v∈CX

E(i,j)∼p⊗qEx∼µi,y∼γjfε(x, y, u, v).
(98)

The real case under communication protocol:

W̃ε(µ, γ) = sup
u,v∈CX

E(i,j)∼EEx∼µi,y∼γjfε(x, y, u, v). (99)

Theorem (Protocol Mismatching Error)

When maxi,jWε(µi, γj) ≤ τ and
∑

i,j |eij − piqj | ≤ σ,

|W̃ε(µ, γ)−Wε(µ, γ)| ≤ τσ. (100)
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Sample-based Optimization

Given N source samples and M target samples, we have

max
u={u(i)}Ii=1∈RN

v={v(j)}Jj=1∈RM

Fε(u,v;K,E)︷ ︸︸ ︷
I∑

i=1

J∑

j=1

eij
NiMj

fε(Kij , u
(i), v(j))︸ ︷︷ ︸

f
(i,j)
ε

. (101)

K = [κ(xn, ym)] ∈ RN×M and Kij = [κ(x
(i)
n , y

(j)
m )] ∈ RNi×Mj is a block of K.

▶ The decomposable global dual objective Fε:

▶ Each local dual objective f
(i,j)
ε involves an agent pair.

▶ The dual variables can be scattered to different agents.
▶ The global kernel can be one-step and blockwisely computed.

▶ The keypoint is approximating each local kernel Kij .
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Privacy-preserving and Communication-efficient Kernel Estimation

▶ Treat κ(x, y) as a kind of generalized inner product (GIP):

κ(x, y) = exp(−∥x− y∥22/ε) = g(θ⟨x,y⟩, ∥x∥, ∥y∥)︸ ︷︷ ︸
G-Lipschitz

.
(102)

▶ Given Ni samples {x(i)n }Ni
n=1 and P random vectors {ωℓ}Pℓ=1, we have

Aµi = [I(⟨ωℓ, x(i)n ⟩ ≥ 0)] ∈ {0, 1}P×Ni ,

κ̂(x(i)n , y
(j)
m ) = g

(
π
∣∣∣1− 2

P
⟨a(i)n , a(j)m ⟩

∣∣∣, ∥x(i)n ∥, ∥y(j)m ∥
)
,

(103)

Theorem (Kernel Approx. Error, based on (Khanduri, et al., ICLR 2021))

P

(
∥K − K̂∥ ≤ G(N +M)

(√32π2

P
log

2(N +M)

δ
+

8π

3P
log

2(N +M)

δ

))
≥ 1− δ.(104)

107 / 122



Privacy-preserving and Communication-efficient Kernel Estimation

▶ Treat κ(x, y) as a kind of generalized inner product (GIP):

κ(x, y) = exp(−∥x− y∥22/ε) = g(θ⟨x,y⟩, ∥x∥, ∥y∥)︸ ︷︷ ︸
G-Lipschitz

.
(102)

▶ Given Ni samples {x(i)n }Ni
n=1 and P random vectors {ωℓ}Pℓ=1, we have

Aµi = [I(⟨ωℓ, x(i)n ⟩ ≥ 0)] ∈ {0, 1}P×Ni ,

κ̂(x(i)n , y
(j)
m ) = g

(
π
∣∣∣1− 2

P
⟨a(i)n , a(j)m ⟩

∣∣∣, ∥x(i)n ∥, ∥y(j)m ∥
)
,

(103)

Theorem (Kernel Approx. Error, based on (Khanduri, et al., ICLR 2021))

P

(
∥K − K̂∥ ≤ G(N +M)

(√32π2

P
log

2(N +M)

δ
+

8π

3P
log

2(N +M)

δ

))
≥ 1− δ.(104)

107 / 122



Privacy-preserving and Communication-efficient Kernel Estimation

▶ Treat κ(x, y) as a kind of generalized inner product (GIP):

κ(x, y) = exp(−∥x− y∥22/ε) = g(θ⟨x,y⟩, ∥x∥, ∥y∥)︸ ︷︷ ︸
G-Lipschitz

.
(102)

▶ Given Ni samples {x(i)n }Ni
n=1 and P random vectors {ωℓ}Pℓ=1, we have

Aµi = [I(⟨ωℓ, x(i)n ⟩ ≥ 0)] ∈ {0, 1}P×Ni ,

κ̂(x(i)n , y
(j)
m ) = g

(
π
∣∣∣1− 2

P
⟨a(i)n , a(j)m ⟩

∣∣∣, ∥x(i)n ∥, ∥y(j)m ∥
)
,

(103)

Theorem (Kernel Approx. Error, based on (Khanduri, et al., ICLR 2021))

P

(
∥K − K̂∥ ≤ G(N +M)

(√32π2

P
log

2(N +M)

δ
+

8π

3P
log

2(N +M)

δ

))
≥ 1− δ.(104)

107 / 122



Privacy-preserving and Communication-efficient Kernel Estimation

▶ Treat κ(x, y) as a kind of generalized inner product (GIP):

κ(x, y) = exp(−∥x− y∥22/ε) = g(θ⟨x,y⟩, ∥x∥, ∥y∥)︸ ︷︷ ︸
G-Lipschitz

.
(102)

▶ Given Ni samples {x(i)n }Ni
n=1 and P random vectors {ωℓ}Pℓ=1, we have

Aµi = [I(⟨ωℓ, x(i)n ⟩ ≥ 0)] ∈ {0, 1}P×Ni ,

κ̂(x(i)n , y
(j)
m ) = g

(
π
∣∣∣1− 2

P
⟨a(i)n , a(j)m ⟩

∣∣∣, ∥x(i)n ∥, ∥y(j)m ∥
)
,

(103)

Theorem (Kernel Approx. Error, based on (Khanduri, et al., ICLR 2021))

P

(
∥K − K̂∥ ≤ G(N +M)

(√32π2

P
log

2(N +M)

δ
+

8π

3P
log

2(N +M)

δ

))
≥ 1− δ.(104)

107 / 122



Step 1 of DEOT: Compute and Broadcast A’s

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1

<latexit sha1_base64="fpE+uRf/em7jny6jkwPnNai8VCg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4Gmb6mrqrunFZwT6gMwyZNG1Dk8yQZIQy9DfcuFDErT/jzr8xfQgqeuDC4Zx7ufeeKGFUacf5sHJr6xubW/ntws7u3v5B8fCoo+JUYtLGMYtlL0KKMCpIW1PNSC+RBPGIkW40uZ773XsiFY3FnZ4mJOBoJOiQYqSN5F+GmT9CnKOwMguLJcd23Gqt6kLHdmtl76JuSKXhuZ4HXdtZoARWaIXFd38Q45QToTFDSvVdJ9FBhqSmmJFZwU8VSRCeoBHpGyoQJyrIFjfP4JlRBnAYS1NCw4X6fSJDXKkpj0wnR3qsfntz8S+vn+phI8ioSFJNBF4uGqYM6hjOA4ADKgnWbGoIwpKaWyEeI4mwNjEVTAhfn8L/Sadsu3W7dlstNa9WceTBCTgF58AFHmiCG9ACbYBBAh7AE3i2UuvRerFel605azVzDH7AevsEMtGR0w==</latexit>

A�3

<latexit sha1_base64="YEGbgfCvH5dUHntBW2bH46PFah0=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQlLTpu6qblxWsA9oQphMp+3QmUmYmQgl9DfcuFDErT/jzr9x+hBU9MCFwzn3cu89ccqo0o7zYa2srq1vbBa2its7u3v7pYPDtkoyiUkLJyyR3RgpwqggLU01I91UEsRjRjrx+Hrmd+6JVDQRd3qSkpCjoaADipE2UnAZ5cEQcY4ibxqVyo7tuF7Vc6Fju9WKf1Ez5Lzuu74PXduZowyWaEal96Cf4IwToTFDSvVcJ9VhjqSmmJFpMcgUSREeoyHpGSoQJyrM5zdP4alR+nCQSFNCw7n6fSJHXKkJj00nR3qkfnsz8S+vl+lBPcypSDNNBF4sGmQM6gTOAoB9KgnWbGIIwpKaWyEeIYmwNjEVTQhfn8L/SbtiuzW7euuVG1fLOArgGJyAM+ACHzTADWiCFsAgBQ/gCTxbmfVovVivi9YVazlzBH7AevsENFaR1A==</latexit>

A�4

<latexit sha1_base64="oafSZecBqUrdHBAio/yyIKaANQY=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQlLbpu6qblxWsA9oQphMJ+3QmUmYmQgl9DfcuFDErT/jzr9x+hBU9MCFwzn3cu89Ucqo0o7zYa2srq1vbBa2its7u3v7pYPDjkoyiUkbJyyRvQgpwqggbU01I71UEsQjRrrR+Hrmd++JVDQRd3qSkoCjoaAxxUgbyb8Mc3+IOEdhZRqWyo7tuNVa1YWO7dYq3kXdkPOG53oedG1njjJYohWW3v1BgjNOhMYMKdV3nVQHOZKaYkamRT9TJEV4jIakb6hAnKggn988hadGGcA4kaaEhnP1+0SOuFITHplOjvRI/fZm4l9eP9NxI8ipSDNNBF4sijMGdQJnAcABlQRrNjEEYUnNrRCPkERYm5iKJoSvT+H/pFOx3bpdu62Wm1fLOArgGJyAM+ACDzTBDWiBNsAgBQ/gCTxbmfVovVivi9YVazlzBH7AevsEMUyR0g==</latexit>

A�2

<latexit sha1_base64="SRoDdzmjyuWFOlB25lqkNqSf9KQ=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQqa2Td1V3bisYB/QhDCZTtqhM0mYmQgl9DfcuFDErT/jzr9x+hBU9MCFwzn3cu89YcqZ0o7zYa2srq1vbBa2its7u3v7pYPDjkoySWibJDyRvRAryllM25ppTnuppFiEnHbD8fXM795TqVgS3+lJSn2BhzGLGMHaSN5lkHtDLAQO0DQolR3bQdVaFUHHRrWKe1E35LzhIteFyHbmKIMlWkHp3RskJBM01oRjpfrISbWfY6kZ4XRa9DJFU0zGeEj7hsZYUOXn85un8NQoAxgl0lSs4Vz9PpFjodREhKZTYD1Sv72Z+JfXz3TU8HMWp5mmMVksijIOdQJnAcABk5RoPjEEE8nMrZCMsMREm5iKJoSvT+H/pFOxUd2u3VbLzatlHAVwDE7AGUDABU1wA1qgDQhIwQN4As9WZj1aL9bronXFWs4cgR+w3j4BL8eR0Q==</latexit>

A�1

<latexit sha1_base64="YEGbgfCvH5dUHntBW2bH46PFah0=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQlLTpu6qblxWsA9oQphMp+3QmUmYmQgl9DfcuFDErT/jzr9x+hBU9MCFwzn3cu89ccqo0o7zYa2srq1vbBa2its7u3v7pYPDtkoyiUkLJyyR3RgpwqggLU01I91UEsRjRjrx+Hrmd+6JVDQRd3qSkpCjoaADipE2UnAZ5cEQcY4ibxqVyo7tuF7Vc6Fju9WKf1Ez5Lzuu74PXduZowyWaEal96Cf4IwToTFDSvVcJ9VhjqSmmJFpMcgUSREeoyHpGSoQJyrM5zdP4alR+nCQSFNCw7n6fSJHXKkJj00nR3qkfnsz8S+vl+lBPcypSDNNBF4sGmQM6gTOAoB9KgnWbGIIwpKaWyEeIYmwNjEVTQhfn8L/SbtiuzW7euuVG1fLOArgGJyAM+ACHzTADWiCFsAgBQ/gCTxbmfVovVivi9YVazlzBH7AevsENFaR1A==</latexit>

A�4

<latexit sha1_base64="oafSZecBqUrdHBAio/yyIKaANQY=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiuQlLbpu6qblxWsA9oQphMJ+3QmUmYmQgl9DfcuFDErT/jzr9x+hBU9MCFwzn3cu89Ucqo0o7zYa2srq1vbBa2its7u3v7pYPDjkoyiUkbJyyRvQgpwqggbU01I71UEsQjRrrR+Hrmd++JVDQRd3qSkoCjoaAxxUgbyb8Mc3+IOEdhZRqWyo7tuNVa1YWO7dYq3kXdkPOG53oedG1njjJYohWW3v1BgjNOhMYMKdV3nVQHOZKaYkamRT9TJEV4jIakb6hAnKggn988hadGGcA4kaaEhnP1+0SOuFITHplOjvRI/fZm4l9eP9NxI8ipSDNNBF4sijMGdQJnAcABlQRrNjEEYUnNrRCPkERYm5iKJoSvT+H/pFOx3bpdu62Wm1fLOArgGJyAM+ACDzTBDWiBNsAgBQ/gCTxbmfVovVivi9YVazlzBH7AevsEMUyR0g==</latexit>

A�2

Collect A’s
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Step 2 of DEOT: Update Dual Variables via MRBCD

▶ Privacy-preserving objective: Fε(u, v; K̂, E) =
∑

i,j eij f̂
(i,j)
ε , where

f̂
(i,j)
ε = fε(K̂ij , u

(i), v(j)).

▶ Apply mini-batch randomized block coordinate descent (MRBCD).
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∑
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Step 2 of DEOT: Update Dual Variables via MRBCD

Select L 
source agents

<latexit sha1_base64="dVXBD9Pusexr5eRWx6zaQAmpVlE=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0WoICGpaVN3RTcuK9iHtLFMppN26EwSZiaFEvoVblwo4tbPceffOH0IKnrgwuGce7n3Hj9mVCrL+jAyK6tr6xvZzdzW9s7uXn7/oCmjRGDSwBGLRNtHkjAakoaiipF2LAjiPiMtf3Q181tjIiSNwls1iYnH0SCkAcVIaelufJ8WndOz0bSXL1imZTtlx4aWaZdL7kVFk/Oqa7sutE1rjgJYot7Lv3f7EU44CRVmSMqObcXKS5FQFDMyzXUTSWKER2hAOpqGiBPppfODp/BEK30YREJXqOBc/T6RIi7lhPu6kyM1lL+9mfiX10lUUPVSGsaJIiFeLAoSBlUEZ9/DPhUEKzbRBGFB9a0QD5FAWOmMcjqEr0/h/6RZMu2KWb5xCrXLZRxZcASOQRHYwAU1cA3qoAEw4OABPIFnQxiPxovxumjNGMuZQ/ADxtsnPwSQFA==</latexit>

v(4),k

<latexit sha1_base64="SeQTY5vdnufAO9W2GLliiyDgfgk=">AAAB8HicdVDLSgMxFM3UV62vqks3wSJUkGFS207dFd24rGAf0o4lk6ZtaDIzJJlCGfoVblwo4tbPceffmD4EFT1w4XDOvdx7jx9xprTjfFipldW19Y30ZmZre2d3L7t/0FBhLAmtk5CHsuVjRTkLaF0zzWkrkhQLn9OmP7qa+c0xlYqFwa2eRNQTeBCwPiNYG+lufJ/k0enZaNrN5hzbQcVSEUHHRqWCe1E25LziIteFyHbmyIElat3se6cXkljQQBOOlWojJ9JegqVmhNNpphMrGmEywgPaNjTAgiovmR88hSdG6cF+KE0FGs7V7xMJFkpNhG86BdZD9dubiX957Vj3K17CgijWNCCLRf2YQx3C2fewxyQlmk8MwUQycyskQywx0SajjAnh61P4P2kUbFS2SzfFXPVyGUcaHIFjkAcIuKAKrkEN1AEBAjyAJ/BsSevRerFeF60pazlzCH7AevsEOmyQEQ==</latexit>

v(1),k

<latexit sha1_base64="jxOoOANONYVw7BZ2wzjwbfmn7zw=">AAAB8HicdVDLSgMxFM34rPVVdekmWIQKMkz6mrorunFZwT6kHUsmTdvQZGZIMoUy9CvcuFDErZ/jzr8xfQgqeuDC4Zx7ufceP+JMacf5sFZW19Y3NlNb6e2d3b39zMFhQ4WxJLROQh7Klo8V5Sygdc00p61IUix8Tpv+6GrmN8dUKhYGt3oSUU/gQcD6jGBtpLvxfZIrnJ2Ppt1M1rEdVCwVEXRsVMq7F2VDChUXuS5EtjNHFixR62beO72QxIIGmnCsVBs5kfYSLDUjnE7TnVjRCJMRHtC2oQEWVHnJ/OApPDVKD/ZDaSrQcK5+n0iwUGoifNMpsB6q395M/Mtrx7pf8RIWRLGmAVks6scc6hDOvoc9JinRfGIIJpKZWyEZYomJNhmlTQhfn8L/SSNvo7Jduilmq5fLOFLgGJyAHEDABVVwDWqgDggQ4AE8gWdLWo/Wi/W6aF2xljNH4Aest089fJAT</latexit>

v(3),k
<latexit sha1_base64="dVXBD9Pusexr5eRWx6zaQAmpVlE=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0WoICGpaVN3RTcuK9iHtLFMppN26EwSZiaFEvoVblwo4tbPceffOH0IKnrgwuGce7n3Hj9mVCrL+jAyK6tr6xvZzdzW9s7uXn7/oCmjRGDSwBGLRNtHkjAakoaiipF2LAjiPiMtf3Q181tjIiSNwls1iYnH0SCkAcVIaelufJ8WndOz0bSXL1imZTtlx4aWaZdL7kVFk/Oqa7sutE1rjgJYot7Lv3f7EU44CRVmSMqObcXKS5FQFDMyzXUTSWKER2hAOpqGiBPppfODp/BEK30YREJXqOBc/T6RIi7lhPu6kyM1lL+9mfiX10lUUPVSGsaJIiFeLAoSBlUEZ9/DPhUEKzbRBGFB9a0QD5FAWOmMcjqEr0/h/6RZMu2KWb5xCrXLZRxZcASOQRHYwAU1cA3qoAEw4OABPIFnQxiPxovxumjNGMuZQ/ADxtsnPwSQFA==</latexit>

v(4),k

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1

<latexit sha1_base64="EineawsvFHicWfAv/sveFWw5pWM=">AAAB8HicdVDLSgMxFM3UV62vqks3wSJUkGGmrW2XRTcuK9iHtGPJpGkbmmSGJCOUoV/hxoUibv0cd/6NmXYEFT1w4XDOvdx7jx8yqrTjfFiZldW19Y3sZm5re2d3L79/0FZBJDFp4YAFsusjRRgVpKWpZqQbSoK4z0jHn14mfueeSEUDcaNnIfE4Ggs6ohhpI91Gd3GxdHo2nQ/yBceulipltwwd21kgIfV6rVaFbqoUQIrmIP/eHwY44kRozJBSPdcJtRcjqSlmZJ7rR4qECE/RmPQMFYgT5cWLg+fwxChDOAqkKaHhQv0+ESOu1Iz7ppMjPVG/vUT8y+tFelT3YirCSBOBl4tGEYM6gMn3cEglwZrNDEFYUnMrxBMkEdYmo5wJ4etT+D9pl2y3ap9fVwqNizSOLDgCx6AIXFADDXAFmqAFMODgATyBZ0taj9aL9bpszVjpzCH4AevtExlGj/o=</latexit>

u(2),k

<latexit sha1_base64="zHheafEoxJ/eZ30CKX/vZNxck+E=">AAAB8HicdVDLSgMxFM3UV62vqks3wSJUkGGmrW2XRTcuK9iHtGPJpGkbmmSGJCOUoV/hxoUibv0cd/6NmXYEFT1w4XDOvdx7jx8yqrTjfFiZldW19Y3sZm5re2d3L79/0FZBJDFp4YAFsusjRRgVpKWpZqQbSoK4z0jHn14mfueeSEUDcaNnIfE4Ggs6ohhpI91Gd3HRPT2bzgf5gmNXS5WyW4aO7SyQkHq9VqtCN1UKIEVzkH/vDwMccSI0ZkipnuuE2ouR1BQzMs/1I0VChKdoTHqGCsSJ8uLFwXN4YpQhHAXSlNBwoX6fiBFXasZ908mRnqjfXiL+5fUiPap7MRVhpInAy0WjiEEdwOR7OKSSYM1mhiAsqbkV4gmSCGuTUc6E8PUp/J+0S7Zbtc+vK4XGRRpHFhyBY1AELqiBBrgCTdACGHDwAJ7AsyWtR+vFel22Zqx05hD8gPX2CRe+j/k=</latexit>

u(1),k

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
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Step 3 of DEOT: Compute and Broadcast EOT Distance

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)
<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1
<latexit sha1_base64="lIgJfiGNKC9cKIw8SeYgUsdANAw="></latexit>

{f̂ (2,j)
" }J

j=1
<latexit sha1_base64="Fpg7TdUC3DztHRHc5lRoPIxlllI="></latexit>

{f̂ (3,j)
" }J

j=1

<latexit sha1_base64="Fpg7TdUC3DztHRHc5lRoPIxlllI="></latexit>

{f̂ (3,j)
" }J

j=1

Collect dual 
objectives

Broadcast
EOT distance

Lemma (Convergence Analysis, based on (Wang, et al., 2014))

Let ∥∇u,vFε∥2 ≤ R, R0 = minu,v∈C∗ ∥(u0, v0)− (u, v)∥2, and Fε be LFε-Lipschitz:

E|Fε(ût, v̂t; K̂, E)− Fε(u
∗, v∗; K̂, E)| ≤ O

(IJ
(
(
√
t+ LFε)R

2
0 +

√
tR2
)

t

)
. (105)
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Step 3 of DEOT: Compute and Broadcast EOT Distance

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2

<latexit sha1_base64="r1qNyFYHUl0i6Gve3WqRSVuTBAc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCXnU965YpX9WZwl4mfkwrkqPfKX91+TFJBpSEcte74XmKCDJVhhNNJqZtqmiAZ4YB2LJUoqA6y2cUT98QqfTeKlS1p3Jn6eyJDofVYhLZToBnqRW8q/ud1UhNdBxmTSWqoJPNFUcpdE7vT990+U5QYPrYEiWL2VpcMUSExNqSSDcFffHmZNM+q/mX14v68UrvJ4yjCERzDKfhwBTW4gzo0gICEZ3iFN0c7L8678zFvLTj5zCH8gfP5A4CLkNI=</latexit>�4

<latexit sha1_base64="4kCBjg8Xh6dCi/4bbypH8hB7jlc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5oHJEnons8mQmdllZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVhDZIzGPVDlFTziRtGGY4bSeKogg5bYWj26nfeqJKs1g+mHFCA4EDySJG0FjpsTtAIbCX+ZNeueJVvRncZeLnpAI56r3yV7cfk1RQaQhHrTu+l5ggQ2UY4XRS6qaaJkhGOKAdSyUKqoNsdvHEPbFK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDalkQ/AXX14mzbOqf1m9uD+v1G7yOIpwBMdwCj5cQQ3uoA4NICDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AHv8kM8=</latexit>�1

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)

<latexit sha1_base64="ydLIj2IShuj73EB9Xj3QKV0Ceao=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIIGFG3I5BLx4jmAUyIfT0VJIm3T1Dd48ShnyBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfWCmDNtXPfbySwtr6yuZddzG5tb2zv53b26jhJFoUYjHqlmQDRwJqFmmOHQjBUQEXBoBIPrsd+4B6VZJO/MMIa2ID3JuowSY6VOvug/sBAM4yGkjVEn9SHWjEdyVPJFcoz9HhGCHHXyBbfsToAXiTcjBTRDtZP/8sOIJgKkoZxo3fLc2LRTogyjHEY5P9EQEzogPWhZKokA3U4n74xw0Soh7kbKljR4ov6eSInQeigC2ymI6et5byz+57US071sp0zGiQFJp4u6CccmwuNscMgUUMOHlhCqmL0V0z5RhBqbYM6G4M2/vEjqJ2XvvHx2e1qoXM3iyKIDdIhKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWvGmc3soz9wPn8AnwWcdA==</latexit>fW✏(µ, �)
<latexit sha1_base64="GD+mCXhAarQ7kpzvScUeyghHnSQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOJsmQmdllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFldW19o7hZ2tre2d0r7x882jg1jDdYLGPTiqjlUmjeQIGStxLDqYokb0aj26nffOLGilg/4DjhoaIDLfqCUXRSs6PSbhZMuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7WbPI4iHMExnEIAV1CDO6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AFN04+Q</latexit>µ1

<latexit sha1_base64="ItTwHWZLc1u8FFJUz0QfbZTrg9c=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAZQk+nJ2nS3TP0IoQhH+HFgyJe/R5v/o2dZA6a+KDg8V4VVfWilDNtfP/bK6ytb2xuFbdLO7t7+wflw6OWTqwitEkSnqhOhDXlTNKmYYbTTqooFhGn7Wh8N/PbT1RplshHM0lpKPBQspgRbJzU7gnbz2rTfrniV/050CoJclKBHI1++as3SIgVVBrCsdbdwE9NmGFlGOF0WupZTVNMxnhIu45KLKgOs/m5U3TmlAGKE+VKGjRXf09kWGg9EZHrFNiM9LI3E//zutbEN2HGZGoNlWSxKLYcmQTNfkcDpigxfOIIJoq5WxEZYYWJcQmVXAjB8surpFWrBlfVy4eLSv02j6MIJ3AK5xDANdThHhrQBAJjeIZXePNS78V79z4WrQUvnzmGP/A+fwBPWI+R</latexit>µ2

<latexit sha1_base64="OYexJ61l6/1HPCk0KHKdSSo0zCE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AOJZNm2tAkE5KMUIZ+hBsXirj1e9z5N6btLLT1wIXDOfdy7z2R4sxY3//2Ciura+sbxc3S1vbO7l55/6BpklQT2iAJT3Q7woZyJmnDMstpW2mKRcRpKxrdTf3WE9WGJfLRjhUNBR5IFjOCrZNaXZH2svNJr1zxq/4MaJkEOalAjnqv/NXtJyQVVFrCsTGdwFc2zLC2jHA6KXVTQxUmIzygHUclFtSE2ezcCTpxSh/FiXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGN2HGpEotlWS+KE45sgma/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGlxVLx8uKrXbPI4iHMExnEIA11CDe6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gBQ3Y+S</latexit>µ3

<latexit sha1_base64="RpGCX8HebNahZUHmM2wGOkndULk=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKez6Pga9eIxgHpgsoXcymwyZmV1mZoWw5C+8eFDEq3/jzb9xkuxBowUNRVU33V1hwpk2nvflFJaWV1bXiuuljc2t7Z3y7l5Tx6kitEFiHqt2iJpyJmnDMMNpO1EURchpKxzdTP3WI1WaxfLejBMaCBxIFjGCxkoP3QEKgb3sdNIrV7yqN4P7l/g5qUCOeq/82e3HJBVUGsJR647vJSbIUBlGOJ2UuqmmCZIRDmjHUomC6iCbXTxxj6zSd6NY2ZLGnak/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTt93+0zRYnhY0uQKGZvdckQFRJjQyrZEPzFl/+S5knVv6ie351Vatd5HEU4gEM4Bh8uoQa3UIcGEJDwBC/w6mjn2Xlz3uetBSef2YdfcD6+AX8GkNE=</latexit>�3

<latexit sha1_base64="hrzhCM/1NiyNq9m29n46Ar2JyT0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYhA8hd3g6xj04jGCeWCyhN7JbDJkZnaZmRXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2dZwqQhsk5rFqh6gpZ5I2DDOcthNFUYSctsLR7dRvPVGlWSwfzDihgcCBZBEjaKz02B2gENjLqpNeqexVvBncZeLnpAw56r3SV7cfk1RQaQhHrTu+l5ggQ2UY4XRS7KaaJkhGOKAdSyUKqoNsdvHEPbVK341iZUsad6b+nshQaD0Woe0UaIZ60ZuK/3md1ETXQcZkkhoqyXxRlHLXxO70fbfPFCWGjy1Bopi91SVDVEiMDaloQ/AXX14mzWrFv6xc3J+Xazd5HAU4hhM4Ax+uoAZ3UIcGEJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AH2BkNA=</latexit>�2
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Lemma (Convergence Analysis, based on (Wang, et al., 2014))

Let ∥∇u,vFε∥2 ≤ R, R0 = minu,v∈C∗ ∥(u0, v0)− (u, v)∥2, and Fε be LFε-Lipschitz:

E|Fε(ût, v̂t; K̂, E)− Fε(u
∗, v∗; K̂, E)| ≤ O

(IJ
(
(
√
t+ LFε)R

2
0 +

√
tR2
)

t

)
. (105)
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Theoretical Analysis of Approximation Error

Let Fε(u, v;K,E) be the objective with specific dual variables u, v and under a kernel
K and a communication protocol E.

E
[∣∣Fε(ût, v̂t; K̂, E)−Wε(µ, γ)

∣∣
]

︸ ︷︷ ︸
Approximation Error

=E
[ ∣∣Fε(ût, v̂t; K̂, E)− Fε(û

∗, v̂∗; K̂, E)
∣∣

︸ ︷︷ ︸
Convergence Error by Lemma 1

]
+

∣∣Fε(û∗, v̂∗; K̂, E)− Fε(ũ
∗, ṽ∗;K,E)

∣∣
︸ ︷︷ ︸

Kernel Error based on Theorem 2

+

∣∣W̃ε(µ,γ)−Wε(µ,γ)
∣∣

︷ ︸︸ ︷∣∣Fε(ũ∗, ṽ∗;K,E)−Wε(µ, γ)
∣∣

︸ ︷︷ ︸
Gap by Theorem 1

(106)

112 / 122



Theoretical Analysis of Approximation Error

Let Fε(u, v;K,E) be the objective with specific dual variables u, v and under a kernel
K and a communication protocol E.

E
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︷ ︸︸ ︷∣∣Fε(ũ∗, ṽ∗;K,E)−Wε(µ, γ)
∣∣

︸ ︷︷ ︸
Gap by Theorem 1

(106)

112 / 122



Theoretical Analysis of Approximation Error
Quantify the influence of kernel approximation error on optimal objective.
▶ Fε is Lipschitz continuous with respect to (u, v) [Genevay, et al. NeurIPS 2016].

▶ Fε is a linear and Lipschitz continuous function with respect to K.

Lemma ([Dempe, et al. JGO 2015)

Lemma 3.1] Let ϕ(K) = maxu,v Fε
(
u, v;K,E

)
be the optimal objective function with

respect to K. It is Lκ-Lipschitz continuous:

∣∣Fε(û∗, v̂∗; K̂, E)− Fε(ũ
∗, ṽ∗;K,E)

∣∣ =
∣∣ϕ(K̂)− ϕ(K)

∣∣ ≤ Lκ
∥∥K̂ −K

∥∥. (107)

Theorem (Error Bound)

With probability at least 1− δ, we have

E|Fε(ût, v̂t; K̂, E)−Wε(µ, γ)| ≤ O
(IJ√

t
+ (N +M)

√
1

P
log

2(N +M)

δ
+ σ

)
. (108)
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Experiments on Synthetic Data
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Figure: Empirical convergence under different batch sizes

114 / 122



Experiments on Synthetic Data
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Figure: Influences of kernel approximation precision
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Experiments on Synthetic Data
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Figure: Influences of various communication protocols
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Experiments on Synthetic Data
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Experiments on (Distributed) Domain Adaptation
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Experiments on (Distributed) Domain Adaptation
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Summary

▶ Optimal transport leads to new learning paradigms for unaligned data, and thus is
helpful for both privacy protection and model robustness.
▶ The correspondence among samples can be inferred by OT plans
▶ The aggregation/fusion of information can be solved as a barycenter problem
▶ Achieve encouraging performance on robust multi-modal learning

▶ It is possible to solve optimal transport problem approximately in a decentralized
way, with data sharing.
▶ The dual-forms of OT problems are friendly for distributed learning
▶ The approximation error is determined by multiple factors and can be analyzed

quantitatively
▶ Achieve encouraging performance on (distributed) domain adaptation.
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Thank you!

https://hongtengxu.github.io

https://github.com/HongtengXu

hongtengxu@ruc.edu.cn

AAAI’22 Tutorial on Gromov-Wasserstein Learning
https://hongtengxu.github.io/talks.html
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