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The challenges of the problems
▶ NP-completeness

▶ Approximation algorithms with high stability and scalability

▶ Permutation invariance
G
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▶ A permutation-invariant metric d: d(GX , GY ) = d(GX , permute(GY ))
▶ A permutation-invariant representation model f : f(G) = f(permute(G))

▶ (Often) No labels
▶ Unsupervised or semi-supervised learning

Gromov-Wasserstein Learning (GWL) provides a potential solution.
Applications: PPI network alignment, molecule clustering and classification.
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▶ V: the node set
▶ µ: a predefined distribution of nodes
▶ D = [dii′ ]: the adjacency / distance / kernel matrix
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▶ T = [Tij ]: a joint distribution of nodes
▶ (i ∈ VX , j ∈ Vj) ∼ T .
▶ T ∈ Π(µX ,µY ) = {T ≥ 0 | T1 = µX , T⊤1 = µY }
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Relational Distance

▶ T ⊗ T︸ ︷︷ ︸
Kronecker product

: a joint distribution of edges.

▶ The pair of edges (dXii′ , d
Y
jj′) ∼ T ⊗ T .

▶ Relational distance r(i, i′, j, j′): the difference between the edges.
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Relational Distance

The GWD is the minimum expectation of the relational distance:

dgw(GX , GY ) :=minT∈Π(µX ,µY ) E(i,i′,j,j′)∼T⊗T [r(i, i
′, j, j′)]

=minT∈Π(µX ,µY )

∑
i,i′

∑
j,j′
|dXii′ − dYjj′ |2︸ ︷︷ ︸

distance r

TijTi′j′︸ ︷︷ ︸
prob(r)

(1)
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Relational Distance

The GWD is the minimum expectation of the relational distance:

dgw(GX , GY ) :=minT∈Π(µX ,µY ) E(i,i′,j,j′)∼T⊗T [r(i, i
′, j, j′)]

=minT∈Π(µX ,µY )⟨DXY − 2DXTD⊤
Y , T ⟩,

(1)

▶ DXY = (DX ⊙DX)µX1⊤|VY | + 1|VX |µ
⊤
Y (DY ⊙DY )

⊤.
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<latexit sha1_base64="ahHB/TH+K6aGw3ppBAgJvyxr0JI=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokUdCMU3bis0Be0IUymk3bs5MHMRAgh/oobF4q49UPc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G2vrG5tb25Wd6u7e/sGheXTck1EiCO2SiEdi4GFJOQtpVzHF6SAWFAcep31vdlv4/UcqJIvCjkpj6gR4EjKfEay05Jq1UYDV1POzTn497LgZe8gd16xbDWsOtErsktShRNs1v0bjiCQBDRXhWMqhbcXKybBQjHCaV0eJpDEmMzyhQ01DHFDpZPPwOTrTyhj5kdAvVGiu/t7IcCBlGnh6sogql71C/M8bJsq/cjIWxomiIVkc8hOOVISKJtCYCUoUTzXBRDCdFZEpFpgo3VdVl2Avf3mV9C4adrPRvG/WWzdlHRU4gVM4BxsuoQV30IYuEEjhGV7hzXgyXox342MxumaUOzX4A+PzB/o5lP0=</latexit>

r(i, i0, j, j0) = |dXii0 � dYjj0 |2

<latexit sha1_base64="SyuEUKAhcOXheWLDNgu8lz7OThc="></latexit>

Relational Distance

The GWD is the minimum expectation of the relational distance:

dgw(GX , GY ) :=minT∈Π(µX ,µY ) E(i,i′,j,j′)∼T⊗T [r(i, i
′, j, j′)]

=minT∈Π(µX ,µY )⟨DXY − 2DXTD⊤
Y , T ⟩,

(1)

▶ DXY = (DX ⊙DX)µX1⊤|VY | + 1|VX |µ
⊤
Y (DY ⊙DY )

⊤.
▶ Given comparable node attributes, DXY ←DXY +D(FX ,FY )
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▶ The optimal joint distribution T ∗ (or called “optimal transport”
matrix) indicates the correspondence between the two graphs.
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▶ The optimal joint distribution T ∗ (or called “optimal transport”
matrix) indicates the correspondence between the two graphs.

▶ A permutation-invariant (pseudo) metric
▶ dgw(GX , GY ) = dgw(GX , permute(GY ))
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▶ The optimal joint distribution T ∗ (or called “optimal transport”
matrix) indicates the correspondence between the two graphs.

▶ A permutation-invariant (pseudo) metric
▶ dgw(GX , GY ) = dgw(GX , permute(GY ))

▶ Applicable to the graphs with different sizes, i.e., |VX | ̸= |VY |.
▶ Applicable to the graphs with/without node attributes.



Matching via learning optimal transport

Quadratic assignment problem (QAP):

max
P∈P

⟨DXPD⊤
Y ,P ⟩,

P = {P ∈ {0, 1}|VX |×|VY | | P1 = 1,P⊤1 ≤ 1}.

Gromov-Wasserstein distance (GWD):

min
T∈Π(µX ,µY )

⟨DXY − 2DXTD⊤
Y ,T ⟩,

Π(µX ,µY ) = {T ≥ 0 | T1 = µX , T⊤1 = µY }

▶ Conditional prob. P ∗ = T ∗

µX1⊤ = [P ∗(j|i)].
▶ For each node i ∈ VX , j∗ = argmaxj P

∗(j|i).
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Partitioning is also matching
Modularity maximization principle
▶ Dense internal edges + sparse external edges.

A GWD-based solution [Xu, et al., NeurIPS 2019]:
▶ T ∗ ∈ R|V|×N ← dgw(G,Giso)

▶ Giso(Viso, 1
N 1N , IN×N )

▶ For each node i ∈ G, its cluster is j∗ = argmaxj T
∗
ij
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Proposed Optimization Methods
▶ Entropic Regularization [Peyré, et al., ICML 2016]
▶ Proximal Point Algorithm [Xu, et al., ICML 2019]
▶ Bregman ADMM [Xu, AAAI 2020]

Convergence
▶ limm→∞ T (m) is a stationary point.
▶ Linear convergence.

Computational complexity per iteration

minT∈Π(µX ,µY )⟨DXY − 2DXTD⊤
Y , T ⟩

▶ DX , DY are dense distance/kernel matrices: O(V 3).
▶ DX , DY are adjacency matrices: O(V E).
▶ When V = |VX | ≫ |VY | = N (graph partitioning): O(N(E + V )).
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Large-scale matching based on GW barycenters

Given {Gk}Kk=1, K ≥ 2, their GW barycenter is defined as

Bgw(V̄, µ̄,B∗)︸ ︷︷ ︸
Barycenter graph

, {T ∗
k }Kk=1︸ ︷︷ ︸

OT matrices

:= arg minB
∑K

k=1
λkdgw(B,Gk), (2)

Learn {T ∗
k }Kk=1 and B∗ via alternating optimization.

B∗ =
1

µ̄µ̄⊤

∑K

k=1
λk(T

∗
k )

⊤DkT
∗
k (3)
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Large-scale matching based on GW barycenters

Co-partition two graphs:

B∗,T ∗
X ,T ∗

Y = argmin
|VX |

|VX |+ |VY |
dgw(B,GX) +

|VY |
|VX |+ |VY |

dgw(B,GY )

Initialize the barycenter graph by a disconnected graph.

Co-
Partition

Computational complexity: O(2(V + E))
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Large-scale matching based on GW barycenters

A “Divide and Conquer” strategy based on recursive co-partitioning [Xu, et al.,
NeurIPS 2019]

*:/ *:/ *:/Co-
Partition

Co-
Partition

Co-
Partition

Computational complexity: O((E + V ) log V )
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Matching synthetic graphs

PISwap (Hungarian)
[Chindelevitch, et al. 2013]

O(V 3)

<latexit sha1_base64="TZf3sY/aqN+QlbxuDtllRTL2fAw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWxBV0W3Lizgn1AG8tkOmmHTiZhZlIooX/ixoUibv0Td/6NkzYLbT0wcDjnXu6Z48ecKe0431ZhY3Nre6e4W9rbPzg8so9P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ7eZ35lSqVgkHvUspl6IR4IFjGBtpIFt90OsxwTz9H5eaT/VLgd22ak6C6B14uakDDmaA/urP4xIElKhCcdK9Vwn1l6KpWaE03mpnygaYzLBI9ozVOCQKi9dJJ+jC6MMURBJ84RGC/X3RopDpWahbyaznGrVy8T/vF6igxsvZSJONBVkeShIONIRympAQyYp0XxmCCaSmayIjLHERJuySqYEd/XL66R9VXXr1fpDvdxw8jqKcAbnUAEXrqEBd9CEFhCYwjO8wpuVWi/Wu/WxHC1Y+c4p/IH1+QOlP5L1</latexit>

GHOST
[Patro, et al. 2012]

O(d4max)

<latexit sha1_base64="h/ImWPCFjvX1tj2zDeTFg2rjl1U=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuVoEgwVmJho0j0IbUhchynteo4ke0gqigLv8LCAEKsfAYbf4PTZoCWI1k6Pude3XuPnzAqlWV9G5WV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM+fXBV+74EISWN+p6YJcSM04jSkGCkteebRMEJqjBHLbvJG4GX6+5jfO2eeWbea1gxwmdglqYMSbc/8GgYxTiPCFWZIyoFtJcrNkFAUM5LXhqkkCcITNCIDTTmKiHSz2QE5PNVKAMNY6McVnKm/OzIUSTmNfF1ZrCsXvUL8zxukKrx0M8qTVBGO54PClEEVwyINGFBBsGJTTRAWVO8K8RgJhJXOrKZDsBdPXibd86btNJ1bp96yyjiq4BicgAawwQVogWvQBh2AQQ6ewSt4M56MF+Pd+JiXVoyy5xD8gfH5A3axlkM=</latexit>

MI-GRAAL
[Kuchaiev, et al. 2012]

O(V E + V 2 log V )

<latexit sha1_base64="gIu3+XMsm8BBq52THbAriWNFj9I=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRKkJJSkGPBRG8WcGmhSaWzXbTLt3sht2NUELx4l/x4kERr/4Kb/4bN20PWn0w8Hhvhpl5YcKo0o7zZRWWlldW14rrpY3Nre0de3fPUyKVmLSwYEJ2QqQIo5y0NNWMdBJJUBwy0g5HF7nfvidSUcFv9TghQYwGnEYUI22knn3gx0gPMWLZ9aTiXZ56dzWfiQH0Tnp22ak6U8C/xJ2TMpij2bM//b7AaUy4xgwp1XWdRAcZkppiRiYlP1UkQXiEBqRrKEcxUUE2fWECj43Sh5GQpriGU/XnRIZipcZxaDrzg9Wil4v/ed1UR+dBRnmSasLxbFGUMqgFzPOAfSoJ1mxsCMKSmlshHiKJsDaplUwI7uLLf4lXq7r1av2mXm448ziK4BAcgQpwwRlogCvQBC2AwQN4Ai/g1Xq0nq03633WWrDmM/vgF6yPb4SWlig=</latexit>

MAGNA++ (EA)
[Vijayan, et al. 2015]

O(E logE)

<latexit sha1_base64="z/NxYq4nik4D1bLNsuKNSS+CP4k=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyWRgi4LUnBnBfuAJpTJdNoOnWTCzESoofgrblwo4tb/cOffOGmz0NYDA4dz7uWeOUHMmdKO822trK6tb2wWtorbO7t7+/bBYUuJRBLaJIIL2QmwopxFtKmZ5rQTS4rDgNN2ML7O/PYDlYqJ6F5PYuqHeBixASNYG6lnH3sh1iOCeXo7Ldc9Loaoft6zS07FmQEtEzcnJcjR6NlfXl+QJKSRJhwr1XWdWPsplpoRTqdFL1E0xmSMh7RraIRDqvx0ln6KzozSRwMhzYs0mqm/N1IcKjUJAzOZZVWLXib+53UTPbjyUxbFiaYRmR8aJBxpgbIqUJ9JSjSfGIKJZCYrIiMsMdGmsKIpwV388jJpXVTcaqV6Vy3VnLyOApzAKZTBhUuowQ00oAkEHuEZXuHNerJerHfrYz66YuU7R/AH1ucPa0CUfg==</latexit>

CPD
[Myronenko, et al. 2010]

O(DV 2)

<latexit sha1_base64="oSBG98MSXbsfJaq10BKBx80I7Lw=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZSZUtBlQRfurGAf0I4lk6ZtaCYzJBmljP0UNy4UceuXuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wC4etlQYS0KbJOSh7PhYUc4EbWqmOe1EkuLA57TtTy5Tv/1ApWKhuNPTiHoBHgk2ZARrI/XtYi/AekwwT25m5avWffWsb5ecijMHWiVuRkqQodG3v3qDkMQBFZpwrFTXdSLtJVhqRjidFXqxohEmEzyiXUMFDqjyknn0GTo1ygANQ2me0Giu/t5IcKDUNPDNZBpULXup+J/XjfXwwkuYiGJNBVkcGsYc6RClPaABk5RoPjUEE8lMVkTGWGKiTVsFU4K7/OVV0qpW3Fqldlsr1Z2sjjwcwwmUwYVzqMM1NKAJBB7hGV7hzXqyXqx362MxmrOynSP4A+vzBzWvk0I=</latexit>

NETAL
[Neyshabur, et al. 2013]

O(E2 + EV log V )

<latexit sha1_base64="OdApR5mjfMIuYEnTcks3+bfzOsg=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRKkJJSkGPBSl4s4JNC00sm+2mXbrJht2NUELx4l/x4kERr/4Kb/4bN20O2vpg4PHeDDPz/JhRqSzr2yisrK6tbxQ3S1vbO7t75v6BI3kiMGljzrjo+kgSRiPSVlQx0o0FQaHPSMcfX2V+54EISXl0pyYx8UI0jGhAMVJa6ptHbojUCCOW3kwrzfvaedNxGR9C56xvlq2qNQNcJnZOyiBHq29+uQOOk5BECjMkZc+2YuWlSCiKGZmW3ESSGOExGpKephEKifTS2QtTeKqVAQy40BUpOFN/T6QolHIS+rozO1guepn4n9dLVHDppTSKE0UiPF8UJAwqDrM84IAKghWbaIKwoPpWiEdIIKx0aiUdgr348jJxalW7Xq3f1ssNK4+jCI7BCagAG1yABrgGLdAGGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gBqEJYX</latexit>

HubAlign
[Hashemifar, et al. 2014]

O(V 2 log V )

<latexit sha1_base64="RBakSNFdTvwPhjs0G2Q97D7peXI=">AAAB/3icbVBPS8MwHE39O+e/quDFS3AI8zLaMdDjwIs3J7husNaRZukWliYlSYVRd/CrePGgiFe/hje/jenWg24+CDze+/34vbwwYVRpx/m2VlbX1jc2S1vl7Z3dvX374NBTIpWYtLFgQnZDpAijnLQ11Yx0E0lQHDLSCcdXud95IFJRwe/0JCFBjIacRhQjbaS+fezHSI8wYtnNtOrd130mhtA779sVp+bMAJeJW5AKKNDq21/+QOA0JlxjhpTquU6igwxJTTEj07KfKpIgPEZD0jOUo5ioIJvln8IzowxgJKR5XMOZ+nsjQ7FSkzg0k3latejl4n9eL9XRZZBRnqSacDw/FKUMagHzMuCASoI1mxiCsKQmK8QjJBHWprKyKcFd/PIy8eo1t1Fr3DYqTaeoowROwCmoAhdcgCa4Bi3QBhg8gmfwCt6sJ+vFerc+5qMrVrFzBP7A+vwB0jeVRA==</latexit>

GWL+Emb
[Xu, et al. 2019a]

O(V 3)

<latexit sha1_base64="Tp8Le6ppOMKXxFgW7QBxoV/ldjE=">AAAB+XicdVDLSgMxFM34rPU16tJNsAh1M2Rs1boruHFnBfuAdiyZNG1DM5khyRTK0D9x40IRt/6JO//GzHQEFT0QOJxzL/fk+BFnSiP0YS0tr6yurRc2iptb2zu79t5+S4WxJLRJQh7Kjo8V5UzQpmaa004kKQ58Ttv+5Cr121MqFQvFnZ5F1AvwSLAhI1gbqW/bvQDrMcE8uZmXW/eVk75dQs4Zci/PEUQOypCRmltxoZsrJZCj0bffe4OQxAEVmnCsVNdFkfYSLDUjnM6LvVjRCJMJHtGuoQIHVHlJlnwOj40ygMNQmic0zNTvGwkOlJoFvplMc6rfXir+5XVjPax5CRNRrKkgi0PDmEMdwrQGOGCSEs1nhmAimckKyRhLTLQpq2hK+Pop/J+0Th236lRvq6U6yusogENwBMrABRegDq5BAzQBAVPwAJ7As5VYj9aL9boYXbLynQPwA9bbJ9a4kxc=</latexit>

GWL
[Xu, et al. 2019b]
O(V E)

<latexit sha1_base64="1WdNawWpWizKVf9Oecy635YDgfQ=">AAAB+HicdVDLSgMxFM34rPXRUZdugkWomyGjVeuuIII7K9gHtEPJpJk2NJMZkoxQh36JGxeKuPVT3Pk3ZqYVVPRA4HDOvdyT48ecKY3Qh7WwuLS8slpYK65vbG6V7O2dlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98UXmt++oVCwSt3oSUy/EQ8ECRrA2Ut8u9UKsRwTz9HpaaV0e9u0yck6Qe36KIHJQjpzU3GMXunOlDOZo9O333iAiSUiFJhwr1XVRrL0US80Ip9NiL1E0xmSMh7RrqMAhVV6aB5/CA6MMYBBJ84SGufp9I8WhUpPQN5NZTPXby8S/vG6ig5qXMhEnmgoyOxQkHOoIZi3AAZOUaD4xBBPJTFZIRlhiok1XRVPC10/h/6R15LhVp3pTLdfRvI4C2AP7oAJccAbq4Ao0QBMQkIAH8ASerXvr0XqxXmejC9Z8Zxf8gPX2CTjEksE=</latexit>

S-GWL
[Xu, et al. 2019b]
O((E + V ) log V )

<latexit sha1_base64="9oavZ25I8mZLXoer6a7u7Py+YeQ=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARWoSSxNDWXUEEd1awaaEJZTKdtkMnD2YmQgl146+4caGIW//CnX/jpK2gogcuHM65l3vv8WNGhTSMDy23tLyyupZfL2xsbm3v6Lt7jogSjkkLRyziHR8JwmhIWpJKRjoxJyjwGWn74/PMb98SLmgU3shJTLwADUM6oBhJJfX0AzdAcoQRS6+mpdLFiVN2WTSETrmnF43KWb1q2VVoVAyjZlpmRqyafWpDUykZimCBZk9/d/sRTgISSsyQEF3TiKWXIi4pZmRacBNBYoTHaEi6ioYoIMJLZx9M4bFS+nAQcVWhhDP1+0SKAiEmga86s3vFby8T//K6iRzUvZSGcSJJiOeLBgmDMoJZHLBPOcGSTRRBmFN1K8QjxBGWKrSCCuHrU/g/cayKaVfsa7vYMBZx5MEhOAIlYIIaaIBL0AQtgMEdeABP4Fm71x61F+113prTFjP74Ae0t0/Sp5XL</latexit>
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Partitioning synthetic graphs

V = 4, 000
pwithin = 0.2
pacross = 0.05
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O(V + E +N logN)

<latexit sha1_base64="FyfWUslCoBNv6s770tX8Y3IJ6ho=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCpVBmpKC4KojgqlawD+gMJZOmbWgmGZKMUIa68VfcuFDErX/hzr8x085CWw9cOJxzL/feE0SMKu0439bS8srq2npuI7+5tb2za+/tN5WIJSYNLJiQ7QApwignDU01I+1IEhQGjLSC0VXqtx6IVFTwez2OiB+iAad9ipE2Utc+9EKkhxix5HZSbJauSzWPiQGsnXbtglN2poCLxM1IAWSod+0vrydwHBKuMUNKdVwn0n6CpKaYkUneixWJEB6hAekYylFIlJ9MP5jAE6P0YF9IU1zDqfp7IkGhUuMwMJ3pvWreS8X/vE6s+xd+QnkUa8LxbFE/ZlALmMYBe1QSrNnYEIQlNbdCPEQSYW1Cy5sQ3PmXF0nzrOxWypW7SqF6mcWRA0fgGBSBC85BFdyAOmgADB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2B9/gCnnZWz</latexit>

O(V E log V )

<latexit sha1_base64="htxUN3cmNEF6LarfzKr+pH/D040=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQ5mW0MlA8DUTw5gTXDdYy0izdwtKkJKkwysCv4sWDIl79HN78NqZbD7r5IPB47/fj9/LChFGlHefbKq2srq1vlDcrW9s7u3v2/oGnRCoxaWPBhOyGSBFGOWlrqhnpJpKgOGSkE46vc7/zSKSigj/oSUKCGA05jShG2kh9+8iPkR5hxLK7ac278ZkYQu+sb1edujMDXCZuQaqgQKtvf/kDgdOYcI0ZUqrnOokOMiQ1xYxMK36qSILwGA1Jz1COYqKCbBZ/Ck+NMoCRkOZxDWfq740MxUpN4tBM5mHVopeL/3m9VEeXQUZ5kmrC8fxQlDKoBcy7gAMqCdZsYgjCkpqsEI+QRFibxiqmBHfxy8vEO6+7jXrjvlFtXhV1lMExOAE14IIL0AS3oAXaAIMMPINX8GY9WS/Wu/UxHy1Zxc4h+APr8wc2/JT5</latexit>

O(V log V )

<latexit sha1_base64="hP4ktJszRdSk2VeAln8NZ6QedRA=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKSiuCm7cWcFOC52hZNJMG5pJhiQj1KH4K25cKOLW/3Dn35hpZ6GtBwKHc+7lnpwwYVRpx/m2Siura+sb5c3K1vbO7p69f+ApkUpM2lgwIbshUoRRTtqaaka6iSQoDhnphOPr3O88EKmo4Pd6kpAgRkNOI4qRNlLfPvJjpEcYsex2WvN8JobQO+vbVafuzACXiVuQKijQ6ttf/kDgNCZcY4aU6rlOooMMSU0xI9OKnyqSIDxGQ9IzlKOYqCCbpZ/CU6MMYCSkeVzDmfp7I0OxUpM4NJN5VrXo5eJ/Xi/V0WWQUZ6kmnA8PxSlDGoB8yrggEqCNZsYgrCkJivEIyQR1qawiinBXfzyMvHO626j3rhrVJtXRR1lcAxOQA244AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEfLVnFziH4A+vzB6JSlKo=</latexit>

O(E)

<latexit sha1_base64="ixDvbDTP5/+76bRXam4tgF0bLF8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyWRgOKqIII7K9gHtLFMppN26GQSZiZKCf0PNy4Uceu/uPNvnLRZaOuBgcM593LPHD/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yV+e1HKhWLxL2exNQL8VCwgBGsjfTQC7EeEczT22n1+rRfrtg1ewa0TJycVCBHo1/+6g0ikoRUaMKxUl3HjrWXYqkZ4XRa6iWKxpiM8ZB2DRU4pMpLZ6mn6MQoAxRE0jyh0Uz9vZHiUKlJ6JvJLKVa9DLxP6+b6ODCS5mIE00FmR8KEo50hLIK0IBJSjSfGIKJZCYrIiMsMdGmqJIpwVn88jJpndUct+beuZX6ZV5HEY7gGKrgwDnU4QYa0AQCEp7hFd6sJ+vFerc+5qMFK985hD+wPn8A5dOSGA==</latexit>

O(N(V + E))

<latexit sha1_base64="pKEzwE2fhiI//CSC5j/BtHl7DyQ="></latexit>
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Partitioning synthetic graphs

V = 4, 000
pwithin = 0.2
pacross = 0.1

0 200 400 600 800

0

200

400

600

800

Metis
[Karypis, et al. 1995]

FastGreedy
[Newman, et al. 2004]

Louvain
[Bondel, et al. 2008]

Fluid
[Pares, et al. 2017]

GWL
[Xu, et al, 2019b]

O(V + E +N logN)

<latexit sha1_base64="FyfWUslCoBNv6s770tX8Y3IJ6ho=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCpVBmpKC4KojgqlawD+gMJZOmbWgmGZKMUIa68VfcuFDErX/hzr8x085CWw9cOJxzL/feE0SMKu0439bS8srq2npuI7+5tb2za+/tN5WIJSYNLJiQ7QApwignDU01I+1IEhQGjLSC0VXqtx6IVFTwez2OiB+iAad9ipE2Utc+9EKkhxix5HZSbJauSzWPiQGsnXbtglN2poCLxM1IAWSod+0vrydwHBKuMUNKdVwn0n6CpKaYkUneixWJEB6hAekYylFIlJ9MP5jAE6P0YF9IU1zDqfp7IkGhUuMwMJ3pvWreS8X/vE6s+xd+QnkUa8LxbFE/ZlALmMYBe1QSrNnYEIQlNbdCPEQSYW1Cy5sQ3PmXF0nzrOxWypW7SqF6mcWRA0fgGBSBC85BFdyAOmgADB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2B9/gCnnZWz</latexit>

O(V E log V )

<latexit sha1_base64="htxUN3cmNEF6LarfzKr+pH/D040=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQ5mW0MlA8DUTw5gTXDdYy0izdwtKkJKkwysCv4sWDIl79HN78NqZbD7r5IPB47/fj9/LChFGlHefbKq2srq1vlDcrW9s7u3v2/oGnRCoxaWPBhOyGSBFGOWlrqhnpJpKgOGSkE46vc7/zSKSigj/oSUKCGA05jShG2kh9+8iPkR5hxLK7ac278ZkYQu+sb1edujMDXCZuQaqgQKtvf/kDgdOYcI0ZUqrnOokOMiQ1xYxMK36qSILwGA1Jz1COYqKCbBZ/Ck+NMoCRkOZxDWfq740MxUpN4tBM5mHVopeL/3m9VEeXQUZ5kmrC8fxQlDKoBcy7gAMqCdZsYgjCkpqsEI+QRFibxiqmBHfxy8vEO6+7jXrjvlFtXhV1lMExOAE14IIL0AS3oAXaAIMMPINX8GY9WS/Wu/UxHy1Zxc4h+APr8wc2/JT5</latexit>

O(V log V )

<latexit sha1_base64="hP4ktJszRdSk2VeAln8NZ6QedRA=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZKSiuCm7cWcFOC52hZNJMG5pJhiQj1KH4K25cKOLW/3Dn35hpZ6GtBwKHc+7lnpwwYVRpx/m2Siura+sb5c3K1vbO7p69f+ApkUpM2lgwIbshUoRRTtqaaka6iSQoDhnphOPr3O88EKmo4Pd6kpAgRkNOI4qRNlLfPvJjpEcYsex2WvN8JobQO+vbVafuzACXiVuQKijQ6ttf/kDgNCZcY4aU6rlOooMMSU0xI9OKnyqSIDxGQ9IzlKOYqCCbpZ/CU6MMYCSkeVzDmfp7I0OxUpM4NJN5VrXo5eJ/Xi/V0WWQUZ6kmnA8PxSlDGoB8yrggEqCNZsYgrCkJivEIyQR1qawiinBXfzyMvHO626j3rhrVJtXRR1lcAxOQA244AI0wQ1ogTbA4BE8g1fwZj1ZL9a79TEfLVnFziH4A+vzB6JSlKo=</latexit>

O(E)

<latexit sha1_base64="ixDvbDTP5/+76bRXam4tgF0bLF8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyWRgOKqIII7K9gHtLFMppN26GQSZiZKCf0PNy4Uceu/uPNvnLRZaOuBgcM593LPHD/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yV+e1HKhWLxL2exNQL8VCwgBGsjfTQC7EeEczT22n1+rRfrtg1ewa0TJycVCBHo1/+6g0ikoRUaMKxUl3HjrWXYqkZ4XRa6iWKxpiM8ZB2DRU4pMpLZ6mn6MQoAxRE0jyh0Uz9vZHiUKlJ6JvJLKVa9DLxP6+b6ODCS5mIE00FmR8KEo50hLIK0IBJSjSfGIKJZCYrIiMsMdGmqJIpwVn88jJpndUct+beuZX6ZV5HEY7gGKrgwDnU4QYa0AQCEp7hFd6sJ+vFerc+5qMFK985hD+wPn8A5dOSGA==</latexit>

O(N(V + E))

<latexit sha1_base64="pKEzwE2fhiI//CSC5j/BtHl7DyQ="></latexit>
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Real-world PPI network alignment
Yeast PPI ↔ Yeast PPI + 5% LC edges
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Real-world PPI network alignment
Yeast PPI ↔ Yeast PPI + 25% LC edges

0 200 400 600 800 1000

0

200

400

600

800

1000
0 250 500 750 1000 1250 1500

Runtime (second)

0

10

20

30

40

50

60

No
de

 C
or

re
ct

ne
ss

 (%
)

GHOST

MI-GRAAL

MAGNA++ (13.61%)HubAlign

NETAL
CPD

GWL+Emb (57.97%)GWL (58.76%)

S-GWL (56.27%)

15 / 21



Graph representation via Gromov-Wasserstein factorization
U1

<latexit sha1_base64="UGT95ZSxvimiSy467LwxvkaQh00=">AAAB/HicdVBNS8NAEN34WetXtEcvi0XwVJIYWr2JXjwqGFtoS9lsJ3Zx88HuRCyh/hUvHhTx6g/x5r9xoxVU9MHA470ZZuaFmRQaHefNmpmdm19YrCxVl1dW19btjc0LneaKQ8BTmapOyDRIkUCAAiV0MgUsDiW0w6vj0m9fg9IiTc5xnEE/ZpeJiARnaKSBXetBnI2KHsINhlERTCYDd2DXncbBftPzm9RpOE7L9dySeC1/z6euUUrUyRSnA/u1N0x5HkOCXDKtu66TYb9gCgWXMKn2cg0Z41fsErqGJiwG3S8+jp/QHaMMaZQqUwnSD/X7RMFircdxaDpjhiP92yvFv7xujtF+vxBJliMk/HNRlEuKKS2ToEOhgKMcG8K4EuZWykdMMY4mr6oJ4etT+j+58Bqu3/DP/Prh0TSOCtki22SXuKRFDskJOSUB4WRM7sgDebRurXvryXr+bJ2xpjM18gPWyzuxOZV2</latexit>

U2

<latexit sha1_base64="CZbJ/soYLn7ZfweJ5RoeEufo9rk=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4CrvrksRb0IvHCCYKSQizk14zOPtgplcMS/wVLx4U8eqHePNvnE0iqGhBQ1HVTXeXn0ih0bY/rIXFpeWV1cJacX1jc2u7tLPb0XGqOLR5LGN15TMNUkTQRoESrhIFLPQlXPo3p7l/eQtKizi6wHEC/ZBdRyIQnKGRBqVyD8JklPUQ7tAPsvZkMnAHpYpdPW7UXK9G7apt1x3XyYlb94486hglR4XM0RqU3nvDmKchRMgl07rr2An2M6ZQcAmTYi/VkDB+w66ha2jEQtD9bHr8hB4YZUiDWJmKkE7V7xMZC7Ueh77pDBmO9G8vF//yuikGjX4moiRFiPhsUZBKijHNk6BDoYCjHBvCuBLmVspHTDGOJq+iCeHrU/o/6bhVx6t6516leTKPo0D2yD45JA6pkyY5Iy3SJpyMyQN5Is/WvfVovVivs9YFaz5TJj9gvX0Csr2Vdw==</latexit>

U3

<latexit sha1_base64="2jHzNl5G8NxIKYls2CH7xxlGWuY=">AAAB/HicdVBNS8NAEN3Ur1q/qj16WSyCp5K0odWb6MWjgrVCE8pmO7FLNx/sTsQS6l/x4kERr/4Qb/4bN1pBRR8MPN6bYWZekEqh0bbfrNLc/MLiUnm5srK6tr5R3dy60EmmOHR5IhN1GTANUsTQRYESLlMFLAok9ILxceH3rkFpkcTnOEnBj9hVLELBGRppUK15EKWj3EO4wSDMu9PpoDWo1u3GwX676bap3bDtjtN0CtLsuC2XOkYpUCcznA6qr94w4VkEMXLJtO47dop+zhQKLmFa8TINKeNjdgV9Q2MWgfbzj+OndNcoQxomylSM9EP9PpGzSOtJFJjOiOFI//YK8S+vn2G47+ciTjOEmH8uCjNJMaFFEnQoFHCUE0MYV8LcSvmIKcbR5FUxIXx9Sv8nF82G4zbcM7d+eDSLo0y2yQ7ZIw7pkENyQk5Jl3AyIXfkgTxat9a99WQ9f7aWrNlMjfyA9fIOtEGVeA==</latexit>

�1

<latexit sha1_base64="7DYYyYQaKbO8rwV/gKkkWZaCfGg=">AAACBHicdVC7SgNBFJ31GeMramkzmAhWYUeCiZ1oYxnBmEA2hNnJ3WRw9sHMXTEsKWz8FRsLRWz9CDv/xlmNoKIHBg7n3MOde/xESYOu++bMzM7NLywWlorLK6tr66WNzQsTp1pAS8Qq1h2fG1AyghZKVNBJNPDQV9D2L09yv30F2sg4OsdxAr2QDyMZSMHRSv3StgdhMso8hGv0g6ziKZsd8Mpk0mf9Utmtuq7LGKM5YfUD15LDw8Y+a1CWWxZlMkWzX3r1BrFIQ4hQKG5Ml7kJ9jKuUQoFk6KXGki4uORD6Foa8RBML/s4YkJ3rTKgQazti5B+qN8TGQ+NGYe+nQw5jsxvLxf/8ropBo1eJqMkRYjE56IgVRRjmjdCB1KDQDW2hAst7V+pGHHNBdreiraEr0vp/+Riv8pq1dpZrXx0PK2jQLbJDtkjjNTJETklTdIigtyQO/JAHp1b5955cp4/R2ecaWaL/IDz8g4gpphq</latexit>

�2

<latexit sha1_base64="nPri4N73MfjbOT/LM3lexH2UTnQ=">AAACBHicdVC7SgNBFJ31GeMramkzGAWrsBOCSbqgjaWCUSEbwuzkbjJk9sHMXTEsKWz8FRsLRWz9CDv/xlmNoKIHBg7n3MOde/xESYOu++bMzM7NLywWlorLK6tr66WNzXMTp1pAW8Qq1pc+N6BkBG2UqOAy0cBDX8GFPzrK/Ysr0EbG0RmOE+iGfBDJQAqOVuqVtj0Ik2HmIVyjH2S7nrLZPt+dTHrVXqnsVlzXZYzRnLD6gWtJs9mosgZluWVRJlOc9EqvXj8WaQgRCsWN6TA3wW7GNUqhYFL0UgMJFyM+gI6lEQ/BdLOPIyZ0zyp9GsTavgjph/o9kfHQmHHo28mQ49D89nLxL6+TYtDoZjJKUoRIfC4KUkUxpnkjtC81CFRjS7jQ0v6ViiHXXKDtrWhL+LqU/k/OqxVWq9ROa+XW4bSOAtkmO2SfMFInLXJMTkibCHJD7sgDeXRunXvnyXn+HJ1xppkt8gPOyzsiKphr</latexit>

�3

<latexit sha1_base64="PEI4b3NZTxPZiytEsW/LF/dlFew=">AAACBHicdVC7SgNBFJ2N7/iKWtoMJoJV2IlBYyfaWCoYE8iGMDu5awZnH8zcFcOSwsZfsbFQxNaPsPNvnDURVPTAwOGce7hzj58oadB1353C1PTM7Nz8QnFxaXlltbS2fmHiVAtoiljFuu1zA0pG0ESJCtqJBh76Clr+1XHut65BGxlH5zhMoBvyy0gGUnC0Uq+06UGYDDIP4Qb9IKt4ymb7vDIa9XZ7pbJbdV2XMUZzwvb3XEsODho11qAstyzKZILTXunN68ciDSFCobgxHeYm2M24RikUjIpeaiDh4opfQsfSiIdgutnnESO6bZU+DWJtX4T0U/2eyHhozDD07WTIcWB+e7n4l9dJMWh0MxklKUIkxouCVFGMad4I7UsNAtXQEi60tH+lYsA1F2h7K9oSvi6l/5OLWpXVq/WzevnwaFLHPNkkW2SHMLJPDskJOSVNIsgtuSeP5Mm5cx6cZ+dlPFpwJpkN8gPO6wcjrphs</latexit>

B

<latexit sha1_base64="EQ53t03QZg++4Kg5527TK/D1QZU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMdSLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt48yGWeN2aBccavuAmSdeDmpQI7moPzVH8YslRgZJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lEZWo/Wxx74xcWGVIwljZigxZqL8nMiq1nsrAdkpqxnrVm4v/eb3UhDd+xqMkNRix5aIwFcTEZP48GXKFzIipJZQpbm8lbEwVZcZGVLIheKsvr5P2VdWrVWv3tUq9kcdRhDM4h0vw4BrqcAdNaAEDAc/wCm/Oo/PivDsfy9aCk8+cwh84nz8tkpAR</latexit>

Gi

<latexit sha1_base64="7ZBmwoBjnb1YefdepcjhGDcMCwc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiBz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw22f98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1atXZfq9Sv8ziKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMYMI2u</latexit>

Bgw(U1:K ,λ) := arg minB
∑K

k=1
λkdgw(B,Gk(Uk)). (4)

▶ {Gk(Uk)}Kk=1: a set of graph factors.
▶ λ = [λk] ∈ ∆K−1: the coefficients of the graph factors.
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Graph representation via Gromov-Wasserstein factorization
U1

<latexit sha1_base64="UGT95ZSxvimiSy467LwxvkaQh00=">AAAB/HicdVBNS8NAEN34WetXtEcvi0XwVJIYWr2JXjwqGFtoS9lsJ3Zx88HuRCyh/hUvHhTx6g/x5r9xoxVU9MHA470ZZuaFmRQaHefNmpmdm19YrCxVl1dW19btjc0LneaKQ8BTmapOyDRIkUCAAiV0MgUsDiW0w6vj0m9fg9IiTc5xnEE/ZpeJiARnaKSBXetBnI2KHsINhlERTCYDd2DXncbBftPzm9RpOE7L9dySeC1/z6euUUrUyRSnA/u1N0x5HkOCXDKtu66TYb9gCgWXMKn2cg0Z41fsErqGJiwG3S8+jp/QHaMMaZQqUwnSD/X7RMFircdxaDpjhiP92yvFv7xujtF+vxBJliMk/HNRlEuKKS2ToEOhgKMcG8K4EuZWykdMMY4mr6oJ4etT+j+58Bqu3/DP/Prh0TSOCtki22SXuKRFDskJOSUB4WRM7sgDebRurXvryXr+bJ2xpjM18gPWyzuxOZV2</latexit>

U2

<latexit sha1_base64="CZbJ/soYLn7ZfweJ5RoeEufo9rk=">AAAB/HicdVDLSgNBEJz1GeMrmqOXwSB4CrvrksRb0IvHCCYKSQizk14zOPtgplcMS/wVLx4U8eqHePNvnE0iqGhBQ1HVTXeXn0ih0bY/rIXFpeWV1cJacX1jc2u7tLPb0XGqOLR5LGN15TMNUkTQRoESrhIFLPQlXPo3p7l/eQtKizi6wHEC/ZBdRyIQnKGRBqVyD8JklPUQ7tAPsvZkMnAHpYpdPW7UXK9G7apt1x3XyYlb94486hglR4XM0RqU3nvDmKchRMgl07rr2An2M6ZQcAmTYi/VkDB+w66ha2jEQtD9bHr8hB4YZUiDWJmKkE7V7xMZC7Ueh77pDBmO9G8vF//yuikGjX4moiRFiPhsUZBKijHNk6BDoYCjHBvCuBLmVspHTDGOJq+iCeHrU/o/6bhVx6t6516leTKPo0D2yD45JA6pkyY5Iy3SJpyMyQN5Is/WvfVovVivs9YFaz5TJj9gvX0Csr2Vdw==</latexit>

U3

<latexit sha1_base64="2jHzNl5G8NxIKYls2CH7xxlGWuY=">AAAB/HicdVBNS8NAEN3Ur1q/qj16WSyCp5K0odWb6MWjgrVCE8pmO7FLNx/sTsQS6l/x4kERr/4Qb/4bN1pBRR8MPN6bYWZekEqh0bbfrNLc/MLiUnm5srK6tr5R3dy60EmmOHR5IhN1GTANUsTQRYESLlMFLAok9ILxceH3rkFpkcTnOEnBj9hVLELBGRppUK15EKWj3EO4wSDMu9PpoDWo1u3GwX676bap3bDtjtN0CtLsuC2XOkYpUCcznA6qr94w4VkEMXLJtO47dop+zhQKLmFa8TINKeNjdgV9Q2MWgfbzj+OndNcoQxomylSM9EP9PpGzSOtJFJjOiOFI//YK8S+vn2G47+ciTjOEmH8uCjNJMaFFEnQoFHCUE0MYV8LcSvmIKcbR5FUxIXx9Sv8nF82G4zbcM7d+eDSLo0y2yQ7ZIw7pkENyQk5Jl3AyIXfkgTxat9a99WQ9f7aWrNlMjfyA9fIOtEGVeA==</latexit>

�1

<latexit sha1_base64="7DYYyYQaKbO8rwV/gKkkWZaCfGg=">AAACBHicdVC7SgNBFJ31GeMramkzmAhWYUeCiZ1oYxnBmEA2hNnJ3WRw9sHMXTEsKWz8FRsLRWz9CDv/xlmNoKIHBg7n3MOde/xESYOu++bMzM7NLywWlorLK6tr66WNzQsTp1pAS8Qq1h2fG1AyghZKVNBJNPDQV9D2L09yv30F2sg4OsdxAr2QDyMZSMHRSv3StgdhMso8hGv0g6ziKZsd8Mpk0mf9Utmtuq7LGKM5YfUD15LDw8Y+a1CWWxZlMkWzX3r1BrFIQ4hQKG5Ml7kJ9jKuUQoFk6KXGki4uORD6Foa8RBML/s4YkJ3rTKgQazti5B+qN8TGQ+NGYe+nQw5jsxvLxf/8ropBo1eJqMkRYjE56IgVRRjmjdCB1KDQDW2hAst7V+pGHHNBdreiraEr0vp/+Riv8pq1dpZrXx0PK2jQLbJDtkjjNTJETklTdIigtyQO/JAHp1b5955cp4/R2ecaWaL/IDz8g4gpphq</latexit>

�2

<latexit sha1_base64="nPri4N73MfjbOT/LM3lexH2UTnQ=">AAACBHicdVC7SgNBFJ31GeMramkzGAWrsBOCSbqgjaWCUSEbwuzkbjJk9sHMXTEsKWz8FRsLRWz9CDv/xlmNoKIHBg7n3MOde/xESYOu++bMzM7NLywWlorLK6tr66WNzXMTp1pAW8Qq1pc+N6BkBG2UqOAy0cBDX8GFPzrK/Ysr0EbG0RmOE+iGfBDJQAqOVuqVtj0Ik2HmIVyjH2S7nrLZPt+dTHrVXqnsVlzXZYzRnLD6gWtJs9mosgZluWVRJlOc9EqvXj8WaQgRCsWN6TA3wW7GNUqhYFL0UgMJFyM+gI6lEQ/BdLOPIyZ0zyp9GsTavgjph/o9kfHQmHHo28mQ49D89nLxL6+TYtDoZjJKUoRIfC4KUkUxpnkjtC81CFRjS7jQ0v6ViiHXXKDtrWhL+LqU/k/OqxVWq9ROa+XW4bSOAtkmO2SfMFInLXJMTkibCHJD7sgDeXRunXvnyXn+HJ1xppkt8gPOyzsiKphr</latexit>

�3

<latexit sha1_base64="PEI4b3NZTxPZiytEsW/LF/dlFew=">AAACBHicdVC7SgNBFJ2N7/iKWtoMJoJV2IlBYyfaWCoYE8iGMDu5awZnH8zcFcOSwsZfsbFQxNaPsPNvnDURVPTAwOGce7hzj58oadB1353C1PTM7Nz8QnFxaXlltbS2fmHiVAtoiljFuu1zA0pG0ESJCtqJBh76Clr+1XHut65BGxlH5zhMoBvyy0gGUnC0Uq+06UGYDDIP4Qb9IKt4ymb7vDIa9XZ7pbJbdV2XMUZzwvb3XEsODho11qAstyzKZILTXunN68ciDSFCobgxHeYm2M24RikUjIpeaiDh4opfQsfSiIdgutnnESO6bZU+DWJtX4T0U/2eyHhozDD07WTIcWB+e7n4l9dJMWh0MxklKUIkxouCVFGMad4I7UsNAtXQEi60tH+lYsA1F2h7K9oSvi6l/5OLWpXVq/WzevnwaFLHPNkkW2SHMLJPDskJOSVNIsgtuSeP5Mm5cx6cZ+dlPFpwJpkN8gPO6wcjrphs</latexit>

B

<latexit sha1_base64="EQ53t03QZg++4Kg5527TK/D1QZU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMdSLx4r2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ7dzvPKHSPI4ezDRBX9JRxEPOqLFSt48yGWeN2aBccavuAmSdeDmpQI7moPzVH8YslRgZJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lEZWo/Wxx74xcWGVIwljZigxZqL8nMiq1nsrAdkpqxnrVm4v/eb3UhDd+xqMkNRix5aIwFcTEZP48GXKFzIipJZQpbm8lbEwVZcZGVLIheKsvr5P2VdWrVWv3tUq9kcdRhDM4h0vw4BrqcAdNaAEDAc/wCm/Oo/PivDsfy9aCk8+cwh84nz8tkpAR</latexit>

Gi

<latexit sha1_base64="7ZBmwoBjnb1YefdepcjhGDcMCwc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiBz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw22f98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1atXZfq9Sv8ziKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMYMI2u</latexit>

Bgw(U1:K ,λ) := arg minB
∑K

k=1
λkdgw(B,Gk(Uk)). (4)

▶ {Gk(Uk)}Kk=1: a set of graph bases.
▶ λ = [λk] ∈ ∆K−1: the coefficients of the graph basis.
▶ Estimate each graph by a GW barycenter graph [Xu, AAAI 2020]:

min1≥U1:K≥0, λ1:I∈∆K−1

∑I

i=1
dgw(Bgw(U1:K ,

Rep. of Gi︷︸︸︷
λi ), Gi). (5)
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Graph representation via Gromov-Wasserstein factorization
Reparameterize the problem to an unconstrained optimization problem:

min
V1:K , z1:I

∑I

i=1
dgw(Bgw(σ(V1:K)︸ ︷︷ ︸

U1:K

, softmax(zi)︸ ︷︷ ︸
λi

), Gi). (6)

GWB 
L-Iteration

GWD
M-Iteration

Loss

B(0)

<latexit sha1_base64="dGzLRNejUfNuCmml8itoLGewYUA=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkWol7IrBcVT0YvHCvYB7Vqy2Wwbmk2WJCvUZfGvePGgiFf/hzf/jdl2D9o6EDLMfB+ZjB8zqrTjfFtLyyura+uljfLm1vbOrr2331YikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxx9e533kgUlHB7/QkJl6EhpyGFCNtpIF92PcFC9QkMld6ld2nVec0G9gVp+ZMAReJW5AKKNAc2F/9QOAkIlxjhpTquU6svRRJTTEjWbmfKBIjPEZD0jOUo4goL52mz+CJUQIYCmkO13Cq/t5IUaTygGYyQnqk5r1c/M/rJTq88FLK40QTjmcPhQmDWsC8ChhQSbBmE0MQltRkhXiEJMLaFFY2JbjzX14k7bOaW6/Vb+uVxmVRRwkcgWNQBS44Bw1wA5qgBTB4BM/gFbxZT9aL9W59zEaXrGLnAPyB9fkDSSeVFg==</latexit>

T (0)
<latexit sha1_base64="P2EGtQ+MSECnqEW1hGahMQpaggM=">AAAB/XicbVBLSwMxGMzWV62v9XHzEixCvZTdKiieCl48VugL2rVks2kbmk2WJCvUZfGvePGgiFf/hzf/jdl2D9o6EDLMfB+ZjB8xqrTjfFuFldW19Y3iZmlre2d3z94/aCsRS0xaWDAhuz5ShFFOWppqRrqRJCj0Gen4k5vM7zwQqajgTT2NiBeiEadDipE20sA+6vuCBWoamitppvdJxTlLB3bZqTozwGXi5qQMcjQG9lc/EDgOCdeYIaV6rhNpL0FSU8xIWurHikQIT9CI9AzlKCTKS2bpU3hqlAAOhTSHazhTf28kKFRZQDMZIj1Wi14m/uf1Yj288hLKo1gTjucPDWMGtYBZFTCgkmDNpoYgLKnJCvEYSYS1KaxkSnAXv7xM2rWqe16t3V2U69d5HUVwDE5ABbjgEtTBLWiAFsDgETyDV/BmPVkv1rv1MR8tWPnOIfgD6/MHY/WVJQ==</latexit> T (M)

<latexit sha1_base64="yz9SF21AHNviotmAk4m5SF3lS+s=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkWol7JbBcVTwYsXoUJf0K4lm822odlkSbJCXRb/ihcPinj1f3jz35hte9DWgZBh5vvIZPyYUaUd59taWl5ZXVsvbBQ3t7Z3du29/ZYSicSkiQUTsuMjRRjlpKmpZqQTS4Iin5G2P7rO/fYDkYoK3tDjmHgRGnAaUoy0kfr2Yc8XLFDjyFxpI7tPy7enWd8uORVnArhI3BkpgRnqffurFwicRIRrzJBSXdeJtZciqSlmJCv2EkVihEdoQLqGchQR5aWT9Bk8MUoAQyHN4RpO1N8bKYpUHtBMRkgP1byXi/953USHl15KeZxowvH0oTBhUAuYVwEDKgnWbGwIwpKarBAPkURYm8KKpgR3/suLpFWtuGeV6t15qXY1q6MAjsAxKAMXXIAauAF10AQYPIJn8ArerCfrxXq3PqajS9Zs5wD8gfX5A5AjlUI=</latexit>

B(L)
<latexit sha1_base64="XYKZzFokly5x/K3ZWmHbJrUIfWc=">AAAB/XicbVBLSwMxGMz6rPW1Pm5egkWol7JbBcVT0YsHDxXsA9q1ZLPZNjSbLElWqMviX/HiQRGv/g9v/huzbQ/aOhAyzHwfmYwfM6q043xbC4tLyyurhbXi+sbm1ra9s9tUIpGYNLBgQrZ9pAijnDQ01Yy0Y0lQ5DPS8odXud96IFJRwe/0KCZehPqchhQjbaSevd/1BQvUKDJXepndp+Wb46xnl5yKMwacJ+6UlMAU9Z791Q0ETiLCNWZIqY7rxNpLkdQUM5IVu4kiMcJD1CcdQzmKiPLScfoMHhklgKGQ5nANx+rvjRRFKg9oJiOkB2rWy8X/vE6iw3MvpTxONOF48lCYMKgFzKuAAZUEazYyBGFJTVaIB0girE1hRVOCO/vledKsVtyTSvX2tFS7mNZRAAfgEJSBC85ADVyDOmgADB7BM3gFb9aT9WK9Wx+T0QVrurMH/sD6/AFy15Uv</latexit>

d(M)
gw (B(L)

gw , Gi)

<latexit sha1_base64="jM568jEVPmNvs00lFBcdsJkbJNI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahBSmJFBRXRRe6UKhgH9DGMJlM2qGTBzMTpYQs3fgrblwo4tZPcOffOG0jaOuBC2fOuZe59zgRo0IaxpeWm5tfWFzKLxdWVtfWN/TNraYIY45JA4cs5G0HCcJoQBqSSkbaESfIdxhpOYOzkd+6I1zQMLiRw4hYPuoF1KMYSSXZ+q5rJ7379DYpXZXT0unP47KcHsBzm5ZtvWhUjDHgLDEzUgQZ6rb+2XVDHPskkJghITqmEUkrQVxSzEha6MaCRAgPUI90FA2QT4SVjA9J4b5SXOiFXFUg4Vj9PZEgX4ih76hOH8m+mPZG4n9eJ5besZXQIIolCfDkIy9mUIZwlAp0KSdYsqEiCHOqdoW4jzjCUmVXUCGY0yfPkuZhxaxWqtfVYu0kiyMPdsAeKAETHIEauAB10AAYPIAn8AJetUftWXvT3ietOS2b2QZ/oH18A8tWmIM=</latexit>

Di

<latexit sha1_base64="NVB/lT9VlkGX5UFLX2cod9TYmM0=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSUFwVdOGygn1AG8JkMmmHTiZhZlIooX/ixoUibv0Td/6NkzYLbT0wzOGce5kzJ0g5U9pxvq3KxubW9k51t7a3f3B4ZB+fdFWSSUI7JOGJ7AdYUc4E7WimOe2nkuI44LQXTO4KvzelUrFEPOlZSr0YjwSLGMHaSL5tD4OEh2oWmyu/n/vMt+tOw1kArRO3JHUo0fbtr2GYkCymQhOOlRq4Tqq9HEvNCKfz2jBTNMVkgkd0YKjAMVVevkg+RxdGCVGUSHOERgv190aOY1WEM5Mx1mO16hXif94g09GNlzORZpoKsnwoyjjSCSpqQCGTlGg+MwQTyUxWRMZYYqJNWTVTgrv65XXSvWq4zUbzsVlv3ZZ1VOEMzuESXLiGFjxAGzpAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPATOT4Q==</latexit>

V 1:K

<latexit sha1_base64="jw9vmpkdQezRr7ybc0XcKZAYI5g=">AAAB/XicdVBLS8NAGNzUV62v+Lh5WSyCp5DU0NaeCl4ELxVsK7QhbDabdunmwe5GqCH4V7x4UMSr/8Ob/8ZNW0FFB5YdZr6PnR0vYVRI0/zQSkvLK6tr5fXKxubW9o6+u9cTccox6eKYxfzGQ4IwGpGupJKRm4QTFHqM9L3JeeH3bwkXNI6u5TQhTohGEQ0oRlJJrn4w9GLmi2morqyXu5nVusxdvWoaZ816za5D0zDNhlWzClJr2Kc2tJRSoAoW6Lj6+9CPcRqSSGKGhBhYZiKdDHFJMSN5ZZgKkiA8QSMyUDRCIRFONkufw2Ol+DCIuTqRhDP1+0aGQlEEVJMhkmPx2yvEv7xBKoOmk9EoSSWJ8PyhIGVQxrCoAvqUEyzZVBGEOVVZIR4jjrBUhVVUCV8/hf+TXs2wbMO+sqvt1qKOMjgER+AEWKAB2uACdEAXYHAHHsATeNbutUftRXudj5a0xc4++AHt7RMaT5Wi</latexit>

zi

<latexit sha1_base64="GoCzx9T+7an/3Dgsbq9P2KO/dyA=">AAAB+3icdVBLSwMxGMzWV62vtR69BIvgqWxKsa2nghePFewD2mXJZtM2NJtdkqxYl/0rXjwo4tU/4s1/Y7atoKIDIcPM95HJ+DFnSjvOh1VYW9/Y3Cpul3Z29/YP7MNyT0WJJLRLIh7JgY8V5UzQrmaa00EsKQ59Tvv+7DL3+7dUKhaJGz2PqRviiWBjRrA2kmeXR37EAzUPzZXeZ17KMs+uOFXHcRBCMCeoce4Y0mo1a6gJUW4ZVMAKHc9+HwURSUIqNOFYqSFyYu2mWGpGOM1Ko0TRGJMZntChoQKHVLnpInsGT40SwHEkzREaLtTvGykOVR7PTIZYT9VvLxf/8oaJHjfdlIk40VSQ5UPjhEMdwbwIGDBJieZzQzCRzGSFZIolJtrUVTIlfP0U/k96tSqqV+vX9Ur7YlVHERyDE3AGEGiANrgCHdAFBNyBB/AEnq3MerRerNflaMFa7RyBH7DePgFxDJVZ</latexit>

GWD
M-Iteration

GWD
M-Iteration

GWD
M-Iteration

: Av
er
ag
e

B(l)
<latexit sha1_base64="inLiay9OJqcF4ehlDA+w+bLi2ZE=">AAAB/XicbVBLSwMxGMzWV62v9XHzEixCvZTdKiieil48VrAPaNeSzaZtaDZZkqxQl8W/4sWDIl79H978N2bbPWjrQMgw831kMn7EqNKO820VlpZXVteK66WNza3tHXt3r6VELDFpYsGE7PhIEUY5aWqqGelEkqDQZ6Ttj68zv/1ApKKC3+lJRLwQDTkdUIy0kfr2Qc8XLFCT0FzJVXqfVNhJ2rfLTtWZAi4SNydlkKPRt796gcBxSLjGDCnVdZ1IewmSmmJG0lIvViRCeIyGpGsoRyFRXjJNn8JjowRwIKQ5XMOp+nsjQaHKAprJEOmRmvcy8T+vG+vBhZdQHsWacDx7aBAzqAXMqoABlQRrNjEEYUlNVohHSCKsTWElU4I7/+VF0qpV3dNq7fasXL/M6yiCQ3AEKsAF56AObkADNAEGj+AZvII368l6sd6tj9lowcp39sEfWJ8/o5eVTw==</latexit>

B(l+1)
<latexit sha1_base64="Jlgf/Vg0GVsYnrzhtgAFHkv5R4M=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARKkLZrYLiqejFYwX7gHYt2WzahmaTJckKZd2Df8WLB0W8+je8+W/MtnvQ6kDIMPN9ZDJ+xKjSjvNlFRYWl5ZXiqultfWNzS17e6elRCwxaWLBhOz4SBFGOWlqqhnpRJKg0Gek7Y+vMr99T6Sigt/qSUS8EA05HVCMtJH69l7PFyxQk9BcyWV6l1TYsXuU9u2yU3WmgH+Jm5MyyNHo25+9QOA4JFxjhpTquk6kvQRJTTEjaakXKxIhPEZD0jWUo5AoL5nmT+GhUQI4ENIcruFU/bmRoFBlEc1kiPRIzXuZ+J/XjfXg3Esoj2JNOJ49NIgZ1AJmZcCASoI1mxiCsKQmK8QjJBHWprKSKcGd//Jf0qpV3ZNq7ea0XL/I6yiCfXAAKsAFZ6AOrkEDNAEGD+AJvIBX69F6tt6s99lowcp3dsEvWB/fiMGVvw==</latexit>

T (l+1)
1<latexit sha1_base64="RRskV6RQLxRbP3nYNWkDhV5PErM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpSkCrosuHFZoS9oY5hMJu3QSSbMTIQSAm78FTcuFHHrT7jzb5y0WWjrgWEO59zLvfd4MaNSWda3UVpZXVvfKG9WtrZ3dvfM/YOu5InApIM546LvIUkYjUhHUcVIPxYEhR4jPW9yk/u9ByIk5VFbTWPihGgU0YBipLTkmkdDjzNfTkP9pe3MTe3sPq2xc/ssc82qVbdmgMvELkgVFGi55tfQ5zgJSaQwQ1IObCtWToqEopiRrDJMJIkRnqARGWgaoZBIJ53dkMFTrfgw4EK/SMGZ+rsjRaHM19SVIVJjuejl4n/eIFHBtZPSKE4UifB8UJAwqDjMA4E+FQQrNtUEYUH1rhCPkUBY6dgqOgR78eRl0m3U7Yt64+6y2mwUcZTBMTgBNWCDK9AEt6AFOgCDR/AMXsGb8WS8GO/Gx7y0ZBQ9h+APjM8fr1CXeQ==</latexit>

T (l+1)
2<latexit sha1_base64="KD5lHXVwjdRsacU5F0v3B1GDMWM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpQkCrosuHFZoS9oY5hMJu3QSSbMTIQSAm78FTcuFHHrT7jzb5y0XWjrgWEO59zLvff4CaNSWda3UVpZXVvfKG9WtrZ3dvfM/YOO5KnApI0546LnI0kYjUlbUcVILxEERT4jXX98U/jdByIk5XFLTRLiRmgY05BipLTkmUcDn7NATiL9Za3cy5z8Pquxc/ss98yqVbemgMvEnpMqmKPpmV+DgOM0IrHCDEnZt61EuRkSimJG8soglSRBeIyGpK9pjCIi3Wx6Qw5PtRLAkAv9YgWn6u+ODEWyWFNXRkiN5KJXiP95/VSF125G4yRVJMazQWHKoOKwCAQGVBCs2EQThAXVu0I8QgJhpWOr6BDsxZOXScep2xd15+6y2nDmcZTBMTgBNWCDK9AAt6AJ2gCDR/AMXsGb8WS8GO/Gx6y0ZMx7DsEfGJ8/sN2Xeg==</latexit>

T (l+1)
K

<latexit sha1_base64="fuCKMbT5rVkDGvqkDGHhTvi2u+k=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpSkCrosuBHcVOgL2hgmk0k7dJIJMxOhhIAbf8WNC0Xc+hPu/BsnbRZaPTDM4Zx7ufceL2ZUKsv6MkpLyyura+X1ysbm1vaOubvXlTwRmHQwZ1z0PSQJoxHpKKoY6ceCoNBjpOdNrnK/d0+EpDxqq2lMnBCNIhpQjJSWXPNg6HHmy2mov7SduelNdpfW2Kl9krlm1apbM8C/xC5IFRRouebn0Oc4CUmkMENSDmwrVk6KhKKYkawyTCSJEZ6gERloGqGQSCed3ZDBY634MOBCv0jBmfqzI0WhzNfUlSFSY7no5eJ/3iBRwaWT0ihOFInwfFCQMKg4zAOBPhUEKzbVBGFB9a4Qj5FAWOnYKjoEe/Hkv6TbqNtn9cbtebXZKOIog0NwBGrABhegCa5BC3QABg/gCbyAV+PReDbejPd5ackoevbBLxgf39eil5M=</latexit>

T (l)
1<latexit sha1_base64="raSXBoYr1ODpGlcOtKtx35nTY9c=">AAAB/3icbVDNS8MwHE39nPOrKnjxEhzCvIx2CnocePE4YV+w1ZKm6RaWJiVJhVF78F/x4kERr/4b3vxvTLcddPNByOO934+8vCBhVGnH+bZWVtfWNzZLW+Xtnd29ffvgsKNEKjFpY8GE7AVIEUY5aWuqGeklkqA4YKQbjG8Kv/tApKKCt/QkIV6MhpxGFCNtJN8+HgSChWoSmytr5b57n1XZee7bFafmTAGXiTsnFTBH07e/BqHAaUy4xgwp1XedRHsZkppiRvLyIFUkQXiMhqRvKEcxUV42zZ/DM6OEMBLSHK7hVP29kaFYFRHNZIz0SC16hfif1091dO1llCepJhzPHopSBrWARRkwpJJgzSaGICypyQrxCEmEtamsbEpwF7+8TDr1mntRq99dVhr1eR0lcAJOQRW44Ao0wC1ogjbA4BE8g1fwZj1ZL9a79TEbXbHmO0fgD6zPH/EVlf0=</latexit>

T (l)
2<latexit sha1_base64="dAmF0ELOa8J4ug6gJDQnzEp9gjE=">AAAB/3icbVDNS8MwHE39nPOrKnjxUhzCvIy2CnocePE4YV+w1ZKm6RaWJiVJhVF78F/x4kERr/4b3vxvTLcedPNByOO934+8vCChRCrb/jZWVtfWNzYrW9Xtnd29ffPgsCt5KhDuIE656AdQYkoY7iiiKO4nAsM4oLgXTG4Kv/eAhSSctdU0wV4MR4xEBEGlJd88HgachnIa6ytr5757n9Xpee6bNbthz2AtE6ckNVCi5Ztfw5CjNMZMIQqlHDh2orwMCkUQxXl1mEqcQDSBIzzQlMEYSy+b5c+tM62EVsSFPkxZM/X3RgZjWUTUkzFUY7noFeJ/3iBV0bWXEZakCjM0fyhKqaW4VZRhhURgpOhUE4gE0VktNIYCIqUrq+oSnMUvL5Ou23AuGu7dZa3plnVUwAk4BXXggCvQBLegBToAgUfwDF7Bm/FkvBjvxsd8dMUod47AHxifP/Kflf4=</latexit>

T (l)
K

<latexit sha1_base64="1qg1wRbCpC7MZ5tBIgm6pBDAacI=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQ5mW0U9DjwIvgZcK+YKslTdMtLE1Kkgqj9uC/4sWDIl79N7z535huPejmg5DHe78feXl+TIlUtv1tlFZW19Y3ypuVre2d3T1z/6AreSIQ7iBOuej7UGJKGO4ooijuxwLDyKe450+uc7/3gIUknLXVNMZuBEeMhARBpSXPPBr6nAZyGukrbWfe7X1ao2eZZ1btuj2DtUycglRBgZZnfg0DjpIIM4UolHLg2LFyUygUQRRnlWEicQzRBI7wQFMGIyzddJY/s061ElghF/owZc3U3xspjGQeUU9GUI3lopeL/3mDRIVXbkpYnCjM0PyhMKGW4lZehhUQgZGiU00gEkRntdAYCoiUrqyiS3AWv7xMuo26c15v3F1Um42ijjI4BiegBhxwCZrgBrRAByDwCJ7BK3gznowX4934mI+WjGLnEPyB8fkDGSiWFw==</latexit>

�(V 1)

<latexit sha1_base64="r1CNcTzgtZ4OSuKCctZCxBnJMBs="></latexit>

�(V 2)

<latexit sha1_base64="PbA+X4cV0mXDlDJIJKR9HbkCJy4="></latexit>

�(V K)

<latexit sha1_base64="gAtJBVemRBxzC6KPHLU9nrI7/as="></latexit>

softmax(zi)

<latexit sha1_base64="qdiha0yaVNZppGmqXSunK8Jbp8o="></latexit>
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Experiments on molecule clustering

▶ AIDS: 2,000 compounds active/inactive to anti-HIV
▶ PROTEIN: 1,113 enzymatic/non-enzymatic proteins

GWD Kernel GWD+Kmeans
Table: Comparisons on clustering accuracy (%)

Method AIDS PROTEIN
GWD Kernel + SC 91.0±0.7 66.4±0.8
GWD + Kmeans 95.2±0.9 64.7±1.1
GWF + Kmeans 99.5±0.4 70.7±0.7
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Future work

Learning Tasks
SyntheticAnalytic

Da
ta
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ize

Sm
all
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Brain Connectivity Analysis

Protein-Protein Interaction
Network Alignment

Molecule Classification and 
Clustering

Molecule Synthesis and 
Process Control

ML-empowered 
Scientific Discovery

Protein Clustering

Multi-graph matching
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Thanks! Q&A

https://hongtengxu.github.io

https://github.com/HongtengXu

hongtengxu@ruc.edu.cn
AAAI 2022: OT-SDM Workshop https://ot-sdm.github.io + Tutorial on GWL
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