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The space of graph-related problems
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The space of graph-related problems
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The challenges of the problems

» NP-completeness
» Approximation algorithms with high stability and scalability
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The challenges of the problems
» NP-completeness
» Approximation algorithms with high stability and scalability

» Permutation invariance
permute(G) ©

> A permutation-invariant metric d: d(Gx,Gy) = d(Gx, permute(Gy))
> A permutation-invariant representation model f: f(G) = f(permute(G))
» (Often) No labels

» Unsupervised or semi-supervised learning

Gromov-Wasserstein Learning (GWL) provides a potential solution.
Applications: PPI network alignment, molecule clustering and classification.
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Gromov-Wasserstein distance (GWD) between two graphs

uJ_u_LuG(V by

C:(]j)(,/t)(,:[))(> '%i SEEEEI

> V. the node set
» i a predefined distribution of nodes
» D = [d;»]: the adjacency / distance / kernel matrix
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Gromov-Wasserstein distance (GWD) between two graphs

6 CZ:. G Ya,uYaDY
|

G<VX7NX,DX>i§ T = [T

» T = [T;;]: a joint distribution of nodes
> (ieVx,jeV;) ~T.
> Te H([,Lx,,uy) = {T >0 ’ T1=px, T'1 = IU’Y}
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Gromov-Wasserstein distance (GWD) between two graphs

Relational Distance

i
r(i,i',5,5") = |d — dY [ _\lz:’ G(Vy,py,Dy)
c i
G(Vx, px,Dx) :21 T = T3]

> T T : ajoint distribution of edges.
——

Kronecker product

» The pair of edges (dff,,d};,) ~T®T.

» Relational distance r(i,7’, j, j'): the difference between the edges.
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Gromov-Wasserstein distance (GWD) between two graphs
Relational Distance ubii,,

r(ii',4,5') = (zxdyrm’ G(Vy,py, Dy)
G<VX7UX7DX>i :21 T = [T};]

The GWD is the minimum expectation of the relational distance:

dgw(Gx, Gy) :=minperiuy py ) B j, ) ~rerr (i, ’i/,j j/)]

_mlnTGH (px,my) ZZ’L Z ‘d T T’ (1)

dlstance r  prob(r)

4/21



Gromov-Wasserstein distance (GWD) between two graphs

Relational Distance

i
ri.i.4) = ddrﬂ: G(Vy.py. Dy)
G(Vx,ux,Dx) i:ﬁi T = [T]

The GWD is the minimum expectation of the relational distance:

dgw(Gx, Gy) == minpeni(uy ) B jin~rerr(i,i', 4, 5")]
= minTGH(HX:HY)<DXY o 2DXTD)T/’ ),

(1)

> Dyy =(Dx© DX)MXIHM + 1y py (Dy © Dy) .
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Gromov-Wasserstein distance (GWD) between two graphs

Relational Distance

mnin
v 150 = dxdv(‘ﬂ:* G(Vy,py, Dy)
G(Vx,px,Dx) i:ﬁi T = [T]

The GWD is the minimum expectation of the relational distance:

dgw(Gx, Gy) == minpeni(uy ) B jin~rerr(i,i', 4, 5")] 1)
= minTeH(ux,uy)<DXY - 2DXTD)T/7 T>7
> Dyy =(Dx© DX)MXIHM + 1y py (Dy © Dy) .

» Given comparable node attributes, Dxy < Dy + D(Fx, Fy)
4/21



Advantages of GWD

.|.|J.|.LL._..G(V by

T = [T}]

)

G(Vx,px,Dx) .:S/I

» The optimal joint distribution T (or called “optimal transport”
matrix) indicates the correspondence between the two graphs.
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Advantages of GWD

.._.J.LlJ.LLGW by

T = [T}]

)

GO}X?MX,DX)% §

» The optimal joint distribution T (or called “optimal transport”
matrix) indicates the correspondence between the two graphs.
> A permutation-invariant (pseudo) metric
> dyw(Gx,Gy) = dguw(Gx, permute(Gy))

» Applicable to the graphs with different sizes, i.e., |Vx| # |Vy|.

» Applicable to the graphs with/without node attributes.
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Matching via learning optimal transport

Quadratic assignment problem (QAP): M:.

DxPD], P H
n2s (DxPDY. P), S
P={Pec{0, 1} p1=1P"1<1}. EEm mm
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Matching via learning optimal transport

Quadratic assignment problem (QAP):
DxPD, P
max (Dx PDy, P),

P={Pec{0, 1} p1=1P"1<1}.

Gromov-Wasserstein distance (GWD):

min  (Dyy —2DxTDy, T),
Tel(px,my)

(px, py) ={T >0 | T1=px, T'1=py}

» Conditional prob. P* = “Tlr = [P*(jl4))-

» For each node i € Vx, j* = arg max; P*(j|i).

1=
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Partitioning is also matching

Modularity maximization principle

» Dense internal edges + sparse external edges.

£557 00
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Partitioning is also matching

Modularity maximization principle

» Dense internal edges + sparse external edges.

%&%9%% ?g'o

A GWD-based solution [Xu, et al., NeurlPS 2019].
» T* S R|V‘><N — dgw(G7 Giso)
> Giso(Viso» % 1n, Inxn)
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Partitioning is also matching

Modularity maximization principle

» Dense internal edges + sparse external edges.

%&%9%% ?g'o

A GWD-based solution [Xu, et al., NeurlPS 2019
> T c RVIXN « d,,,(G,Giso)
> Giso<viso> %1N7 IN><N)
> For each node i € G, its cluster is j* = argmax; 17

7/21



Proposed Optimization Methods

» Entropic Regularization [Peyré, et al., ICML 2016]
» Proximal Point Algorithm [Xu, et al., ICML 2019]
» Bregman ADMM [Xu, AAAI 2020]
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Proposed Optimization Methods

» Entropic Regularization [Peyré, et al., ICML 2016]
» Proximal Point Algorithm [Xu, et al., ICML 2019]
» Bregman ADMM [Xu, AAAI 2020]

Convergence
> lim,, oo T is a stationary point.
> Linear convergence.

Computational complexity per iteration

mingery(y py)(Dxy — 2DxTDy, T)

» Dx, Dy are dense distance/kernel matrices: O(V3).
» Dx, Dy are adjacency matrices: O(VE).
» When V = |[Vx| > |Vy| = N (graph partitioning): O(N(E +V)).
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Large-scale matching based on GW barycenters

Given {Gk}szl, K > 2, their GW barycenter is defined as

\) -~ * * . K
Byw(V, 1, BY), {T}}E | := arg ming Zk:l Medgw (B, Gy), 2)

Barycenter graph ~ OT matrices
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Large-scale matching based on GW barycenters

Given {Gk}szl, K > 2, their GW barycenter is defined as

\) * * : K
Byw(V, 1, BY), {T}}E | := arg ming Zk:l Adgw (B, Gy), 2)

Barycenter graph ~ OT matrices

Learn {T}*}X | and B* via alternating optimization.

* 1 K *\ T *
B" = AAT Zk:l Ai(Ty) Dy Ty, (3)
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Large-scale matching based on GW barycenters

Co-partition two graphs:

Vy |

Vx|
dgu(B, Gx) + ————
( x) Vx| + [Vy|

B*, T, Ty = argmin ———————
Xy Vx| +|Vy| 7

dgw(Ba GY)

Initialize the barycenter graph by a disconnected graph.

2233-§.
> O
coIX5 v
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Large-scale matching based on GW barycenters

Co-partition two graphs:

Vx| V|
dg(B,Gx) + —
( x) Vx| + | Vy]|

B*, T, Ty = argmin ———————
Xy Vx| +|Vy| 7

dgw(Ba GY)

Initialize the barycenter graph by a disconnected graph.

Co-
Partition

,,,,,,,,,,,,,,,,,,,,,,,,

Computational complexity: O(2(V + E))
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Large-scale matching based on GW barycenters

A “Divide and Conquer” strategy based on recursive co-partitioning [Xu, et al.,

NeurlPS 2019]
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Large-scale matching based on GW barycenters

A “Divide and Conquer” strategy based on recursive co-partitioning [Xu, et al.,

NeurlPS 2019]

Co-
Pamtlon

,,,,,,,,,,,,,,,,,,,,,,,,,,,

ffffffffffffffffffff

Partltlon

’?«’.’.’b

,,,,,,,,,,,,,,,,,,,,,,,
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Matching synthetic graphs

Node Correctness (%)

GWL
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Partitioning synthetic graphs

Pwithin =
Pacross = 0.05

Adjust Mutual Information Score

GWL

[Xu, et al, 2019b]
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Partitioning synthetic graphs

Pwithin =
Pacross = 0.1

Adjust Mutual Information Score

GWL

[Xu, et al, 2019b]
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Real-world PPI network alignment
Yeast PPl <> Yeast PPl + 5% LC edges
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Real-world PPI network alignment
Yeast PPl <> Yeast PPl + 25% LC edges
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Graph representation via Gromov-Wasserstein factorization
ﬂ.&‘ 8 ﬁ
A3
l]é‘.itz:%izl_.zg:'i_" Eaigﬁ

ng(Ul:K7}\) = arg mlnB Z )\kdgw B Gk(Uk))

> {Gy(Ug) | a set of graph factors.
> X = [\;] € AK~L: the coefficients of the graph factors.
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Graph representation via Gromov-Wasserstein factorization

A
B Aoy
Mg

U,

2Bl T

:} B _»ﬁh Gi

ng(Ul:K7 A) = arg mlIlB z )\kdgw B Gk(Uk)) (4)

> {Gy(Up) | a set of graph bases.
> X = [\;] € AK~L: the coefficients of the graph basis.
» Estimate each graph by a GW barycenter graph [Xu, AAAI 2020].

Rep. of G;

. I =~
mlanUl;KZO, )\LIEAK*l ZiZl dgw(ng(U1:K7 AZ )7 G'L) (5)
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Graph representation via Gromov-Wasserstein factorization
Reparameterize the problem to an unconstrained optimization problem:

1
, min Z,_l dgw(Bguw(o(Vi.r), softmax(z;)), G;). (6)
1:Ky 21:1 1= N—— N———
Uik A
Vik zi
BW@

GWB

L-Iteration

d(ﬂf)(lg(L) G)

qgw 2

B®
a(V1)
Ii, M-lteration | —1
BN 17/21



Experiments on molecule clustering

» AIDS: 2,000 compounds active/inactive to anti-HIV
» PROTEIN: 1,113 enzymatic/non-enzymatic proteins

GWD Kernel

GWD+Kmeans

Table: Comparisons on clustering accuracy (%)

Method

AIDS PROTEIN

GWD Kernel + SC
GWD + Kmeans
GWF 4 Kmeans

91.0£0.7 66.4£0.8
95.2+0.9 64.7+1.1
99.5+0.4 70.7+0.7
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Summary of the GWL framework
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Summary of the GWL framework
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Future work
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Thanks! Q&A

https://hongtengxu.github.io
https://github.com/HongtengXu
hongtengxu®ruc.edu.cn

AAAI 2022: OT-SDM Workshop https://ot-sdm.github.io + Tutorial on GWL
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