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Outline

1 Implicit Neural Network Design

» Preliminaries and representative work
» Our motivation and principle

2 Optimal Transport-driven GNN Design

» Implicit Global Pooling: Regularized OT layers for generalized global pooling
» Implicit Message-Passing: Quasi-Wasserstein loss and transductive message-passing

3 Optimal Transport-driven Transformer Design
> Implicit Attention Layer: Sliceformer, Make multi-head attention as simple as sorting
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Neural Network Design: Engineering or Art?

The progress of Al is mainly attributed to the development of model
architectures.

> Vision: AlexNet, VGG, ResNet, ViT, ...
» NLP: RNN, LSTM, BERT, GPT, ...
» Graph: Spatial and Spectral GNNs, ...
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The progress of Al is mainly attributed to the development of model
architectures.

» Vision: AlexNet, VGG, ResNet, ViT, ...
» NLP: RNN, LSTM, BERT, GPT, ...
» Graph: Spatial and Spectral GNNs, ...

Ironically, till now, we only summarize very coarse and empirical design
principle for neural networks.

> The deeper, the larger, the better.

» Tricks: dropout, batchnorm, non-smooth activations, ...

Lead to a chaotic research field, with few artistic masterpieces (e.g.,
Transformer) + many imitations without originality.
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Neural Network Design: Explicit v.s. Implicit

> Explicit NN layer:
» Define and learn f: X — Z.
> Deploy: z = f(x)
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Neural Network Design: Explicit v.s. Implicit

> Explicit NN layer:
» Define and learn f: X — Z.
> Deploy: z = f(x)

» Implicit NN layer:
» Define and learn g : X x Z — R"
» Deploy: Find z s.t. g(z,2) =0

Implicit neural network design revisits neural networks from a more mathematical and
interpretable perspective, e.g., optimization, differential equations, and dynamic
systems.

» In general, g is more interpretable than f because its design (NOT learning!) is
often determined by an optimization problem.
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Optimization-based Implicit Neural Network Design

Layer ‘ Explicit Design ‘ Implicit Design

RelLU ‘ y = max{0,z} ‘ y = argmin,>g |z — z|?
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Optimization-based Implicit Neural Network Design

Layer

Explicit Design

Implicit Design

RelLU
Linear+RelLU
Sigmoid

Softmax

» Design a neural network layer << Define an optimization problem + Select a solver
» Feed-forward computation < Solve an optimization problem

» Backward propagation < Adjust hyper-parameters in an optimization problem

y = max{0, z}

y = max{0, Wz + b}

_ 1
y= 1+exp(x)

— __exp(i)

Yi = SN exp(ay)

y = argmin,>g |z — z|?

y = argming>o ||z — Wz — b||?
y = argmax,co,1] 2% + zlog z + (1 — 2) log(1 — 2)

Yy = argmax,can-1{z,x) + (z,log z)
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Representative Implicit Neural Networks (Layers)

» Optimization-driven
» Input Convex Neural Networks [1]
» Deep Declarative Networks [2]

» Differential equation-driven
> Neural ODEs [3]
» Deep Equilibirum Models [4]
1 Amos, B., Xu, L., & Kolter, J. Z. Input convex neural networks. ICML, 2017.
2 Gould, S., Hartley, R., & Campbell, D. Deep declarative networks. IEEE TPAMI, 2021.

3 Chen, R. T., Rubanova, Y., Bettencourt, J., & Duvenaud, D. K. Neural ordinary differential
equations. NeurlPS, 2018.

4 Bai, S., Kolter, J. Z., & Koltun, V. Deep equilibrium models. NeurlPS, 2019.
5 https://github.com/bamos/thesis

6 http://implicit-layers-tutorial.org
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Motivation and Principle of Proposed Work
Essentially, many existing NN layers work for information fusion

Global Pooling Message-Passing Self-Attention
y = fo(X) Y = ApX Y = A(x,0) X
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What is the design principle of the layers?
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Motivation and Principle of Proposed Work

Essentially, many existing NN layers work for information fusion

Global Pooling Message-Passing Self-Attention
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What is the design principle of the layers?

» Explore the alignment principle of information fusion through the lens of OT

» Develop OT-based implicit surrogates for above layers, improving interpretability
and boosting performance
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Preliminaries of OT: Metric-Measure Space
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> Xy, = (X,d,p): A metric-measure space, where x € X' is a sample in the space.
» d: A distance metric of samples (e.g., Euclidean distance).
» P: A space of (probability) measures defined on X'.

» 1 € P: a probability measure on X.
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The Key ML Task: Distribution/Sample Matching
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» Data Clustering, Domain Adaptation, Generative Modeling, Evaluation of

Generative Model, ...
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Distribution Matching Tool: The Kantorovich-form of OT
Y

po|me H(u,.)
-

Leonid Kantorovich (1912-1986) The Kantorovich-form of OT proposed in 1939

> Ty, ) = {7 > 0| [, n(z,y)dz = (y), |, 7(z,y)dy = p(z)} include all joint
distributions taking @ and v as marginals.
» 7 € II(u,y) is called transport plan or coupling.
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Distribution Matching Tool: The Kantorovich-form of OT
Y

po|me H(u,.)
-

Leonid Kantorovich (1912-1986) The Kantorovich-form of OT proposed in 1939

> Ty, ) = {7 > 0| [, n(z,y)dz = (y), |, 7(z,y)dy = p(z)} include all joint
distributions taking @ and v as marginals.

» 7 € II(u,y) is called transport plan or coupling.

» Find an optimal transport plan to minimize the expected cost.

1/p
W, (p, ) := inf / dP(x,y)dm(z, = inf El/pmr dP(x,y)]. (1
)= (nf [ Padney) = e B @)l (1)
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Empirical OT Problem Defined on Samples

Given X = {zn M ~p, Y = {yn}0_  ~ v, pe AN"Land v € AM-L,

1/p . 1/p
W)= (min 3 ST ) = (i D) (2

where D = [dp(xmayn)]v T= [tmn]v H(ﬂ'a’Y) = {T > 0|T]-M = P’vTT]-N = 7}'
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Wasserstein Distance between 1D Samples

» When dim(X) = 1, W, has a closed form, related to 1D histogram transform
and equalization.

W) = ([ P - e eras) (3)

where F,G : X — [0, 1] are CDF's of p and v.
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Wasserstein Distance between 1D Samples

» When dim(X) = 1, W, has a closed form, related to 1D histogram transform
and equalization.

W) = ([ e e epa:) 3)

where F,G : X — [0, 1] are CDF's of p and v.
> Given = {z,}N_ | ~pand y = {y,} ), ~ v

N
—~ 1/p
WP(:B: y) = (Z “TTL ~ Yo(n) |pdz) ) (4)
n=1
where o denotes the sorting operation.
» OT plan T is the permutation matrix corresponding to o.

Theorem: For one dimensional z; < ... < zy and y; < ... < yy, identity permutation
(0(n) =nforn =1,...,N) leads to the optimal transport between them.
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Wasserstein Barycenters

T; Xy~
X g 4 e
°® T ~ i °
)y 'Y H x lu/ m
.. —_— P
y a2 T

\ I=; Xs ~ -
(1]
=~
» Denote Py, as the space of all probability measures in the metric space &y
» (Px,, W)p) becomes a metric space of probability measures

> Given a set of probability measures {ux}X | C Px,, we can define the
p-Wasserstein barycenter [Agueh et al, 2021] as

;= arg min Wh(u,
= arg min Z (tts 1) (5)

[Agueh et al, 2021] Agueh, M. and Carlier, G., Barycenters in the Wasserstein space. SIAM Journal on
Mathematical Analysis, 2011.
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Advantages of Optimal Transport

A valid metric for probability measures

» Apply to distribution comparison and fitting
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Advantages of Optimal Transport

A valid metric for probability measures

» Apply to distribution comparison and fitting

The OT plan/matrix indicates the coherency of sample pairs
> Apply to point cloud matching and registration

» Achieve sample averaging and fusion

Have potentials for designing implicit neural network and achieving
interpretable information fusion.
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Case 1: OT-based Implicit Global Pooling Design
Given X = [x1,...,xy] € RP*N find a global pooling f : X +— RP.
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Case 1: OT-based Implicit Global Pooling Design
Given X = [x1,...,xy] € RP*N find a global pooling f : X +— RP.
» Mean-pooling

fx) =" a (6)
> Max-pooling
FOX) = 17y masc, a2y ™)
> Attention-pooling
f(X) =Xax (8)

» The design and selection of f is empirical and sub-optimal.

» Can we build a generalized framework covering the above designs?
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Case 1: OT-based Implicit Global Pooling Design

Determine the poolings by a “sample-feature dimension” distribution P = [pg,].
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Case 1: OT-based Implicit Global Pooling Design
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p=[padl

F(X) = | B, [ran] = (X © diag ™ (P1y) P)1y. 9)
—_—

P:[pn|d}
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Case 1: OT-based Implicit Global Pooling Design

Determine the poolings by a “sample-feature dimension” distribution P = [pg,].

» A global pooling outputs the expectation of samples conditioned on different
feature dimensions

P=[pa
F(X) = 121 B, fi40] = (X © diag™ (P13) P)Ly. ©)
P=[p,4]
Mean-pooling % Y ne1 Tn & P= {ﬁ}
Max-pooling |12, max,{za}0; & P e{0,5}7" and P1y = §1p
Attention-pooling Xax & P=4lpay

Design global pooling is equivalent to design P, leading to an OT-based
implicit layer.
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Regularized Optimal Transport Pooling (ROTP) Layer

frot(X;0) = (X © diag™ (P 1) P 1w, (10)
where
Fused Gromov-Wasserstein
P’ = arg max (X, P) 4+ ag(CpPCy, P) — a1R(P) — axKL(P1|py) — asKL(P "1|qo)
PeQ) e — ——

OT term Structural Reg. Smoothness Marginal Prior
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Regularized Optimal Transport Pooling (ROTP) Layer

frot(X;0) = (X © diag™! (P 1n) Py)1n, (10)
where

Fused Gromov-Wasserstein

P, = arg max (X, P) + ag(CpPCp, P) — a1R(P) — auKL(P1|pg) — asKL(P "1|qo)
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OT term Structural Reg.
Implementation Principle Connections to OT
max(X, P) EM Principle (Max Output Energy) OT loss
+ max(CpPCy,P) Max Sample-Feature Correlation FGW loss
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Regularized Optimal Transport Pooling (ROTP) Layer

frot(X;0) = (X © diag™" (P 1v) Proy) 1w,

where

Fused Gromov-Wasserstein

P*

rot

OT term

Implementation

= arg max (X, P) + ag(CpPCly, P) — a1R(P) — asKL(P1|py) — asKL(P"1|qo)
PeQ 0 — ——

Structural Reg.

Principle

Connections to OT

max (X, P)

+ maX(CDPC'N, P>
+ min R(P)

+ min KL(P1|po)
+min KL(PT1]qo)

EM Principle (Max Output Energy)
Max Sample-Feature Correlation
Avoid Over-sparse Distributions

Leverage Prior Knowledge

OT loss
FGW loss
Entropic/Quadratic FGW

Unbalanced E/Q FGW
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Regularized Optimal Transport Pooling (ROTP) Layer

Feat. 1 F€ature-Level Similarity
Feat. 2

ROTP Layer

Feature Distribution Feature

Feat. D
Feat. 1 Feat.2 Feat.3 ... Feat.D

Sample 1 Sample-Level Similarity

I
]
|
Sample 2 = |
. Z i Sample Regularized
1 Index Optimal Weighted
| Transport Average
\
Sample 1 Sample 2 Sample 3 . .. . .. sample N .y ==
Pooling
Result

Sample 1
Sample 2
Samp“ -:.
Sample N Data Batch
Feat. 1 Feat.2 Feat.3 ... Feat.D
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Regularized Optimal Transport Pooling (ROTP) Layer

Implement ROTP by Unrolling Iterative Algorithms (e.g., Sinkhorn-scaling)

0

X

|
r v

A

P(O) Smkhorn Module 1 Smkhorn Module T P(T)
- t
o — CWY
k—1 k
al )—> Dual Variable a®
pE—1—p Update > b(k)
Yy {V \ /

Y(k_l)—b[ Log-Sum-Exp ]—V[ Log-Scaling ]—»Y(k)
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Regularized Optimal Transport Pooling (ROTP) Layer
Implement ROTP by Unrolling Iterative Algorithms (e.g., Bregman ADMM)

0 X
log pO I 3 1 } log pM
0) (0) (1) 7 (T)
log §°7 7 Bregman Bregman log § Z
log (0 ADMM +| ADMM log ™ (1)
Module 1 Module T
logn® (0 logn™ (1)
X Log-Primal < 0
log pt-1 > Update 3 > log P®
A A \ 4
log ¢~V i > » log s
_ » | Log-Auxiliary -
1Og”((t 1)> > Update - - log l‘((t;
logn t—1 L > log'r] +
Z(-1) i AA s ; YYVY 70
(t—1) - Exp + Dual (t)
z; > EEE z]
(t—1) > Update )
zy 22
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ROTP: Generalizability

Fused Gromov-Wasserstein
N

Py, = arg max (X, P) + ay(CpPCy, P) — a;R(P) — aoKL(P1|pg) — agKL(PT1|qo)
P e — ——

OT term Structural Reg. Smoothness Marginal Prior
frot(X;0) ap aq Qg as Po q0
Mean-pooling 0 —-o0 —So0 —o0 %1,3 %lN
Max-pooling 0 0 — 0 0 %lp —
Attention-pooling | 0 — o0 — 00 — %ID ax

Mean-Pooling Max-Pooling Attention-Pooling
0040  mm 010 = mmEE = Woo30
L]
S o035 o W £ £
u u Em o0 H L P
ROTP 0.030 - :
Sinkh
s?:ali::;“ 00 " I.II. 008 0.020
0.020
ROTP - ]
Bregman -0.015 - l. m 004 = 10.015
ADMM-E -0.010 . i
ROTP " 002 g
Bregman -0.005 - L B -0.010
ADMM-Q -0.000 e 500 B
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ROTP: Flexibility

Hierarchical
Pooling

. ROTP
Layer 2

| P ———————

-
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ROTP: Interpretablity
Graph 1

Feature Dimension

P P;
012345678910111213 01234567 8 91011
-0.010

-0.008
- 0.006
0.004
0.002

0.000

Node Index
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ROTP: Interpretablity

P; P;

01234567891011 01234567 891011
'

- 0.006
g - 0.005
‘»
GC) - 0.004
-5 0.003
()
—_
3 0.002
)
©
d‘;’ 0.001
0.000

Node Index
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ROTP: Superiority on Data Fitting

Dataset NCII PROTEINS MUTAG COLLAB RDT-B RDT-MS5K IMDB-B IMDB-M
#Graphs 4,110 1,113 188 5,000 2,000 4,999 1,000 1,500
Average #Nodes 29.87 39.06 17.93 74.49 429.63 508.52 19.77 13.00
Average #Edges 32.30 72.82 19.79 2,457.78 497.75 594.87 96.53 65.94
#Classes 2 2 2 3 2 5 2 3
Add 67961043 72971054 89.051086 71.061043 80.004149 50.164097 70.184087 47.561056
Mean 64.821052 66.09106; 86.531162 72.35:104s 83.621115 52441121 70341035 48.651001
Max 65.95+076 72.27+033 85901168 73.071057 82.62+125 44.341193 70241054 47.801054
DeepSet 66.28.1072 73.761047 87.841071 69.741066 82911137 47.45:0s4 70.841071 48.051071
Mixed 66.46+074 72.25+045 87.30+087 73224035 84.36+262 46.67+163 71.28+026 48.071025
GatedMixed 63.86+076 69.40+193 87.941128 71941040 80.60+380 44.781453 70.961060 48.09+044
Set2Set 6510411, 68.61114s 87771086 72311073 80.084572 49.85427 70.36105 48.30L0ss
Attention 64355061 67705005 8808112 7257 041 81.55i43 51.85:066 70.60s03 47.832075
GatedAtt 64.661052 68.161000 86911179 72311037 82.55.105 5147108 70.521031 48.671035
DynamicP 62.111027 65.86+085 85.40+281 70.78+088 67.51+182 32.114385 69.841073 47.59+048
GNP 68.201 048 73441061 88371125 72.8040ss 81.931023 51.801061 70.341083 48.8510s1
ASAP 68.094042 704241145 87.681142 68204237 73911150 44.581044 68.331250 43.9211.13
SAGP 67481065 72.631044 87.881220 70.1940ss 7412158 46.001174 70341074 47.04112
OTK 67961055 69.521076 86901183 71351091 74.281139 50.571120 70944079 48.414059
SWE 68.061098 70.09112 85.681207 72171129 79304394 51114155 70341105 48931134
WEGL 68.16. 062 71.58109s 88.681166 72.55i060 82.80+173 52.031060 71941075 49.201037
ROTPs 68271106 73104022 88.841121 71.2040s5s 81.5411338 51.004061 70.741080 47.871043
ROTPgg (o =0) | 66231050 67.711170 86.821202 73.861044 86.801119 52.251075 71.724088 50.4810.14
ROTPsq (a0 = 0) | 66.181076 69.881057 85421110 74141024 87721103 52791060 72341050 4936105
ROTPgE (learn o) | 65.90+094 70.19+066 88.01+151 74.051034 86.78+1.14 52771069 71.761062 50.28-+0.86
ROTPgq (learn ap) | 65.961032 70124117 86.791181 74.27:047 88.67.1099 52.84.060 71781100 49441046
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ROTP: Superiority on

Data Fitting

Dataset Messidor Component Function
D 687 200 200
#Positive bags 654 423 443
#Negative bags 546 2,707 4,799
#Instances 12,352 36,894 55,536
Min. bag size 8 1 1
Max. bag size 12 53 51
Add 74331256 93.354+098 96.264048
Mean 74421247 93321099 96281066
Max 73924300 93.231076 95941048
DeepSet 74424287 93291005 96451051
Mixed 73424029 9345061 96414053
GatedMixed 73254238 93.0311020 96224065
Set2Set 73.584374 93.191095 96431056
Attention 74254367 93221100 96.31+066
GatedAtt 73.671223 93421991 9651977
DynamicP 73164212 93261130 96.47 1058
GNP 73541365 92.861196 96.104103
OTK 74784289 93.191093 96311102
SWE 74461370 93321126 96421083
ROTPg 75421295 93291083 96.62104s
ROTPpE (o = 0) | 74.834207 93.161102 96.171043
ROTPgq (o = 0) | 75.081206 93.131094 96.09+0.46
ROTPgg (learn ag) | 75.334196 93.164108 96.2240m
75174245 93451096 96224048

ROTPg.q (learn ag)

DECAGON DECAGON DECAGON

Dataset | DiBrAPND Anae-Fati PleuP-Diar ' CARS

#Graph sets 6,309 2,922 2,842 6,338

#Positive sets 3,189 1,526 1,422 3,169

Positive label | Dificulty  4poomi,  Pleural Non-
breathing pain myopathy

#Negative sets 3,120 1,396 1,420 3,169
Negative label dI::;S;‘:d Fatigue Diarrhea  Myopathy

Set size 2 2 2~52
Add 50.86+097 63.15+179 62321108 75.89+133
Mean 51.104109 61951260 61.304268 72424151
Max 50.594+077 61.881203 60.114203 82.021072
DeepSet 49831107 56.241520 51.784310 82.401156
Mixed 51.131090 63831110 6091451 81544113
GatedMixed 51.394063 61.50+161 59.124212 81.8811.14
Set2Set 50721171 59351201 55.0li3se 79.29108s
Attention 50521110 61401003 61.334240 75.98107
GatedAtt 50.741061 62.154077 58.80+1.18 75.844129
DynamicP 51.014188 55931156 52.584201 74.004161
GNP 50.00+188 53.981634 52.581468 62.711iss5
ASAP 50.8941082 63.661181 60.671260 77154113
SAGP 49.871077  63.621128 59.861243 77.291104
OTK 50.964+111 63.681150 61.664239 79.401108
SWE 51055215 63214200 61374313 80.644 56
WEGL 51671085 63791258 61.36123 81.981077
ROTPs 51961071 6291113 59401000 79754071
ROTPsg 51264084 63.861241 62.57:134 82.55. 042
ROTP3.q 5272066 63.151127 60.881165 81431112
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Case 2: OT-based Implicit Message-Passing Design

Given a graph G(V, &, A, X)), where Yy, are labels of partial nodes.
> Traditional Node-Level Learning Paradigm:

maxg H p(ys| X, A;0) < ming Z V(gu(X, A;0), yy). (11)

» pis Gaussian < 1 is MSE.
> p is Sigmoid/Softmax < 1 is cross entropy loss.
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Case 2: OT-based Implicit Message-Passing Design

Given a graph G(V, &, A, X)), where Yy, are labels of partial nodes.
> Traditional Node-Level Learning Paradigm:

maxg H p(ys| X, A;0) < ming Z V(gu(X, A;0), yy). (11)

» pis Gaussian < 1 is MSE.
> p is Sigmoid/Softmax < 1 is cross entropy loss.
> What we really want to do is maximizing the probability of Yy, , i.e.,

maxg p(Yy, | X, A;0) (12)

> The above two equations are equivalent iff the labels are conditional
independent, which is questionable in practice.

p(yv‘xv) # p(yv‘xvayv’)y
p(yvayv/|wvamv/) = (yv|mv’mv/7yv’)p(yv’|$va mv/) 7é p(yv|mv>mv/)p(yv"$m wv’)a
p(W[X,A) # H p(yo| X, A).

27 /48



Proposed Learning Strategy

Ideally, we would like to define a loss for
label sets, rather than individual labels,

eg.,
ming Loss(gy, (X. A:0), Yy, ), (13)
——— ——
)\/‘/‘]

which can be implemented as an OT
problem of labels defined on a graph.

» Moreover, lead to an implicit
message-passing layer (with a QW
loss) encoding label transport.

&y ﬂ\/'

--->I

db ", Sl

Mt

Quasi-Wasserstein Loss
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Proposed Quasi-Wasserstein (QW) Loss of GNNs

P> 1-Wasserstein distance between signals on a graph

Wi(p, ) = minTeH(”,,yﬂD, T) = MiNTer(y,) ZU U,evxvtvv’dvv’a (14)

where D is the shortest-path distance matrix.
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Wi(p, ) = minTeH(“,,y)<D, T) = MiNTer(y,) ZU U,evxvtvv’dvv’a (14)

where D is the shortest-path distance matrix.
> W, is equivalent to a minimum-cost flow problem:

Wi(p, ) = mingeq(s, u~) [diag(w) f(l1, (15)
where f = [f.] € RI¢l is the flow on each edge.

1 if vis “head” of edge e
Sy = [sve] € {0, £1}VXIEL 5 = {1 if v is “tail” of edge e (16)

0 otherwise.
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where D is the shortest-path distance matrix.
> W, is equivalent to a minimum-cost flow problem:

Wi(p, ) = mingeq(s, u~) [diag(w) f(l1, (15)
where f = [f.] € RI¢l is the flow on each edge.

1 if vis “head” of edge e
Sy = [sve] € {0, £1}VXIEL 5 = {1 if v is “tail” of edge e (16)

0 otherwise.

0 Directed G
Q(SV7““’7) :u|g| ﬂ{f | Svf :’Y_l—‘l/}’ where U = {[ 700), Irecte ,

R, Undirected G.
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Proposed Quasi-Wasserstein (QW) Loss of GNNs

» When only partial signals on Vy, are given, we have partial Wasserstein
distance: for p,y € RVel,

W () = mingeas,, ) ldiag(w) £, (17)

» For partially-observed multi-dimensional labels, i.e., Y}, = [yi(fL)] € RVLIxC
aggregating each dimension’s Wl(P) leads to the QW loss:

QW (¥, ¥y,) = 0 Wi (g 4)

_ (C)
ZC_ mmf()en(va i),y Hd'ag( )k
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Proposed Quasi-Wasserstein (QW) Loss of GNNs

» When only partial signals on Vy, are given, we have partial Wasserstein
distance: for p,y € RVel,

W () = mingeaqs,, ) ldiag(w) £, (17)

» For partially-observed multi-dimensional labels, i.e., Y}, = [yi(fL)] € RVLIxC
aggregating each dimension’s Wl(P) leads to the QW loss:

QW (¥, ¥y,) = Y0 Wi (g 4)
= > min o, 50 4 Idiag(@) I (19)

= mlnFenc(sVL,ng(XAe Yy, ) Hd'ag( VF[|1,

> F = [£)] is the flow matrix with size |£| x C
> Feasible domain Q¢ =UIE*C N {F | Sy, F =Yy, — gy, (X, A;0)}.
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An Implicit Message Passing Associated with The QW Loss
» Learning GNN with the QW loss:

min, QW (gy, (X, A;0),Yy,)

19
ity Wi peog (s, g, (X420, Yo, |di28(w) Fl1. (19)
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An Implicit Message Passing Associated with The QW Loss
» Learning GNN with the QW loss:

miny QW (gy, (X, A;0),Yy,)

(19)
=miny mlnFGQC(st gv, (X,A0), Yy, ) ) l|diag(w) F|[s.
» Optionally, the flow can be used to parameterize the adjacency matrix
ming,e MNFeq(Sy, gv, (X, AF)0). Yy, ) |diag(w) F|l1, (20)
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An Implicit Message Passing Associated with The QW Loss
» Learning GNN with the QW loss:

miny QW (gy, (X, A;0),Yy,)

— iy Wit peny (5, ov, (X AL, ¥, ) |l di28(0) Fl1. (19)
» Optionally, the flow can be used to parameterize the adjacency matrix
ming ¢ Minpeaq(sy, v, (X,A(F€)0),Ys, ) l[diag(w) F1, (20)
» Adding the optimal label transport in the testing phase: For v € V' \ Vi, we
predict its label as
Yo = gu( X, A;07) + S, F”, st. F* <= QW (gy,(X,A;0),Yy,). (21)

An implicit message passing layer encoding training labels’ optimal
transport.
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An Implicit Message Passing Associated with The QW Loss
Graph

1 G N N Optional Edge
) Weight Predictor

Partially-
Observed & _‘_ -
Node Labels : Estimated ,+' Optimal Label |» Node-level
1 1| N_o_dg Ea_bgl§ L Irgn_sgclrt_ _ Predictions
|
I -
I * L RN
'-'\ ¥ \I ¥ Do I
-

Quasi-Wasserstein Loss
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Solvers of QW Loss

min, ming ||diag(w)F|;.
st. FeUlf*Cn{F| Sy, F =Yy, —gy, (X,A;0)}

where By(z,y) = ¢(x) — d(y) — (Vo(y), z —y).

(22)
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Solvers of QW Loss

min, ming ||diag(w)F|;.
st. FeUlf*Cn{F| Sy, F =Yy, —gy, (X,A;0)}

where By(z,y) = ¢(z) — ¢(y) — (Vo(y),z —y).
P An inexact solver based on Bregman Divergence-based Relaxation:

ming peyieixe [[diag(w) Fl1 + ABy(gv, (X, A;0) + Sy, F, Yy,).

(22)

(23)
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Solvers of QW Loss

min, ming ||diag(w)F|;.
st. FeUlf*Cn{F| Sy, F =Yy, —gy, (X,A;0)}

where By(z,y) = ¢(z) — ¢(y) — (Vo(y),z —y).
P An inexact solver based on Bregman Divergence-based Relaxation:

(22)

mine’ Feu\é‘\xc Hd'ag(w)FHI + /\B¢(gVL (X7A70) + SVLF7 YVL)' (23)

» An exact solver based on Bregman ADMM:

ming peyleixc MaxX 4 gy, |xc||diag(w)F||y
+ <Z7 gVL<X/A*0) +SVLF_YVL> (24)
+ )‘B¢<9VL ()(7 A; 9) + SVLF7 YVL)-
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Compare with Traditional Learning Paradigm

Method Setting Node Classification | Node Regression
Apply the P Cross-entropy or KL MSE
Traditional loss | Predicted v, gu(X,A;0), Yoe V\ VL
Ent L2
QW loss s(=")

Predicted vy,

go(X, A;0) + S, F*, Yv e V\ VL
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Compare with Traditional Learning Paradigm

Method Setting Node Classification | Node Regression
Apply the P Cross-entropy or KL MSE
Traditional loss | Predicted v, gu(X,A;0), Yoe V\ VL

Ent 1.2
Apply the ¢ ntropy all - 113
By(= 1) KL MSE

QW loss

Predicted y, gu(X,A;0)+ S, F*, Yo e V\Vy
Theorem

Let {0*, F*, Z*} be the optimal solution of (24), {67, F} be the optimal solution
of (23), and 6% be the optimal solution of ming By(gy, (X, A;0), Yy, ), we have

B(b(gVL(X?A?H*) + SVLF*7 YVL) < B¢<9VL(X7Aa QT) + SVLFTa YVL>
< Bylgv, (X, A;6Y), Yy,)
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QW Loss and Implicit MP: Superiority

Node classification tasks:

Homophilic graphs

Heterophilic graphs

Model Method Cora Citeseer Pubmed  Computers Photo Squirrel Chameleon  Actor Texas Cornell
#Nodes ([V]) 2,708 3,327 19,717 13,752 5,201 7,650 2,277 7,600 183 183 Overall
#Features (D) 1,433 3,703 500 767 754 2,089 2,325 932 1,703 1,703 Improve
#Edges (|€]) 5,278 4,552 44,324 245,861 119,081 198,358 31,371 26,659 279 277
Intra-edge rate 81.0% 73.6% 80.2% 77.7% 82.7% 22.2% 23.0% 21.8% 6.1% 12.3%
#Classes (C) 7 6 5 10 8 5 5 5 5 5
@) 87441096 79981084 86931029 88421045 93.244043 | 46.554115 63.57+1.16 34004128 7721328 61914511 —
GCN @)+LPA 86.3441.45 78511120 84.721070 82481060 88104131 | 44814181 60904163 32431159 78.694647 68721595 | -1.36
QW |87.880.70 81.36:0.41 87.8910.10 89.20:0.41 93.81:0.36 |52.6240.40 68.1041.01 38.094050 84.10-5.05 84.26:2.05| +4.81
GAT [Z)) 89.2010.79 80.7510.78 87.421033 90.084036 94.38+0.25 | 48201167 64.314201 35.68+0.60 80.00+311 68.09+2.13 —
QW | 89114066 80194061 88.38.093 90.41 028 94.65.0.24|55.0341.35 67.35.11.42 33.864013 80.33.180 7021515 +1.14
GIN @ 86.221095 76.18.0.78 87.871023 80.874143 89.834072 (39114003 6429415 32.3Ty156 72.791402 62.551450 —
QW  |86.2410.90 76.1311.00 87.531034 89.2810.45 92.6010.44 |65.2910.68 73.2611.12 32.321193 77.541260 64.0413.62| 15.22
GraphSAGE (@) [88.2410.95 79.8li0s0 88.141025 89.71to3s 95.08+026 | 43.794059 63.26+100 38.994085 90.00:230 84.26+295 —
QW | 87591077 80.52.0.6s 88.61.02 90.17. 024 95.25.0.25|54.3720.80 68.3210.08 37.824045 90.33.1.97 86.384515 +1.18
APPNP @ 88.1410.73 80471074 88.121031 85.32+037 88.5140a1 | 36.154075 52.931171 40464064 91.3li197  87.661213 —
QW 88.74.:0.84 80.9410.61 89.48.0.28 86.95 10.82 94.43.10.2438.73+1.06 53.7611.25 40.7810.74 91.48,:230 87.871234| +1.41
BernNet @ 88.28 1100 79.8li079 88.871038 87.6li046 93.684028 | 51.154109 67.961105 40.724080 93.284148 90.214935 —
QW  |89.03.0.76 81.35.0.71 89.03104s 89.58.0.47 94.55.0.90 |55.2240.64 T1.66.4118 40.91 1071 93.44.1 60 90.85.94,| +1.41
ChebNetII @ 88.261080 80.0010.74 88.57+036 86.58+071 93.50+10.34 | 57.784084 71.71i140 40.70+077 92791148 88.944278| —
QW  |88.5450.76 79471070 89.471036 9043022 94.8410.37|60.5520.61 T4.0550.65 41.3740.67 93931008 8723162 | +1.11




QW Loss and Implicit MP: Superiority

60
EY
= Sos = ~70
g S g S
g e g g g
g g g50 3 60
e C o2 e e
3 86 3 3 3
< < < 40 < 50
584 5 %0 s s
Ze g g 24
7 7 88 2 30 @
8 Traditional Loss 2 Traditional Loss g Traditional Loss 8 Traditional Loss
O 80 —— QW (12) o —— QW (12) 5} —— QW (12) o 30 —— Qw(12)
—— QW (13) 86 —— QW (13) 20 —— QW (13) —— QW (13)
78
1510 20 30 40 50 60 1510 20 30 40 50 60 1510 20 30 40 50 60 1510 20 30 40 50 60
Ratio of Training Labels (%) Ratio of Training Labels (%) Ratio of Training Labels (%) Ratio of Training Labels (%)
(a) Computers (b) Photo (c) Squirrel (d) Chameleon

Figure: Illustrations of the methods’ performance given different amounts of labeled nodes.

Node regression tasks:

Homophilic graphs Heterophilic graphs
Model  Method Computers Photo Actor Cornell
GIN @ 0.0605+0.0018  0.045940.0044 | 0.157040.0014  0.160940.0359

QW 0.024440.0028 0.020310.0012 | 0.156410.0012 0.152410.0043
BernNet @ 0.0871+0.0002  0.048810.0000 | 0.1661+0.0020 0.0989+0.0076
QW 0.036410.0038 0.029710.0014 | 0.167110.000s8 0.075310.0024
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Case 3: OT-based Implicit Structured Attention Layer Design

Empirically, the power of Transformer is attributed to its Multi-head Attention (MHA)
Architecture:

MHAg(X) := Concateo)({Att(Vi; Qum, Kim) Y1), (25)

Form=1,...,M, we have V,,, = XWy,,,, Q;, = XW¢g ,, and K,;, = X Wi ..

PQ.K) = Softmax(Q\/I%T>, (26)
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Case 3: OT-based Implicit Structured Attention Layer Design

Empirically, the power of Transformer is attributed to its Multi-head Attention (MHA)
Architecture:

MHAg(X) := Concateo)({Att(Vi; Qum, Kim) Y1), (25)

Form=1,...,M, we have V,,, = XWy,,,, Q;, = XW¢g ,, and K,;, = X Wi ..

P(Q.K) = Softmax(Q\/I%T>, (26)

Challenges:
» Over-smoothness when dealing with long sequences.

» Quadratic complexity w.r.t. the sequence length.
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Development Tendency of Attention Layer

Model Attention(V; Q, K) Complexity ~ Attention Structure Faster? Better?
T
Transformer|Softmax (Q\/KB ) 1% O(DN?) Dense + Row-wisely normalized — —
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Development Tendency of Attention Layer

Model Attention(V; Q, K) Complexity ~ Attention Structure Faster? Better?
Transformer|Softmax <Q7\/KBT> 1% O(DN?) Dense + Row-wisely normalized — —
SparseTrans|Local2D-Softmax (%) O(DN'5)  Sparse + Row-wisely normalized Yes Comparable
Longformer |LocallD-Softmax (%) O(DNL) Sparse + Row-wisely normalized Yes Comparable
Reformer  |[LSH-Softmax (Q;(E ) 14 O(DN log N) Sparse + Row-wisely normalized Yes Comparable
CosFormer |(QcosKos + Qsin K1 )V O(DEgK) Sparse Yes Comparable

sin
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Development Tendency of Attention Layer

Model Attention(V; Q, K) Complexity ~ Attention Structure Faster? Better?
Transformer|Softmax <Q7\/KBT> 1% O(DN?) Dense + Row-wisely normalized — —
SparseTrans|Local2D-Softmax (%) V O(DN'®)  Sparse + Row-wisely normalized Yes Comparable
Longformer |LocallD-Softmax (%) V O(DNL) Sparse + Row-wisely normalized Yes Comparable
Reformer  |[LSH-Softmax (%) 14 O(DN log N) Sparse + Row-wisely normalized Yes Comparable
CosFormer |(QcosK s + QsinK;—n)V O(DEgK) Sparse Yes Comparable
Performer |¢-(Q)¢r(K)TV O(DNr) Low-rank Yes No
Linformer  [Softmax (%) (V) O(DNT) Low-rank 4+ Row-wisely normalized | Yes No
Sinkformer |Sinkhorn (L\/KﬁT) \4 O(KDN?) Dense + Doubly stochastic No Yes
Sliceformer |Sorto (V') O(DN log N) Full-rank+Sparse+Doubly stochastic| Yes Yes
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Doubly Stochastic Tendency of Attention Map

Vision Fairseq Point Cloud
Transformer Transformer Transformer
0 10 4 .
£ 10 4 A
8 1 . 1 .
5 J 5
g 1: 0.1 - 10
s -1 12 ) =14 10-6 - =10~ 70
e i -4 16 2=5 = 30 110
0 50000 0 5000 0 10000
Sorted columns Sorted columns Sorted columns

Sander, Michael E., et al. Sinkformers: Transformers with doubly stochastic attention. AISTATS,

2022.
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Implement Attention Maps Implicitly via Slicing-Sorting

The attention layer in Sliceformer is implemented by slicing-sorting:

SliceSort(X) := Sorteo (X Wy ) = Concatco|({Pivi}ij‘ilD), (27)
V=v;]

P, is a permutation matrix corresponding to the sorting of v;.

» Full-rank, sparse, and doubly stochastic.
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Implement Attention Maps Implicitly via Slicing-Sorting

The attention layer in Sliceformer is implemented by slicing-sorting:

SliceSort(X) := Sorteo (X Wy ) = Concatc0|({Pmi}ij‘ilD), (27)
V=v;]

P, is a permutation matrix corresponding to the sorting of v;.
» Full-rank, sparse, and doubly stochastic.

Slicing-sorting operation = computing the Wasserstein barycenter of {vb}fﬁ?

MD
min Z Wl('v, ’UZ')
v
=1
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Implement Attention Maps Implicitly via Slicing-Sorting

The attention layer in Sliceformer is implemented by slicing-sorting:

SliceSort(X) := Sorteo (X Wy,) = Concateo ({ Pvi } 1), (27)

V=[v;]

P, is a permutation matrix corresponding to the sorting of v;.
» Full-rank, sparse, and doubly stochastic.

Slicing-sorting operation = computing the Wasserstein barycenter of {v;}MP:

MD
. 1D case
mmg Wi (v,v;) —— E Wi (v1,v;)
v
i=1
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Implement Attention Maps Implicitly via Slicing-Sorting

The attention layer in Sliceformer is implemented by slicing-sorting:
SliceSort(X) := Sorteo (X Wy,) = Concateo ({ Pvi } 1), (27)
V=[vi]

P, is a permutation matrix corresponding to the sorting of v;.

» Full-rank, sparse, and doubly stochastic.

Slicing-sorting operation = computing the Wasserstein barycenter of {v;}MP:
MD 5 Al MD N
. 1 case |gnment 2
II}UIH Z Wy ('Ua 'vz Z Wl 'Ula vz Z Z |Uln - mi(n)‘ (28)
=1 i=1 n=1

oo P, Yi=1,...,MD.
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Sliceformer: Superiority on LRA

Model ListOps Text Retrieval Image Path Path-X Avg.
Transformer 36.37 64.27 57.46 42,44 71.40 FAIL 54.39
Local Att. 15.82  52.98 53.39 41.46 66.63 FAIL  46.06
Linear Trans. 16.13  65.90 53.09 42.34  75.30 FAIL  50.55
Reformer 37.27 56.10 53.40 38.07 68.50 FAIL  50.67
Sinkformer 30.70 64.03 55.45 41.08 64.65 FAIL  51.18
SparseTrans 17.07  63.58 59.59 4424 7171 FAIL 51.24
SinkhornTrans | 33.67 61.20 53.83 41.23 67.45 FAIL  51.29
Linformer 35.70 53.94 52.27 38.56 76.34 FAIL 51.36
Performer 18.01  65.40 53.82 42,77 77.05 FAIL  51.41
Synthesizer 36.99 ©61.68 54.67 41.61 69.45 FAIL  52.88
Longformer 35.63 62.85 56.89 42,22 69.71 FAIL  53.46
BigBird 36.05 64.02 59.29 40.83 74.87 FAIL  55.01
Cosformer 37.90 63.41 61.36 43.17 70.33 FAIL  55.23
Sliceformer 37.65 64.60 62.23 48.02 82.04 FAIL 58.91
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Sliceformer: Superiority on LRA
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Sliceformer: Generalizability on Other Tasks

Image Classification: Model size (x10°) and Top-1 accuracy (%)

Data Dogs vs. Cats MNIST CIFAR-10 | CIFAR-100 | Tiny-ImageNet
Metric Size Top-1 | Size Top-1| Size Top-1| Size Top-1| Size Top-1
ViT 190 79.03 | 9.60 98.78 | 9.60 80.98 | 9.65 53.99 | 22.05 52.74
Sliceformer | 1.11  79.71 |6.50 98.81 |6.46 82.16|6.50 54.24 18.50 51.77
Text Classification: Molecular Property Prediction:
Data IMDB Data PCQM4M-LSC
Metric Size  Top-1 Metric Size MAE
Transformer | 8.84 83.05 Graphormer | 47.09 0.1287
Sliceformer | 8.05 84.91 Sliceformer | 32.91 0.1308
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Empirical Rationality of Sliceformer: Suppressing Mode Collapse
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Figure: MHAg(X) of ViT v.s. SliceSort(X) of Sliceformer.
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Empirical Rationality of Sliceformer: Suppressing Mode Collapse
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Figure: The comparisons on the singular spectrum.
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Summary
Study the implicit design of information fusion layers and propose OT-driven solutions:

Layer Design OT Problem
Global Pooling (X & diag *(P5,(0)1ny) P (0))1y ROTP
Message-Passing  gy(X, A;60) + Sy F* W1 on graph
MHA Layer Concateol({ P X w; }M1P) 1D WB
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Their common advantages:
» Simplify the design, even computation
» Feed-forward computation with better interprebility
» Advantages on data fitting
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Summary
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Layer Design OT Problem
Global Pooling (X & diag *(P5,(0)1ny) P (0))1y ROTP
Message-Passing  gy(X, A;60) + Sy F* W1 on graph
MHA Layer Concateol({ P X w; }M1P) 1D WB

Their common advantages:
» Simplify the design, even computation
» Feed-forward computation with better interprebility
» Advantages on data fitting
Current limitations:
» Over-fitting when distribution shifts
P> The potentials in generative tasks are not investigated

» Some designs have limitations on model capacity (e.g., The Top-1 Acc. of

Sliceformer on full-sized ImageNet is < 70%.)
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References and Resources

ROTP
> Paper: https://ieeexplore.ieee.org/abstract/document/10247589/
» Code: https://github.com/SDS-Lab/ROT-Pooling
QW Loss
» Paper: https://arxiv.org/abs/2310.11762
Sliceformer
» Paper: https://arxiv.org/abs/2310.17683
» Code: https://github.com/SDS-Lab/sliceformer
More OT-driven Work
> AAAI'22 Tutorial on Gromov-Wasserstein Learning
» |JCAI'23 Tutorial on Optimal Transport-based Machine Learning
> https://hongtengxu.github.io/talks.html
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Thank you!

https://hongtengxu.github.io
https://github.com/HongtengXu

hongtengxu®ruc.edu.cn
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