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1 Implicit Neural Network Design
▶ Preliminaries and representative work
▶ Our motivation and principle

2 Optimal Transport-driven GNN Design
▶ Implicit Global Pooling: Regularized OT layers for generalized global pooling
▶ Implicit Message-Passing: Quasi-Wasserstein loss and transductive message-passing

3 Optimal Transport-driven Transformer Design
▶ Implicit Attention Layer: Sliceformer, Make multi-head attention as simple as sorting
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Neural Network Design: Engineering or Art?
The progress of AI is mainly attributed to the development of model
architectures.
▶ Vision: AlexNet, VGG, ResNet, ViT, ...
▶ NLP: RNN, LSTM, BERT, GPT, ...
▶ Graph: Spatial and Spectral GNNs, ...

Ironically, till now, we only summarize very coarse and empirical design
principle for neural networks.
▶ The deeper, the larger, the better.
▶ Tricks: dropout, batchnorm, non-smooth activations, ...

Lead to a chaotic research field, with few artistic masterpieces (e.g.,
Transformer) + many imitations without originality.
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Neural Network Design: Explicit v.s. Implicit

▶ Explicit NN layer:
▶ Define and learn f : X 7→ Z.
▶ Deploy: z = f(x)

▶ Implicit NN layer:
▶ Define and learn g : X × Z 7→ Rn

▶ Deploy: Find z s.t. g(x, z) = 0

Implicit neural network design revisits neural networks from a more mathematical and
interpretable perspective, e.g., optimization, differential equations, and dynamic
systems.
▶ In general, g is more interpretable than f because its design (NOT learning!) is

often determined by an optimization problem.
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Optimization-based Implicit Neural Network Design

Layer Explicit Design Implicit Design

ReLU y = max{0, x} y = argminz≥0 |z − x|2

Linear+ReLU y = max{0,Wx+ b} y = argminz≥0 ‖z −Wx− b‖2

Sigmoid y = 1
1+exp(x) y = argmaxz∈[0,1] zx+ z log z + (1− z) log(1− z)

Softmax yi =
exp(xi)∑N

j=1 exp(xj)
y = argmaxz∈∆N−1〈z,x〉+ 〈z, log z〉

▶ Design a neural network layer ⇔ Define an optimization problem + Select a solver
▶ Feed-forward computation ⇔ Solve an optimization problem
▶ Backward propagation ⇔ Adjust hyper-parameters in an optimization problem
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Representative Implicit Neural Networks (Layers)

▶ Optimization-driven
▶ Input Convex Neural Networks [1]
▶ Deep Declarative Networks [2]

▶ Differential equation-driven
▶ Neural ODEs [3]
▶ Deep Equilibirum Models [4]

1 Amos, B., Xu, L., & Kolter, J. Z. Input convex neural networks. ICML, 2017.
2 Gould, S., Hartley, R., & Campbell, D. Deep declarative networks. IEEE TPAMI, 2021.
3 Chen, R. T., Rubanova, Y., Bettencourt, J., & Duvenaud, D. K. Neural ordinary differential

equations. NeurIPS, 2018.
4 Bai, S., Kolter, J. Z., & Koltun, V. Deep equilibrium models. NeurIPS, 2019.
5 https://github.com/bamos/thesis
6 http://implicit-layers-tutorial.org
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Motivation and Principle of Proposed Work
Essentially, many existing NN layers work for information fusion

Global Pooling Message-Passing Self-Attention

y = fθ(X) Y = AθX Y = A(x, θ)X

Self-Attention Map

What is the design principle of the layers?
▶ Explore the alignment principle of information fusion through the lens of OT
▶ Develop OT-based implicit surrogates for above layers, improving interpretability

and boosting performance
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Preliminaries of OT: Metric-Measure Space

<latexit sha1_base64="nJUyBZR/sqF8GUMhHXKLkHLfeIQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBotYQUpSfC2LblxWsA9oQ5lMJu3QySTMTKQl9CPcuFDErd/jzr9x2mahrQcuHM65l3vv8WLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItj2sKGeCNjTTnLZjSXHocdryhndTv/VEpWKReNTjmLoh7gsWMIK1kVp+eXQ+Oj3rFUt2xZ4BLRMnIyXIUO8Vv7p+RJKQCk04Vqrj2LF2Uyw1I5xOCt1E0RiTIe7TjqECh1S56ezcCToxio+CSJoSGs3U3xMpDpUah57pDLEeqEVvKv7ndRId3LgpE3GiqSDzRUHCkY7Q9HfkM0mJ5mNDMJHM3IrIAEtMtEmoYEJwFl9eJs1qxbmqXD5clGq3WRx5OIJjKIMD11CDe6hDAwgM4Rle4c2KrRfr3fqYt+asbOYQ/sD6/AETxo7C</latexit>

d(x, x0)

x 

x 

1

2d(x, x’)

▶ Xd,µ := (X , d, µ): A metric-measure space, where x ∈ X is a sample in the space.
▶ d: A distance metric of samples (e.g., Euclidean distance).
▶ P: A space of (probability) measures defined on X .
▶ µ ∈ P: a probability measure on X .
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The Key ML Task: Distribution/Sample Matching
<latexit sha1_base64="ymbogdxbYvHdLiLVp2pC08aUqcY=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2ZwarsrunFZwT6gHUomzbSxSWZIMkIZ+g9uXCji1v9x59+YPgQVPRByOOde7r0nSjnTBqEPZ2V1bX1js7BV3N7Z3dsvHRy2dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GVzO/fU+VZom8NZOUhgIPJYsZwcZKrd4QC4H7pTJykV8NUA0i17efH1gSIK9WqUHPRXOUwRKNfum9N0hIJqg0hGOtux5KTZhjZRjhdFrsZZqmmIzxkHYtlVhQHebzbafw1CoDGCfKPmngXP3ekWOh9UREtlJgM9K/vZn4l9fNTFwNcybTzFBJFoPijEOTwNnpcMAUJYZPLMFEMbsrJCOsMDE2oKIN4etS+D9p+a5XcYOb83L9chlHARyDE3AGPHAB6uAaNEATEHAHHsATeHYS59F5cV4XpSvOsucI/IDz9gn5NY9s</latexit>�<latexit sha1_base64="4hM8JYyPoCiEgKwWsx2hPBs7Vic=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckm1td6KXjxWtB/QhrLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zSCij4YeLw3w8w8P+ZMacf5sJaWV1bX1gsbxc2t7Z3d0t5+W0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Grud+6pVCwSd3oaUy/EI8ECRrA20m0/TAalsmNXHfeidooc28mQkbpbqSM3V8qQozkovfeHEUlCKjThWKme68TaS7HUjHA6K/YTRWNMJnhEe4YKHFLlpdmpM3RslCEKImlKaJSp3ydSHCo1DX3TGWI9Vr+9ufiX10t0UPdSJuJEU0EWi4KEIx2h+d9oyCQlmk8NwUQycysiYywx0Sadognh61P0P2lXbLdmV2/Oyo3LPI4CHMIRnIAL59CAa2hCCwiM4AGe4Nni1qP1Yr0uWpesfOYAfsB6+wSe644L</latexit>µ

▶ Data Clustering, Domain Adaptation, Generative Modeling, Evaluation of
Generative Model, ...
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Distribution Matching Tool: The Kantorovich-form of OT

<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ
<latexit sha1_base64="WLIv8/E9bk+ImiDs6GpLPhoWAoU=">AAACAHicbVDLSgNBEOyNrxhfUQ8evAwGIYKEXfF1DHrxGME8ILuE2clsMmRmdpmZFULIxV/x4kERr36GN//GSbIHTSxoKKq66e4KE860cd1vJ7e0vLK6ll8vbGxube8Ud/caOk4VoXUS81i1QqwpZ5LWDTOcthJFsQg5bYaD24nffKRKs1g+mGFCA4F7kkWMYGOlTvHATxjymUR+jZV9kZ76PSwEPukUS27FnQItEi8jJchQ6xS//G5MUkGlIRxr3fbcxAQjrAwjnI4LfqppgskA92jbUokF1cFo+sAYHVuli6JY2ZIGTdXfEyMstB6K0HYKbPp63puI/3nt1ETXwYjJJDVUktmiKOXIxGiSBuoyRYnhQ0swUczeikgfK0yMzaxgQ/DmX14kjbOKd1m5uD8vVW+yOPJwCEdQBg+uoAp3UIM6EBjDM7zCm/PkvDjvzsesNedkM/vwB87nDxKLlXI=</latexit>

⇡ 2 ⇧(µ, �)

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

Leonid Kantorovich (1912-1986) The Kantorovich-form of OT proposed in 1939
▶ Π(µ, γ) = {π > 0|

∫
x π(x, y)dx = γ(y),

∫
y π(x, y)dy = µ(x)} include all joint

distributions taking µ and γ as marginals.
▶ π ∈ Π(µ, γ) is called transport plan or coupling.

▶ Find an optimal transport plan to minimize the expected cost.

Wp(µ, γ) :=
(

inf
π∈Π(µ,γ)

∫
(x,y)∈X 2

dp(x, y)dπ(x, y)
)1/p

= inf
π∈Π(µ,γ)

E1/p
x,y∼π[d

p(x, y)]. (1)
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Leonid Kantorovich (1912-1986) The Kantorovich-form of OT proposed in 1939
▶ Π(µ, γ) = {π > 0|

∫
x π(x, y)dx = γ(y),

∫
y π(x, y)dy = µ(x)} include all joint

distributions taking µ and γ as marginals.
▶ π ∈ Π(µ, γ) is called transport plan or coupling.
▶ Find an optimal transport plan to minimize the expected cost.

Wp(µ, γ) :=
(

inf
π∈Π(µ,γ)

∫
(x,y)∈X 2

dp(x, y)dπ(x, y)
)1/p

= inf
π∈Π(µ,γ)

E1/p
x,y∼π[d

p(x, y)]. (1)
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Empirical OT Problem Defined on Samples

Sampling

<latexit sha1_base64="xIbxYWePkcOQF8krzXbHQxc04BQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLK6tr6RnmzsrW9s7tX3T94NFGiGbZYJCLdCahBwRW2LLcCO7FGKgOB7WB8m/vtJ9SGR+rBTmL0JR0qHnJGbS71ZFLpV2tu3Z2BLBOvIDUo0OxXv3qDiCUSlWWCGtP13Nj6KdWWM4HTSi8xGFM2pkPsZlRRicZPZ7dOyUmmDEgY6ayUJTP190RKpTETGWSdktqRWfRy8T+vm9jw2k+5ihOLis0XhYkgNiL542TANTIrJhmhTPPsVsJGVFNms3jyELzFl5fJ41ndu6xf3J/XGjdFHGU4gmM4BQ+uoAF30IQWMBjBM7zCmyOdF+fd+Zi3lpxi5hD+wPn8AZXsjfQ=</latexit>µ
<latexit sha1_base64="mnJCF/EZHTbGsArYURAqmJa87zI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kJaymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ITFMcMlayFGwTqIZiUPB2uH4NvfbT0wbruQDThLWi8lQ8ohTglYKujHBURhlnWmlX615dW8Gd5n4BalBgWa/+tUdKJrGTCIVxJjA9xLsZUQjp4JNK93UsITQMRmywFJJYmZ62Szy1D2xysCNlLZPojtTf29kJDZmEod2Mo9oFr1c/M8LUoyuexmXSYpM0vlHUSpcVG5+vzvgmlEUE0sI1dxmdemIaELRtpSX4C+evEwez+r+Zf3i/rzWuCnqKMMRHMMp+HAFDbiDJrSAgoJneIU3B50X5935mI+WnGLnEP7A+fwBCCSRGg==</latexit>

X

<latexit sha1_base64="b43c0gcMPTi0dyR6lWMCS1w2u/M=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Nvc7T1RpJsWDmSQ0iPFQsIgRbKzk92JsRmGUPU4r/WrNrbszoGXiFaQGBZr96ldvIEkaU2EIx1r7npuYIMPKMMLptNJLNU0wGeMh9S0VOKY6yGaRp+jEKgMUSWWfMGim/t7IcKz1JA7tZB5RL3q5+J/npya6DjImktRQQeYfRSlHRqL8fjRgihLDJ5ZgopjNisgIK0yMbSkvwVs8eZm0z+reZf3i/rzWuCnqKMMRHMMpeHAFDbiDJrSAgIRneIU3xzgvzrvzMR8tOcXOIfyB8/kDCaqRGw==</latexit>

Y

Solve OT
<latexit sha1_base64="NsKYXGhJhx6Er2fk1S4UjsGd4j4=">AAAB+nicbVA7T8MwGHTKq5RXCiOLRYXEVCWI11jBwlgk+pCaqHIct7XqR2Q7oCr0p7AwgBArv4SNf4PTZoCWkyyf7r5PPl+UMKqN5307pZXVtfWN8mZla3tnd8+t7re1TBUmLSyZVN0IacKoIC1DDSPdRBHEI0Y60fgm9zsPRGkqxb2ZJCTkaCjogGJkrNR3q0EkWawn3F5ZwNNppe/WvLo3A1wmfkFqoECz734FscQpJ8JghrTu+V5iwgwpQzEj00qQapIgPEZD0rNUIE50mM2iT+GxVWI4kMoeYeBM/b2RIa7zdHaSIzPSi14u/uf1UjO4CjMqktQQgecPDVIGjYR5DzCmimDDJpYgrKjNCvEIKYSNbSsvwV/88jJpn9b9i/r53VmtcV3UUQaH4AicAB9cgga4BU3QAhg8gmfwCt6cJ+fFeXc+5qMlp9g5AH/gfP4Ai62UMg==</latexit>µ

<latexit sha1_base64="EIF09UBGxVopLK294mFH9c4UVZA=">AAAB/XicbVBJSwMxGM3UrdZtXG5egkXwVGbE7Vj04rGCXaAzlEyaaUOzDElGqEPxr3jxoIhX/4c3/42Zdg7a+iDk8d73kZcXJYxq43nfTmlpeWV1rbxe2djc2t5xd/daWqYKkyaWTKpOhDRhVJCmoYaRTqII4hEj7Wh0k/vtB6I0leLejBMScjQQNKYYGSv13IMgkqyvx9xeWTBAnKNJpedWvZo3BVwkfkGqoECj534FfYlTToTBDGnd9b3EhBlShmJGJpUg1SRBeIQGpGupQJzoMJumn8Bjq/RhLJU9wsCp+nsjQ1znAe0kR2ao571c/M/rpia+CjMqktQQgWcPxSmDRsK8CtinimDDxpYgrKjNCvEQKYSNLSwvwZ//8iJpndb8i9r53Vm1fl3UUQaH4AicAB9cgjq4BQ3QBBg8gmfwCt6cJ+fFeXc+ZqMlp9jZB3/gfP4Ax1eVcQ==</latexit>�

<latexit sha1_base64="eDfuxnrI5AmhN1iN4r3dB1ZoEFE=">AAAB+nicbVC7TsMwFL3hWcorhZHFokJCDFWCeI0VLIxF6ktqQ+U4TmvVcSLbAVWhn8LCAEKsfAkbf4PTdoCWI1k+Oude+fj4CWdKO863tbS8srq2Xtgobm5t7+zapb2milNJaIPEPJZtHyvKmaANzTSn7URSHPmctvzhTe63HqhULBZ1PUqoF+G+YCEjWBupZ5e6fswDNYrMldXH9yfFnl12Ks4EaJG4M1KGGWo9+6sbxCSNqNCEY6U6rpNoL8NSM8LpuNhNFU0wGeI+7RgqcESVl02ij9GRUQIUxtIcodFE/b2R4Ujl6cxkhPVAzXu5+J/XSXV45WVMJKmmgkwfClOOdIzyHlDAJCWajwzBRDKTFZEBlpho01Zegjv/5UXSPK24F5Xzu7Ny9XpWRwEO4BCOwYVLqMIt1KABBB7hGV7hzXqyXqx362M6umTNdvbhD6zPH/alk9A=</latexit>

T ⇤

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

Given X = {xm}Mm=1 ∼ µ, Y = {yn}Nn=1 ∼ γ, µ ∈ ∆N−1 and γ ∈ ∆M−1,

Ŵp(X,Y ) :=
(

min
T∈Π(µ,γ)

∑M

m=1

∑N

n=1
dp(xm, yn)tmn

)1/p
=

(
min

T∈Π(µ,γ)
〈D,T 〉

)1/p
(2)

where D = [dp(xm, yn)], T = [tmn], Π(µ,γ) = {T > 0|T1M = µ,T⊤1N = γ}.
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Wasserstein Distance between 1D Samples
▶ When dim(X ) = 1, Wp has a closed form, related to 1D histogram transform

and equalization.

Wp(µ, γ) =
(∫ 1

0
|F−1(z)−G−1(z)|pdz

)1/p
, (3)

where F,G : X 7→ [0, 1] are CDF’s of µ and ν.

▶ Given x = {xn}Nn=1 ∼ µ and y = {yn}Nn=1 ∼ ν:

Ŵp(x,y) =
( N∑
n=1

|xn − yσ(n)|pdz
)1/p

, (4)

where σ denotes the sorting operation.
▶ OT plan T ∗ is the permutation matrix corresponding to σ.

Theorem: For one dimensional x1 ≤ ... ≤ xN and y1 ≤ ... ≤ yN , identity permutation
(σ(n) = n for n = 1, ..., N) leads to the optimal transport between them.
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Wasserstein Barycenters

<latexit sha1_base64="DVpfT9y1CkZVVjLE9DajRXEE+50=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHERUnE17LoxmWFvqCNYTKdtEMnkzAzKZTQP3HjQhG3/ok7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva2V1bX1js7RV3t7Z3du3Dw5bKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5G97nfHlOpWCwaepJQL8IDwUJGsDaSb9u9COthEGaNqZ+506dz3644VWcGtEzcglSgQN23v3r9mKQRFZpwrFTXdRLtZVhqRjidlnupogkmIzygXUMFjqjyslnyKTo1Sh+FsTRPaDRTf29kOFJqEgVmMs+pFr1c/M/rpjq89TImklRTQeaHwpQjHaO8BtRnkhLNJ4ZgIpnJisgQS0y0KatsSnAXv7xMWhdV97p69XhZqd0VdZTgGE7gDFy4gRo8QB2aQGAMz/AKb1ZmvVjv1sd8dMUqdo7gD6zPH15Uk38=</latexit>

T⇤
1

<latexit sha1_base64="fZjEvbM09lCxGQvq+uoSgOF5mnk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgLkpSfC2LblxW6AvaGCbTSTt08mBmUighf+LGhSJu/RN3/o2TNgttPTBwOOde7pnjxZxJZVnfRmltfWNzq7xd2dnd2z8wD486MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOtN7nO/O6VCsihsqVlMnQCPQuYzgpWWXNMcBFiNPT9tZW5az54uXLNq1aw50CqxC1KFAk3X/BoMI5IENFSEYyn7thUrJ8VCMcJpVhkkksaYTPCI9jUNcUClk86TZ+hMK0PkR0K/UKG5+nsjxYGUs8DTk3lOuezl4n9eP1H+rZOyME4UDcnikJ9wpCKU14CGTFCi+EwTTATTWREZY4GJ0mVVdAn28pdXSades69rV4+X1cZdUUcZTuAUzsGGG2jAAzShDQSm8Ayv8GakxovxbnwsRktGsXMMf2B8/gBf25OA</latexit>

T⇤
2

<latexit sha1_base64="IGV2WAJDTFPAlngWBCEc6GQnA6A=">AAAB+XicbVDLSsNAFL2pr1pfUZduBosgLkrie1l047JCX9DGMJlO2qGTBzOTQgn5EzcuFHHrn7jzb5y0WWjrgYHDOfdyzxwv5kwqy/o2Siura+sb5c3K1vbO7p65f9CWUSIIbZGIR6LrYUk5C2lLMcVpNxYUBx6nHW98n/udCRWSRWFTTWPqBHgYMp8RrLTkmmY/wGrk+Wkzc9OL7OnMNatWzZoBLRO7IFUo0HDNr/4gIklAQ0U4lrJnW7FyUiwUI5xmlX4iaYzJGA9pT9MQB1Q66Sx5hk60MkB+JPQLFZqpvzdSHEg5DTw9meeUi14u/uf1EuXfOikL40TRkMwP+QlHKkJ5DWjABCWKTzXBRDCdFZERFpgoXVZFl2AvfnmZtM9r9nXt6vGyWr8r6ijDERzDKdhwA3V4gAa0gMAEnuEV3ozUeDHejY/5aMkodg7hD4zPH2Fik4E=</latexit>

T⇤
3

<latexit sha1_base64="iHKZnLs9pvdCLlz22lbrGXJ4qhI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJlgEVyURX8uiG5cVrC00IUymk3bozCTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpQyqrTrfluVpeWV1bXqem1jc2t7x97de1BJJjFp44QlshshRRgVpK2pZqSbSoJ4xEgnGt0UfueRSEUTca/HKQk4GggaU4y0kUL7wOdID6M4705Cz1eU+zwLvdCuuw13CmeReCWpQ4lWaH/5/QRnnAiNGVKq57mpDnIkNcWMTGp+pkiK8AgNSM9QgThRQT6NP3GOjdJ34kSaJ7QzVX9v5IgrNeaRmSzCqnmvEP/zepmOr4KcijTTRODZoThjjk6cogunTyXBmo0NQVhSk9XBQyQR1qaxminBm//yInk4bXgXjfO7s3rzuqyjCodwBCfgwSU04RZa0AYMOTzDK7xZT9aL9W59zEYrVrmzD39gff4ANbCVqA==</latexit>

X1 ⇠ µ1
<latexit sha1_base64="+GnfxivRvL2sKD6lMKdGW7l2EUs=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJlgEVyUpvpZFNy4r2Ac0JUymk3bozCTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpgwqrTrflulldW19Y3yZmVre2d3z94/aKs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTjm9zv/NIpKKxeNCThPQ5GgoaUYy0kQL7yOdIj8Io606Duq8o93ka1AO76tbcGZxl4hWkCgWagf3lD2KcciI0Zkipnucmup8hqSlmZFrxU0UShMdoSHqGCsSJ6mez+FPn1CgDJ4qleUI7M/X3Roa4UhMemsk8rFr0cvE/r5fq6LqfUZGkmgg8PxSlzNGxk3fhDKgkWLOJIQhLarI6eIQkwto0VjEleItfXibtes27rF3cn1cbN0UdZTiGEzgDD66gAXfQhBZgyOAZXuHNerJerHfrYz5asoqdQ/gD6/MHOMGVqg==</latexit>

X2 ⇠ µ2

<latexit sha1_base64="NsNhbpnF7S79p2yW8kt+e7jSsFI=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUmsr2XRjcsK9gFNCJPppB06k4SZiVBCwV9x40IRt36HO//GSduFth4YOJxzL/fMCVPOlHacb2tpeWV1bb20Ud7c2t7Ztff2WyrJJKFNkvBEdkKsKGcxbWqmOe2kkmIRctoOh7eF336kUrEkftCjlPoC92MWMYK1kQL70BNYD8Io74yDmqeY8EQW1AK74lSdCdAicWekAjM0AvvL6yUkEzTWhGOluq6Taj/HUjPC6bjsZYqmmAxxn3YNjbGgys8n8cfoxCg9FCXSvFijifp7I8dCqZEIzWQRVs17hfif1810dO3nLE4zTWMyPRRlHOkEFV2gHpOUaD4yBBPJTFZEBlhiok1jZVOCO//lRdI6q7qX1Yv780r9ZlZHCY7gGE7BhSuowx00oAkEcniGV3iznqwX6936mI4uWbOdA/gD6/MHO9KVrA==</latexit>

X3 ⇠ µ3

<latexit sha1_base64="N9suiIa+/VEQ0A5uGOiXZ7Sb3Yw=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eAkWwVNJxK9j0YvHCtYWmlA22027dHcTdjdCCbn4V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLwwYVRp1/22KkvLK6tr1fXaxubW9o69u/eg4lRi0sYxi2U3RIowKkhbU81IN5EE8ZCRTji+KfzOI5GKxuJeTxIScDQUNKIYaSP17QOfIz0Ko6yb+4pyP0Qy83ma9+2623CncBaJV5I6lGj17S9/EOOUE6ExQ0r1PDfRQYakppiRvOaniiQIj9GQ9AwViBMVZNMHcufYKAMniqUpoZ2p+nsiQ1ypCQ9NZ3GumvcK8T+vl+roKsioSFJNBJ4tilLm6Ngp0nAGVBKs2cQQhCU1tzp4hCTC2mRWMyF48y8vkofThnfROL87qzevyziqcAhHcAIeXEITbqEFbcCQwzO8wpv1ZL1Y79bHrLVilTP78AfW5w+3CJcl</latexit>

X ⇠ µ̄

▶ Denote PXd as the space of all probability measures in the metric space Xd.
▶ (PXd ,Wp) becomes a metric space of probability measures.
▶ Given a set of probability measures {µk}Kk=1 ⊂ PXd , we can define the
p-Wasserstein barycenter [Agueh et al, 2021] as

µ̄ := arg min
µ∈PXd

∑K

k=1
W p
p (µ, µk). (5)

[Agueh et al, 2021] Agueh, M. and Carlier, G., Barycenters in the Wasserstein space. SIAM Journal on
Mathematical Analysis, 2011.

13 / 48



Advantages of Optimal Transport

A valid metric for probability measures
▶ Apply to distribution comparison and fitting

The OT plan/matrix indicates the coherency of sample pairs
▶ Apply to point cloud matching and registration
▶ Achieve sample averaging and fusion

Have potentials for designing implicit neural network and achieving
interpretable information fusion.
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Case 1: OT-based Implicit Global Pooling Design
Given X = [x1, ...,xN ] ∈ RD×N , find a global pooling f : X 7→ RD.

▶ Mean-pooling

f(X) =
1

N

∑N

n=1
xn (6)

▶ Max-pooling

f(X) = ‖Dd=1maxn{xdn}Nn=1 (7)

▶ Attention-pooling

f(X) = XaX (8)

▶ The design and selection of f is empirical and sub-optimal.
▶ Can we build a generalized framework covering the above designs?

15 / 48



Case 1: OT-based Implicit Global Pooling Design
Given X = [x1, ...,xN ] ∈ RD×N , find a global pooling f : X 7→ RD.
▶ Mean-pooling

f(X) =
1

N

∑N

n=1
xn (6)

▶ Max-pooling

f(X) = ‖Dd=1maxn{xdn}Nn=1 (7)

▶ Attention-pooling

f(X) = XaX (8)

▶ The design and selection of f is empirical and sub-optimal.
▶ Can we build a generalized framework covering the above designs?

15 / 48



Case 1: OT-based Implicit Global Pooling Design
Given X = [x1, ...,xN ] ∈ RD×N , find a global pooling f : X 7→ RD.
▶ Mean-pooling

f(X) =
1

N

∑N

n=1
xn (6)

▶ Max-pooling

f(X) = ‖Dd=1maxn{xdn}Nn=1 (7)

▶ Attention-pooling

f(X) = XaX (8)

▶ The design and selection of f is empirical and sub-optimal.
▶ Can we build a generalized framework covering the above designs?

15 / 48



Case 1: OT-based Implicit Global Pooling Design
Determine the poolings by a “sample-feature dimension” distribution P = [pdn].

▶ A global pooling outputs the expectation of samples conditioned on different
feature dimensions

f(X) = ‖Dd=1En∼pn|d [xdn] = (X � diag−1(

p=[pd]︷ ︸︸ ︷
P1N )P︸ ︷︷ ︸

P̃=[pn|d]

)1N . (9)

Mean-pooling 1
N

∑
n=1 xn ⇔ P = [ 1

DN ]

Max-pooling ‖Dd=1maxn{xdn}Nn=1 ⇔ P ∈ {0, 1
D}D×N and P1N = 1

D1D

Attention-pooling XaX ⇔ P = 1
D1Da

⊤
X

Design global pooling is equivalent to design P , leading to an OT-based
implicit layer.
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feature dimensions

f(X) = ‖Dd=1En∼pn|d [xdn] = (X � diag−1(

p=[pd]︷ ︸︸ ︷
P1N )P︸ ︷︷ ︸

P̃=[pn|d]

)1N . (9)

Mean-pooling 1
N

∑
n=1 xn ⇔ P = [ 1

DN ]

Max-pooling ‖Dd=1maxn{xdn}Nn=1 ⇔ P ∈ {0, 1
D}D×N and P1N = 1

D1D

Attention-pooling XaX ⇔ P = 1
D1Da

⊤
X

Design global pooling is equivalent to design P , leading to an OT-based
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Regularized Optimal Transport Pooling (ROTP) Layer

frot(X;θ) = (X � diag−1(P ∗
rot1N )P

∗
rot)1N , (10)

where

P ∗
rot = arg max

P∈Ω

Fused Gromov-Wasserstein︷ ︸︸ ︷
〈X,P 〉︸ ︷︷ ︸
OT term

+α0〈CDPCN ,P 〉︸ ︷︷ ︸
Structural Reg.

− α1R(P )︸ ︷︷ ︸
Smoothness

−α2KL(P1|p0)− α3KL(P⊤1|q0)︸ ︷︷ ︸
Marginal Prior

Implementation Principle Connections to OT
max〈X,P 〉 EM Principle (Max Output Energy) OT loss
+max〈CDPCN ,P 〉 Max Sample-Feature Correlation FGW loss
+minR(P ) Avoid Over-sparse Distributions Entropic/Quadratic FGW
+minKL(P1|p0) Leverage Prior Knowledge Unbalanced E/Q FGW
+minKL(P⊤1|q0)
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Regularized Optimal Transport Pooling (ROTP) Layer
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Regularized Optimal Transport Pooling (ROTP) Layer
Implement ROTP by Unrolling Iterative Algorithms (e.g., Sinkhorn-scaling)

<latexit sha1_base64="gfHQ2glOspUav79mR1a0h4oehAU=">AAACIHicdVDLSsNAFJ3UV62vqEs3g0VwISHR2tZd0Y3LCvYBSSiT6bQdOnkwMxFKyKe48VfcuFBEd/o1TtIGVPTCMIdzz71z5ngRo0Ka5odWWlpeWV0rr1c2Nre2d/Tdva4IY45JB4cs5H0PCcJoQDqSSkb6ESfI9xjpedOrrN+7I1zQMLiVs4i4PhoHdEQxkooa6I3EyZfYfOy5iWmcm9ZF3TwxDTOvHDStMyt1vJANxcxXV9JP04FeLcSwEMNCDK0FUwWLag/0d2cY4tgngcQMCWFbZiTdBHFJMSNpxYkFiRCeojGxFQyQT4Sb5N5SeKSYIRyFXJ1Awpz9PpEgX2TelNJHciJ+9zLyr54dy1HTTWgQxZIEeP7QKGZQhjBLCw4pJ1iymQIIc6q8QjxBHGGpMq2oEIqfwv9B99Sw6kbtplZtXS7iKIMDcAiOgQUaoAWuQRt0AAb34BE8gxftQXvSXrW3ubSkLWb2wY/SPr8AjcegMQ==</latexit>

X

<latexit sha1_base64="mt4uswycPYRfSa8YfwxixDHwIHA=">AAAB/XicbVBLSwMxGMzWV62v9XHzEixCvZRdKeqx6MVjhb6gXUs2m7ah2WRJskJdFv+KFw+KePV/ePPfmG33oK0DIcPM95HJ+BGjSjvOt1VYWV1b3yhulra2d3b37P2DthKxxKSFBROy6yNFGOWkpalmpBtJgkKfkY4/ucn8zgORigre1NOIeCEacTqkGGkjDeyjvi9YoKahuZJGep9UmmfpwC47VWcGuEzcnJRBjsbA/uoHAsch4RozpFTPdSLtJUhqihlJS/1YkQjhCRqRnqEchUR5ySx9Ck+NEsChkOZwDWfq740EhSoLaCZDpMdq0cvE/7xerIdXXkJ5FGvC8fyhYcygFjCrAgZUEqzZ1BCEJTVZIR4jibA2hZVMCe7il5dJ+7zqXlRrd7Vy/TqvowiOwQmoABdcgjq4BQ3QAhg8gmfwCt6sJ+vFerc+5qMFK985BH9gff4AmKmVUg==</latexit>

P (T )
<latexit sha1_base64="QUQYpjNIHHz7N4JvKIEguYMBcOo=">AAAB/XicbVA7T8MwGHR4lvIKj43FokIqS5WgChgrWBiLRB9SGyrHcVqrjh3ZDlKJIv4KCwMIsfI/2Pg3OG0GaDnJ8unu++Tz+TGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZk10eKMMpJS1PNSDeWBEU+Ix1/fJ37nQciFRX8Tk9i4kVoyGlIMdJGGtiHfV+wQE0ic6XN7D6tOqfZwK44NWcKuEjcglRAgebA/uoHAicR4RozpFTPdWLtpUhqihnJyv1EkRjhMRqSnqEcRUR56TR9Bk+MEsBQSHO4hlP190aKIpUHNJMR0iM17+Xif14v0eGll1IeJ5pwPHsoTBjUAuZVwIBKgjWbGIKwpCYrxCMkEdamsLIpwZ3/8iJpn9Xc81r9tl5pXBV1lMAROAZV4IIL0AA3oAlaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz9h0ZUu</latexit>

P (0)

<latexit sha1_base64="ty5a05dPB0JU5rtXcdbtAnAVyZE="></latexit>

✓

Sinkhorn Module 1

Step 1 Step K

Sinkhorn Module T

Step 1 Step K

Log-Sum-Exp

<latexit sha1_base64="5a7uOJpcDW/yRCEPB6r7m/F8eUo=">AAAB/XicbVA7T8MwGHTKq5RXeGwsFhVSWaoEVcBYwcJYJPpAbagcx2mtOnZkO0glivgrLAwgxMr/YOPf4LYZoOUky6e775PP58eMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIjo8UYZSTpqaakU4sCYp8Rtr+6Gritx+IVFTwWz2OiRehAachxUgbqW8f9HzBAjWOzJXeZfdpZXSS9e2yU3WmgIvEzUkZ5Gj07a9eIHASEa4xQ0p1XSfWXoqkppiRrNRLFIkRHqEB6RrKUUSUl07TZ/DYKAEMhTSHazhVf2+kKFKTgGYyQnqo5r2J+J/XTXR44aWUx4kmHM8eChMGtYCTKmBAJcGajQ1BWFKTFeIhkghrU1jJlODOf3mRtE6r7lm1dlMr1y/zOorgEByBCnDBOaiDa9AATYDBI3gGr+DNerJerHfrYzZasPKdffAH1ucPyZaVcg==</latexit>

Y (k)
<latexit sha1_base64="d3z7nAlNmLaSMMHDFRzl1PE0AX0=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCKgNVgipgrGBhLBJ9oDZUjuO2Vh07sh2kKmTgr7AwgBArf4ONf4NTMkDLSZZPd98nn8+PGFXacb6swsLi0vJKcbW0tr6xuWVv77SUiCUmTSyYkB0fKcIoJ01NNSOdSBIU+oy0/fFl5rfviVRU8Bs9iYgXoiGnA4qRNlLf3uv5ggVqEporuU3vksr42D1K+3bZqTpTwHni5qQMcjT69mcvEDgOCdeYIaW6rhNpL0FSU8xIWurFikQIj9GQdA3lKCTKS6b5U3holAAOhDSHazhVf28kKFRZRDMZIj1Ss14m/ud1Yz049xLKo1gTjn8eGsQMagGzMmBAJcGaTQxBWFKTFeIRkghrU1nJlODOfnmetE6q7mm1dl0r1y/yOopgHxyACnDBGaiDK9AATYDBA3gCL+DVerSerTfr/We0YOU7u+APrI9vsfqV5A==</latexit>

Y (k�1)

<latexit sha1_base64="Nuf+/jU0zj/DU3PPuQEteD5FDt4=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2AR6sGyK0U9eCh48VjBPqBdSzabbUOzyZJkhbLuwb/ixYMiXv0b3vw3ZtsetHUgZJj5PjIZP2ZUacf5tgpLyyura8X10sbm1vaOvbvXUiKRmDSxYEJ2fKQIo5w0NdWMdGJJUOQz0vZH17nffiBSUcHv9DgmXoQGnIYUI22kvn3Q8wUL1DgyV4qy+7QyOnVPsr5ddqrOBHCRuDNSBjM0+vZXLxA4iQjXmCGluq4Tay9FUlPMSFbqJYrECI/QgHQN5Sgiyksn+TN4bJQAhkKawzWcqL83UhSpPKKZjJAeqnkvF//zuokOL72U8jjRhOPpQ2HCoBYwLwMGVBKs2dgQhCU1WSEeIomwNpWVTAnu/JcXSeus6p5Xa7e1cv1qVkcRHIIjUAEuuAB1cAMaoAkweATP4BW8WU/Wi/VufUxHC9ZsZx/8gfX5A7yUleY=</latexit>

a(k�1)

<latexit sha1_base64="fZ8atjht6mcN6Q1JcYVQANuqgG0=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2AR6sGyK0U9eCh48VjBPqBdSzabbUOzyZJkhbLuwb/ixYMiXv0b3vw3ZtsetHUgZJj5PjIZP2ZUacf5tgpLyyura8X10sbm1vaOvbvXUiKRmDSxYEJ2fKQIo5w0NdWMdGJJUOQz0vZH17nffiBSUcHv9DgmXoQGnIYUI22kvn3Q8wUL1DgyV+pn92lldOqeZH277FSdCeAicWekDGZo9O2vXiBwEhGuMUNKdV0n1l6KpKaYkazUSxSJER6hAekaylFElJdO8mfw2CgBDIU0h2s4UX9vpChSeUQzGSE9VPNeLv7ndRMdXnop5XGiCcfTh8KEQS1gXgYMqCRYs7EhCEtqskI8RBJhbSormRLc+S8vktZZ1T2v1m5r5frVrI4iOARHoAJccAHq4AY0QBNg8AiewSt4s56sF+vd+piOFqzZzj74A+vzB74hlec=</latexit>

b(k�1)
<latexit sha1_base64="fI3QemhRddcQ+5misRFmOqz/fHQ=">AAAB/XicbVA7T8MwGHR4lvIKj43FokIqS5WgChgrWBiLRB9SGyrHcVqrjh3ZDlKJIv4KCwMIsfI/2Pg3OG0GaDnJ8unu++Tz+TGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZk10eKMMpJS1PNSDeWBEU+Ix1/fJ37nQciFRX8Tk9i4kVoyGlIMdJGGtiHfV+wQE0ic6V+dp9Wx6fZwK44NWcKuEjcglRAgebA/uoHAicR4RozpFTPdWLtpUhqihnJyv1EkRjhMRqSnqEcRUR56TR9Bk+MEsBQSHO4hlP190aKIpUHNJMR0iM17+Xif14v0eGll1IeJ5pwPHsoTBjUAuZVwIBKgjWbGIKwpCYrxCMkEdamsLIpwZ3/8iJpn9Xc81r9tl5pXBV1lMAROAZV4IIL0AA3oAlaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9Ynz/XeZV7</latexit>

b(k)

<latexit sha1_base64="myZdmVHzpsTnGcUBdN5buR/rMfs=">AAAB/XicbVA7T8MwGHR4lvIKj43FokIqS5WgChgrWBiLRB9SGyrHcVqrjh3ZDlKJIv4KCwMIsfI/2Pg3OG0GaDnJ8unu++Tz+TGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZk10eKMMpJS1PNSDeWBEU+Ix1/fJ37nQciFRX8Tk9i4kVoyGlIMdJGGtiHfV+wQE0ic6Uou0+r49NsYFecmjMFXCRuQSqgQHNgf/UDgZOIcI0ZUqrnOrH2UiQ1xYxk5X6iSIzwGA1Jz1COIqK8dJo+gydGCWAopDlcw6n6eyNFkcoDmskI6ZGa93LxP6+X6PDSSymPE004nj0UJgxqAfMqYEAlwZpNDEFYUpMV4hGSCGtTWNmU4M5/eZG0z2ruea1+W680roo6SuAIHIMqcMEFaIAb0AQtgMEjeAav4M16sl6sd+tjNrpkFTsH4A+szx/V7pV6</latexit>

a(k)
Dual Variable

Update

Log-Scaling

<latexit sha1_base64="ty5a05dPB0JU5rtXcdbtAnAVyZE="></latexit>

✓
<latexit sha1_base64="8gdxMfnI0sy4dGTkHN5YdL7nA80="></latexit>

C(t)
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Regularized Optimal Transport Pooling (ROTP) Layer
Implement ROTP by Unrolling Iterative Algorithms (e.g., Bregman ADMM)

<latexit sha1_base64="F2vjYJo6/tKw0keLOuA3uAMEU7w=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZQZKeqy6MZlBfuAzlgymUwbmkmGJCOUoW78FTcuFHHrX7jzb8y0s9DWAyGHc+7l3nuChFGlHefbWlpeWV1bL22UN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6zv3OA5GKCn6nxwnxYzTgNKIYaSP17UOPiYEXCBaqcWy+rDm5z6rO6aRvV5yaMwVcJG5BKqBAs29/eaHAaUy4xgwp1XOdRPsZkppiRiZlL1UkQXiEBqRnKEcxUX42vWACT4wSwkhI87iGU/V3R4ZilS9oKmOkh2rey8X/vF6qo0s/ozxJNeF4NihKGdQC5nHAkEqCNRsbgrCkZleIh0girE1oZROCO3/yImmf1dzzWv22XmlcFXGUwBE4BlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdMkqeg7AH1ifP4zZlvQ=</latexit>

logP (0)

<latexit sha1_base64="Msn1Dy+yxwYObYGcy0bG0r4bGpg=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIdVMSKeqy6MZlRfuAJpbJZNIOncyEmYlQQtz4K25cKOLWv3Dn3zhps9DWA8MczrmXe+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98lfvdBywk4exOTWLsRXDISEgQVFoamAcu5UPX5zSQk0h/6W12n9bsk2xgVu26PYW1SJyCVEGB1sD8cgOOkggzhSiUsu/YsfJSKBRBFGcVN5E4hmgMh7ivKYMRll46vSCzjrUSWCEX+jFlTdXfHSmMZL6groygGsl5Lxf/8/qJCi+8lLA4UZih2aAwoZbiVh6HFRCBkaITTSASRO9qoREUECkdWkWH4MyfvEg6p3XnrN64aVSbl0UcZXAIjkANOOAcNME1aIE2QOARPINX8GY8GS/Gu/ExKy0ZRc8++APj8weRepb3</latexit>

logS(0)
<latexit sha1_base64="N6SygwCHJw92DhVcBQ7pAGbGR9g=">AAAB/XicbVA7T8MwGHTKq5RXeGwsFhVSWaoEVcBYwcJYJPoQbagcx2mtOnZkO0glivgrLAwgxMr/YOPf4LYZoOUky6e775PP58eMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIjo8UYZSTpqaakU4sCYp8Rtr+6Gritx+IVFTwWz2OiRehAachxUgbqW8f9HzBAjWOzJXeZfdpxTnJ+nbZqTpTwEXi5qQMcjT69lcvEDiJCNeYIaW6rhNrL0VSU8xIVuolisQIj9CAdA3lKCLKS6fpM3hslACGQprDNZyqvzdSFKlJQDMZIT1U895E/M/rJjq88FLK40QTjmcPhQmDWsBJFTCgkmDNxoYgLKnJCvEQSYS1KaxkSnDnv7xIWqdV96xau6mV65d5HUVwCI5ABbjgHNTBNWiAJsDgETyDV/BmPVkv1rv1MRstWPnOPvgD6/MHcT+VOA==</latexit>

Z(0)

<latexit sha1_base64="F1OqKunoQWUKyNOcEUEH1kqlxnE=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJDKUiWoAsYKFsYi0YfUhMpx3NaqY0e2g1RFGVj4FRYGEGLlI9j4G5w2A7QcyfLROffq3nuCmFGlHefbWlldW9/YLG2Vt3d29/btg8OOEonEpI0FE7IXIEUY5aStqWakF0uCooCRbjC5zv3uA5GKCn6npzHxIzTidEgx0kYa2BWPiZEXCBaqaWS+1CMaZfdpzTnNBnbVqTszwGXiFqQKCrQG9pcXCpxEhGvMkFJ914m1nyKpKWYkK3uJIjHCEzQifUM5iojy09kRGTwxSgiHQprHNZypvztSFKl8R1MZIT1Wi14u/uf1Ez289FPK40QTjueDhgmDWsA8ERhSSbBmU0MQltTsCvEYSYS1ya1sQnAXT14mnbO6e15v3DaqzasijhKogGNQAy64AE1wA1qgDTB4BM/gFbxZT9aL9W59zEtXrKLnCPyB9fkDCfeYWA==</latexit>

log ⌘(0)

<latexit sha1_base64="ZEcRGonMGGQb9hhs1lyi/yHf7R0=">AAACA3icbVDLSsNAFJ34rPUVdaebYBHqpiRS1GXRjcsK9gFNLJPJpB06jzAzEUoouPFX3LhQxK0/4c6/cdJmoa0Hhjmccy/33hMmlCjtut/W0vLK6tp6aaO8ubW9s2vv7beVSCXCLSSokN0QKkwJxy1NNMXdRGLIQoo74eg69zsPWCoi+J0eJzhgcMBJTBDURurbhz4VAz8UNFJjZr7MZ+nkPqu6p5O+XXFr7hTOIvEKUgEFmn37y48EShnmGlGoVM9zEx1kUGqCKJ6U/VThBKIRHOCeoRwyrIJsesPEOTFK5MRCmse1M1V/d2SQqXxFU8mgHqp5Lxf/83qpji+DjPAk1Zij2aA4pY4WTh6IExGJkaZjQyCSxOzqoCGUEGkTW9mE4M2fvEjaZzXvvFa/rVcaV0UcJXAEjkEVeOACNMANaIIWQOARPINX8GY9WS/Wu/UxK12yip4D8AfW5w9VEpf2</latexit>

logµ(0)
<latexit sha1_base64="GOySAw+qNbWYjqHH01h2fQcqPww=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQ5mW0MtTjwMuOE9wHbLWkabqFpUlJUmHWHvxXvHhQxKv/hjf/G9OtB918EPJ47/cjL8+PKZHKtr+N0srq2vpGebOytb2zu2fuH3QlTwTCHcQpF30fSkwJwx1FFMX9WGAY+RT3/Ml17vfusZCEs1s1jbEbwREjIUFQackzj4Y+p4GcRvpKHzLPuUtr9lnmmVW7bs9gLROnIFVQoO2ZX8OAoyTCTCEKpRw4dqzcFApFEMVZZZhIHEM0gSM80JTBCEs3neXPrFOtBFbIhT5MWTP190YKI5lH1JMRVGO56OXif94gUeGVmxIWJwozNH8oTKiluJWXYQVEYKToVBOIBNFZLTSGAiKlK6voEpzFLy+T7nnduag3bhrVZquoowyOwQmoAQdcgiZogTboAAQewTN4BW/Gk/FivBsf89GSUewcgj8wPn8A2NmWAg==</latexit>

z(0)
1

<latexit sha1_base64="wR5Kb3rFMgdTsXUZ1A8M74gcw4k=">AAAB/3icbVDNS8MwHE39nPOrKnjxUhzCvIx2DPU48LLjBPcBWy1pmm5haVKSVJi1B/8VLx4U8eq/4c3/xnTrQTcfhDze+/3Iy/NjSqSy7W9jZXVtfWOztFXe3tnd2zcPDruSJwLhDuKUi74PJaaE4Y4iiuJ+LDCMfIp7/uQ693v3WEjC2a2axtiN4IiRkCCotOSZx0Of00BOI32lD5lXv0ur9nnmmRW7Zs9gLROnIBVQoO2ZX8OAoyTCTCEKpRw4dqzcFApFEMVZeZhIHEM0gSM80JTBCEs3neXPrDOtBFbIhT5MWTP190YKI5lH1JMRVGO56OXif94gUeGVmxIWJwozNH8oTKiluJWXYQVEYKToVBOIBNFZLTSGAiKlKyvrEpzFLy+Tbr3mXNQaN41Ks1XUUQIn4BRUgQMuQRO0QBt0AAKP4Bm8gjfjyXgx3o2P+eiKUewcgT8wPn8A2mOWAw==</latexit>

z(0)
2

<latexit sha1_base64="8D6ZUExzN7aAWe0mo5CVfDceAow=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIdVMSKeqy6MZlhb6giWUymbRDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nv8mBKpbPvbKK2srq1vlDcrW9s7u3vm/kFX8kQg3EGcctH3ocSUMNxRRFHcjwWGkU9xz5/c5H7vAQtJOGuraYy9CI4YCQmCSktD88ilfOT6nAZyGukvbWX3aa19lg3Nql23Z7CWiVOQKijQGppfbsBREmGmEIVSDhw7Vl4KhSKI4qziJhLHEE3gCA80ZTDC0ktnF2TWqVYCK+RCP6asmfq7I4WRzBfUlRFUY7no5eJ/3iBR4ZWXEhYnCjM0HxQm1FLcyuOwAiIwUnSqCUSC6F0tNIYCIqVDq+gQnMWTl0n3vO5c1Bt3jWrzuoijDI7BCagBB1yCJrgFLdABCDyCZ/AK3own48V4Nz7mpSWj6DkEf2B8/gDDsZcY</latexit>

logP (T )

<latexit sha1_base64="J+oxSEOaDAYyxBG76/1klzR13GA=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahbkoiRV0W3bis2Bc0sUwmk3boZCbMTIQS4sZfceNCEbf+hTv/xkmbhbYeGOZwzr3ce48fUyKVbX8bS8srq2vrpY3y5tb2zq65t9+RPBEItxGnXPR8KDElDLcVURT3YoFh5FPc9cfXud99wEISzlpqEmMvgkNGQoKg0tLAPHQpH7o+p4GcRPpL77L7tNo6zQZmxa7ZU1iLxClIBRRoDswvN+AoiTBTiEIp+44dKy+FQhFEcVZ2E4ljiMZwiPuaMhhh6aXTCzLrRCuBFXKhH1PWVP3dkcJI5gvqygiqkZz3cvE/r5+o8NJLCYsThRmaDQoTailu5XFYAREYKTrRBCJB9K4WGkEBkdKhlXUIzvzJi6RzVnPOa/XbeqVxVcRRAkfgGFSBAy5AA9yAJmgDBB7BM3gFb8aT8WK8Gx+z0iWj6DkAf2B8/gDIUpcb</latexit>

logS(T )
<latexit sha1_base64="uiJtDTrs2jbfz40xrOxJa9oJ0bc=">AAAB/XicbVA7T8MwGHR4lvIKj43FokIqS5WgChgrWBiL1JdoQ+U4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3w+P2ZUacf5tpaWV1bX1gsbxc2t7Z1de2+/pUQiMWliwYTs+EgRRjlpaqoZ6cSSoMhnpO2PrjO//UCkooI39DgmXoQGnIYUI22kvn3Y8wUL1DgyV3o3uU/LjdNJ3y45FWcKuEjcnJRAjnrf/uoFAicR4RozpFTXdWLtpUhqihmZFHuJIjHCIzQgXUM5iojy0mn6CTwxSgBDIc3hGk7V3xspilQW0ExGSA/VvJeJ/3ndRIeXXkp5nGjC8eyhMGFQC5hVAQMqCdZsbAjCkpqsEA+RRFibwoqmBHf+y4ukdVZxzyvV22qpdpXXUQBH4BiUgQsuQA3cgDpoAgwewTN4BW/Wk/VivVsfs9ElK985AH9gff4AqBeVXA==</latexit>

Z(T )

<latexit sha1_base64="Gz9ztGHzEIXnQRwuOEAMD/8bLN4=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRoi4Lgris0Bc0sUwmk3boJBNmJkIJWbjxV9y4UMStH+HOv3HSZqGtB4Y5nHMv997jxYxKZVnfRmltfWNzq7xd2dnd2z8wD496kicCky7mjIuBhyRhNCJdRRUjg1gQFHqM9L3pde73H4iQlEcdNYuJG6JxRAOKkdLSyKw6jI8djzNfzkL9pQ5RKLtP652zbGTWrIY1B1wldkFqoEB7ZH45PsdJSCKFGZJyaFuxclMkFMWMZBUnkSRGeIrGZKhphEIi3XR+RAZPteLDgAv9IgXn6u+OFIUy31FXhkhN5LKXi/95w0QFV25KozhRJMKLQUHCoOIwTwT6VBCs2EwThAXVu0I8QQJhpXOr6BDs5ZNXSe+8YV80mnfNWuumiKMMquAE1IENLkEL3II26AIMHsEzeAVvxpPxYrwbH4vSklH0HIM/MD5/AEIDmIA=</latexit>

log ⌘(T )

<latexit sha1_base64="3q6CPBBSJilZIJ+s5/4205urEWo=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQNyWRoi4LunBZoS9oYplMJu3QmUyYmQglBNz4K25cKOLWn3Dn3zhps9DWA8MczrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTEuGOIorifiwwZD7FPX9ynfu9Bywk4VFbTWPsMTiKSEgQVFoamkcu5SPX5zSQU6a/1GVJdp/W2mfZ0KzadXsGa5k4BamCAq2h+eUGHCUMRwpRKOXAsWPlpVAogijOKm4icQzRBI7wQNMIMiy9dHZDZp1qJbBCLvSLlDVTf3ekkMl8RV3JoBrLRS8X//MGiQqvvJREcaJwhOaDwoRailt5IFZABEaKTjWBSBC9q4XGUECkdGwVHYKzePIy6Z7XnYt6465Rbd4UcZTBMTgBNeCAS9AEt6AFOgCBR/AMXsGb8WS8GO/Gx7y0ZBQ9h+APjM8fjISYHA==</latexit>

logµ(T )
<latexit sha1_base64="wCrVNLmJ8OqTD5dV+s+YF0nQ8yQ=">AAAB/3icbVDNS8MwHE39nPOrKnjxEhzCvIxWhnocCOJxwr5gqyVN0y0sbUqSCrP24L/ixYMiXv03vPnfmG496OaDkMd7vx95eV7MqFSW9W0sLa+srq2XNsqbW9s7u+befkfyRGDSxpxx0fOQJIxGpK2oYqQXC4JCj5GuN77K/e49EZLyqKUmMXFCNIxoQDFSWnLNw4HHmS8nob7Sh8y179Jq6zRzzYpVs6aAi8QuSAUUaLrm18DnOAlJpDBDUvZtK1ZOioSimJGsPEgkiREeoyHpaxqhkEgnnebP4IlWfBhwoU+k4FT9vZGiUOYR9WSI1EjOe7n4n9dPVHDppDSKE0UiPHsoSBhUHOZlQJ8KghWbaIKwoDorxCMkEFa6srIuwZ7/8iLpnNXs81r9tl5pXBd1lMAROAZVYIML0AA3oAnaAINH8AxewZvxZLwY78bHbHTJKHYOwB8Ynz8PJpYk</latexit>

z(T )
1

<latexit sha1_base64="1JzlVzuTkRMpXVnXgZmzos4ryag=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQ5mW0Y6jHgSAeJ+wLtlrSNN3C0qQkqTBrD/4rXjwo4tV/w5v/jem2g24+CHm89/uRl+fHlEhl299GYWV1bX2juFna2t7Z3TP3DzqSJwLhNuKUi54PJaaE4bYiiuJeLDCMfIq7/vgq97v3WEjCWUtNYuxGcMhISBBUWvLMo4HPaSAnkb7Sh8yr3aWV1lnmmWW7ak9hLRNnTspgjqZnfg0CjpIIM4UolLLv2LFyUygUQRRnpUEicQzRGA5xX1MGIyzddJo/s061ElghF/owZU3V3xspjGQeUU9GUI3kopeL/3n9RIWXbkpYnCjM0OyhMKGW4lZehhUQgZGiE00gEkRntdAICoiUrqykS3AWv7xMOrWqc16t39bLjet5HUVwDE5ABTjgAjTADWiCNkDgETyDV/BmPBkvxrvxMRstGPOdQ/AHxucPELCWJQ==</latexit>

z(T )
2

<latexit sha1_base64="gfHQ2glOspUav79mR1a0h4oehAU=">AAACIHicdVDLSsNAFJ3UV62vqEs3g0VwISHR2tZd0Y3LCvYBSSiT6bQdOnkwMxFKyKe48VfcuFBEd/o1TtIGVPTCMIdzz71z5ngRo0Ka5odWWlpeWV0rr1c2Nre2d/Tdva4IY45JB4cs5H0PCcJoQDqSSkb6ESfI9xjpedOrrN+7I1zQMLiVs4i4PhoHdEQxkooa6I3EyZfYfOy5iWmcm9ZF3TwxDTOvHDStMyt1vJANxcxXV9JP04FeLcSwEMNCDK0FUwWLag/0d2cY4tgngcQMCWFbZiTdBHFJMSNpxYkFiRCeojGxFQyQT4Sb5N5SeKSYIRyFXJ1Awpz9PpEgX2TelNJHciJ+9zLyr54dy1HTTWgQxZIEeP7QKGZQhjBLCw4pJ1iymQIIc6q8QjxBHGGpMq2oEIqfwv9B99Sw6kbtplZtXS7iKIMDcAiOgQUaoAWuQRt0AAb34BE8gxftQXvSXrW3ubSkLWb2wY/SPr8AjcegMQ==</latexit>

X
<latexit sha1_base64="ty5a05dPB0JU5rtXcdbtAnAVyZE="></latexit>

✓

Bregman
ADMM

Module 1

Bregman
ADMM

Module T

<latexit sha1_base64="gfHQ2glOspUav79mR1a0h4oehAU=">AAACIHicdVDLSsNAFJ3UV62vqEs3g0VwISHR2tZd0Y3LCvYBSSiT6bQdOnkwMxFKyKe48VfcuFBEd/o1TtIGVPTCMIdzz71z5ngRo0Ka5odWWlpeWV0rr1c2Nre2d/Tdva4IY45JB4cs5H0PCcJoQDqSSkb6ESfI9xjpedOrrN+7I1zQMLiVs4i4PhoHdEQxkooa6I3EyZfYfOy5iWmcm9ZF3TwxDTOvHDStMyt1vJANxcxXV9JP04FeLcSwEMNCDK0FUwWLag/0d2cY4tgngcQMCWFbZiTdBHFJMSNpxYkFiRCeojGxFQyQT4Sb5N5SeKSYIRyFXJ1Awpz9PpEgX2TelNJHciJ+9zLyr54dy1HTTWgQxZIEeP7QKGZQhjBLCw4pJ1iymQIIc6q8QjxBHGGpMq2oEIqfwv9B99Sw6kbtplZtXS7iKIMDcAiOgQUaoAWuQRt0AAb34BE8gxftQXvSXrW3ubSkLWb2wY/SPr8AjcegMQ==</latexit>

X
<latexit sha1_base64="R59J3xIG0GoFNVV2BSm12vZSCBo=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQF5ZEirosunFZwT6giWUymbRDJzNhZiKUEHDjr7hxoYhbf8Kdf+OkzUJbDwxzOOde7r3HjymRyra/jdLS8srqWnm9srG5tb1j7u51JE8Ewm3EKRc9H0pMCcNtRRTFvVhgGPkUd/3xde53H7CQhLM7NYmxF8EhIyFBUGlpYB64lA9dn9NATiL9pa3sPq2pU+ckG5hVu25PYS0SpyBVUKA1ML/cgKMkwkwhCqXsO3asvBQKRRDFWcVNJI4hGsMh7mvKYISll05vyKxjrQRWyIV+TFlT9XdHCiOZr6grI6hGct7Lxf+8fqLCSy8lLE4UZmg2KEyopbiVB2IFRGCk6EQTiATRu1poBAVESsdW0SE48ycvks5Z3TmvN24b1eZVEUcZHIIjUAMOuABNcANaoA0QeATP4BW8GU/Gi/FufMxKS0bRsw/+wPj8AeAhl6o=</latexit>

logP (t�1)

<latexit sha1_base64="Cm774QNuXdenGz/jz5eolGVZ6fQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLiyJFHVZdOOyon1AE8tkMmmHTjJhZiKUEHDjr7hxoYhbf8Kdf+OkzUKrB4Y5nHMv997jxYxKZVlfRmlhcWl5pbxaWVvf2Nwyt3c6kicCkzbmjIuehyRhNCJtRRUjvVgQFHqMdL3xZe5374mQlEe3ahITN0TDiAYUI6WlgbnnMD50PM58OQn1l95kd2lNHdtH2cCsWnVrCviX2AWpggKtgfnp+BwnIYkUZkjKvm3Fyk2RUBQzklWcRJIY4TEakr6mEQqJdNPpDRk81IoPAy70ixScqj87UhTKfEVdGSI1kvNeLv7n9RMVnLspjeJEkQjPBgUJg4rDPBDoU0GwYhNNEBZU7wrxCAmElY6tokOw50/+Szondfu03rhuVJsXRRxlsA8OQA3Y4Aw0wRVogTbA4AE8gRfwajwaz8ab8T4rLRlFzy74BePjG+TIl60=</latexit>

logS(t�1)

<latexit sha1_base64="YCXE9LdYKN0m5hLvYetG4/vJm80=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCKgNVgipgrGBhLBJ9iDZUjuO2Vh07sh2kKmTgr7AwgBArf4ONf4NTMkDLSZZPd98nn8+PGFXacb6swsLi0vJKcbW0tr6xuWVv77SUiCUmTSyYkB0fKcIoJ01NNSOdSBIU+oy0/fFl5rfviVRU8Bs9iYgXoiGnA4qRNlLf3uv5ggVqEporuU3vkoo+do/Svl12qs4UcJ64OSmDHI2+/dkLBI5DwjVmSKmu60TaS5DUFDOSlnqxIhHCYzQkXUM5Conykmn+FB4aJYADIc3hGk7V3xsJClUW0UyGSI/UrJeJ/3ndWA/OvYTyKNaE45+HBjGDWsCsDBhQSbBmE0MQltRkhXiEJMLaVFYyJbizX54nrZOqe1qtXdfK9Yu8jiLYBwegAlxwBurgCjRAE2DwAJ7AC3i1Hq1n6816/xktWPnOLvgD6+MbwU+V7g==</latexit>

Z(t�1)

<latexit sha1_base64="x+VkVzS0cCfzjnQUIARLP3c5ZfA=">AAACBnicbVDLSgMxFM3UV62vUZciDBahLiwzUtRl0Y3LCvYBnVoyaaYNzSRDckcoQ1du/BU3LhRx6ze4829M21lo64GQwzn3cu89QcyZBtf9tnJLyyura/n1wsbm1vaOvbvX0DJRhNaJ5FK1AqwpZ4LWgQGnrVhRHAWcNoPh9cRvPlClmRR3MIppJ8J9wUJGMBipax/6XPb9QPKeHkXmS30KeHyfluDUOxl37aJbdqdwFomXkSLKUOvaX35PkiSiAgjHWrc9N4ZOihUwwum44CeaxpgMcZ+2DRU4orqTTs8YO8dG6TmhVOYJcKbq744UR3qypamMMAz0vDcR//PaCYSXnZSJOAEqyGxQmHAHpDPJxOkxRQnwkSGYKGZ2dcgAK0zAJFcwIXjzJy+SxlnZOy9XbivF6lUWRx4doCNUQh66QFV0g2qojgh6RM/oFb1ZT9aL9W59zEpzVtazj/7A+vwBX9eZDg==</latexit>

log ⌘(t�1)

<latexit sha1_base64="B2OmetwNUYdl/RSo9ZSM0Tc5kOM=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqpDFQJqoCxgoWxSPQhNaFyHKe1aseR7SBVURYWfoWFAYRY+Qc2/ganzQAtR7J8dM69uvceP6ZEKtv+NkpLyyura+X1ysbm1vaOubvXkTwRCLcRp1z0fCgxJRFuK6Io7sUCQ+ZT3PXH17nffcBCEh7dqUmMPQaHEQkJgkpLA/PQpXzo+pwGcsL0l7osye7Tmjp1TrKBWbXr9hTWInEKUgUFWgPzyw04ShiOFKJQyr5jx8pLoVAEUZxV3ETiGKIxHOK+phFkWHrp9IrMOtZKYIVc6Bcpa6r+7kghk/mSupJBNZLzXi7+5/UTFV56KYniROEIzQaFCbUUt/JIrIAIjBSdaAKRIHpXC42ggEjp4Co6BGf+5EXSOas75/XGbaPavCriKIMDcARqwAEXoAluQAu0AQKP4Bm8gjfjyXgx3o2PWWnJKHr2wR8Ynz+qPpis</latexit>

logµ(t�1)

<latexit sha1_base64="x94kSpdKplzxmpLkVTBdoOMdJPY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCXVgSKeqy4KbLCvYBbQyTyaQdOsmEmYlQQ9z4K25cKOLWv3Dn3zhps9DWA8MczrmXe+/xYkalsqxvY2l5ZXVtvbRR3tza3tk19/Y7kicCkzbmjIuehyRhNCJtRRUjvVgQFHqMdL3xde5374mQlEe3ahITJ0TDiAYUI6Ul1zwceJz5chLqL33IXPsuraoz+zRzzYpVs6aAi8QuSAUUaLnm18DnOAlJpDBDUvZtK1ZOioSimJGsPEgkiREeoyHpaxqhkEgnnV6QwROt+DDgQr9Iwan6uyNFocyX1JUhUiM57+Xif14/UcGVk9IoThSJ8GxQkDCoOMzjgD4VBCs20QRhQfWuEI+QQFjp0Mo6BHv+5EXSOa/ZF7X6Tb3SaBZxlMAROAZVYINL0ABN0AJtgMEjeAav4M14Ml6Md+NjVrpkFD0H4A+Mzx8qYJa4</latexit>

z(t�1)
1

<latexit sha1_base64="T8V4RNc8ffGIOY1QIKov3yVJwHA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSlKIuC266rGAf0MYwmUzaoZNMmJkINcSNv+LGhSJu/Qt3/o2TtgttPTDM4Zx7ufceL2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QkTwRmLQxZ1z0PCQJoxFpK6oY6cWCoNBjpOuNr3O/e0+EpDy6VZOYOCEaRjSgGCktuebRwOPMl5NQf+lD5tbu0oo6t88y1yxbVWsKuEzsOSmDOVqu+TXwOU5CEinMkJR924qVkyKhKGYkKw0SSWKEx2hI+ppGKCTSSacXZPBUKz4MuNAvUnCq/u5IUSjzJXVliNRILnq5+J/XT1Rw5aQ0ihNFIjwbFCQMKg7zOKBPBcGKTTRBWFC9K8QjJBBWOrSSDsFePHmZdGpV+6Jav6mXG815HEVwDE5ABdjgEjRAE7RAG2DwCJ7BK3gznowX4934mJUWjHnPIfgD4/MHK+yWuQ==</latexit>

z(t�1)
2

<latexit sha1_base64="oqwqbOhtiXSVsVlTQpEngIR/jd0=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZQZKeqy6MZlBfuAzlgymUwbmkmGJCOUoW78FTcuFHHrX7jzb8y0s9DWAyGHc+7l3nuChFGlHefbWlpeWV1bL22UN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6zv3OA5GKCn6nxwnxYzTgNKIYaSP17UOPiYEXCBaqcWy+rDm5z6r6dNK3K07NmQIuErcgFVCg2be/vFDgNCZcY4aU6rlOov0MSU0xI5OylyqSIDxCA9IzlKOYKD+bXjCBJ0YJYSSkeVzDqfq7I0Oxyhc0lTHSQzXv5eJ/Xi/V0aWfUZ6kmnA8GxSlDGoB8zhgSCXBmo0NQVhSsyvEQyQR1ia0sgnBnT95kbTPau55rX5brzSuijhK4AgcgypwwQVogBvQBC2AwSN4Bq/gzXqyXqx362NWumQVPQfgD6zPH/Rxlzg=</latexit>

logP (t)

<latexit sha1_base64="1apMrjR7sHLj+ACnlYFpasaYbhs=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIdVMSKeqy6MZlRfuAJpbJZNIOncyEmYlQQtz4K25cKOLWv3Dn3zhps9DWA8MczrmXe+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98lfvdBywk4exOTWLsRXDISEgQVFoamAcu5UPX5zSQk0h/6W12n9bUSTYwq3bdnsJaJE5BqqBAa2B+uQFHSYSZQhRK2XfsWHkpFIogirOKm0gcQzSGQ9zXlMEISy+dXpBZx1oJrJAL/ZiypurvjhRGMl9QV0ZQjeS8l4v/ef1EhRdeSlicKMzQbFCYUEtxK4/DCojASNGJJhAJone10AgKiJQOraJDcOZPXiSd07pzVm/cNKrNyyKOMjgER6AGHHAOmuAatEAbIPAInsEreDOejBfj3fiYlZaMomcf/IHx+QP5Epc7</latexit>

logS(t)

<latexit sha1_base64="huH2fcTyY7yvdntJw4L1E9bF8Mo=">AAAB/XicbVA7T8MwGHTKq5RXeGwsFhVSWaoEVcBYwcJYJPoQbagcx2mtOnZkO0glivgrLAwgxMr/YOPf4LYZoOUky6e775PP58eMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIjo8UYZSTpqaakU4sCYp8Rtr+6Gritx+IVFTwWz2OiRehAachxUgbqW8f9HzBAjWOzJXeZfdpRZ9kfbvsVJ0p4CJxc1IGORp9+6sXCJxEhGvMkFJd14m1lyKpKWYkK/USRWKER2hAuoZyFBHlpdP0GTw2SgBDIc3hGk7V3xspitQkoJmMkB6qeW8i/ud1Ex1eeCnlcaIJx7OHwoRBLeCkChhQSbBmY0MQltRkhXiIJMLaFFYyJbjzX14krdOqe1at3dTK9cu8jiI4BEegAlxwDurgGjRAE2DwCJ7BK3iznqwX6936mI0WrHxnH/yB9fkD2NeVfA==</latexit>

Z(t)

<latexit sha1_base64="FibXrGKmth+bRh06GQJ9WZrZWBM=">AAACBHicbVDLSsNAFJ34rPUVddlNsAh1UxIp6rIgiMsK9gFNLJPJtB06yYSZG6GELNz4K25cKOLWj3Dn3zhps9DWA8MczrmXe+/xY84U2Pa3sbK6tr6xWdoqb+/s7u2bB4cdJRJJaJsILmTPx4pyFtE2MOC0F0uKQ5/Trj+5yv3uA5WKiegOpjH1QjyK2JARDFoamBWXi5HrCx6oaai/1KWAs/u0BqfZwKzadXsGa5k4BamiAq2B+eUGgiQhjYBwrFTfsWPwUiyBEU6zspsoGmMywSPa1zTCIVVeOjsis060ElhDIfWLwJqpvztSHKp8R10ZYhirRS8X//P6CQwvvZRFcQI0IvNBw4RbIKw8EStgkhLgU00wkUzvapExlpiAzq2sQ3AWT14mnbO6c15v3DaqzesijhKqoGNUQw66QE10g1qojQh6RM/oFb0ZT8aL8W58zEtXjKLnCP2B8fkDcsOYoA==</latexit>

log ⌘(t)

<latexit sha1_base64="H5pU/ReMpFIzQXmKQ2XKaRoObXo=">AAACA3icbVDLSsNAFJ34rPUVdaebYBHqpiRS1GVBFy4r2Ac0sUwmk3boPMLMRCih4MZfceNCEbf+hDv/xkmbhbYeGOZwzr3ce0+YUKK0635bS8srq2vrpY3y5tb2zq69t99WIpUIt5CgQnZDqDAlHLc00RR3E4khCynuhKOr3O88YKmI4Hd6nOCAwQEnMUFQG6lvH/pUDPxQ0EiNmfkyn6WT+6yqTyd9u+LW3CmcReIVpAIKNPv2lx8JlDLMNaJQqZ7nJjrIoNQEUTwp+6nCCUQjOMA9QzlkWAXZ9IaJc2KUyImFNI9rZ6r+7sggU/mKppJBPVTzXi7+5/VSHV8GGeFJqjFHs0FxSh0tnDwQJyISI03HhkAkidnVQUMoIdImtrIJwZs/eZG0z2reea1+W680ros4SuAIHIMq8MAFaIAb0AQtgMAjeAav4M16sl6sd+tjVrpkFT0H4A+szx+9RJg8</latexit>

logµ(t)
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1

<latexit sha1_base64="bhFmXI0glQxCAvucepvjSypuOZY=">AAAB/3icbVDNS8MwHE39nPOrKnjxUhzCvIx2DPU4EMTjBPcBWy1pmm5haVKSVJi1B/8VLx4U8eq/4c3/xnTrQTcfhDze+/3Iy/NjSqSy7W9jaXlldW29tFHe3Nre2TX39juSJwLhNuKUi54PJaaE4bYiiuJeLDCMfIq7/vgy97v3WEjC2a2axNiN4JCRkCCotOSZhwOf00BOIn2lD5lXv0ur6jTzzIpds6ewFolTkAoo0PLMr0HAURJhphCFUvYdO1ZuCoUiiOKsPEgkjiEawyHua8pghKWbTvNn1olWAivkQh+mrKn6eyOFkcwj6skIqpGc93LxP6+fqPDCTQmLE4UZmj0UJtRS3MrLsAIiMFJ0oglEguisFhpBAZHSlZV1Cc78lxdJp15zzmqNm0aleVXUUQJH4BhUgQPOQRNcgxZoAwQewTN4BW/Gk/FivBsfs9Elo9g5AH9gfP4AQXCWRQ==</latexit>

z(t)
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Log-Primal
Update

Log-Auxiliary
Update

Exp + Dual
Update

<latexit sha1_base64="ty5a05dPB0JU5rtXcdbtAnAVyZE="></latexit>
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ROTP: Generalizability

P ∗
rot = arg max

P∈Ω

Fused Gromov-Wasserstein︷ ︸︸ ︷
〈X,P 〉︸ ︷︷ ︸
OT term

+α0〈CDPCN ,P 〉︸ ︷︷ ︸
Structural Reg.

− α1R(P )︸ ︷︷ ︸
Smoothness

−α2KL(P1|p0)− α3KL(P⊤1|q0)︸ ︷︷ ︸
Marginal Prior

frot(X;θ) α0 α1 α2 α3 p0 q0
Mean-pooling 0 → ∞ → ∞ → ∞ 1

D1D
1
N 1N

Max-pooling 0 0 → ∞ 0 1
D1D —

Attention-pooling 0 → ∞ → ∞ → ∞ 1
D1D aX
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ROTP: Flexibility

ROTP

ROTP

ROTP

ROPT

:
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:
:

:
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ROTP: Interpretablity
<latexit sha1_base64="YRTlkvUmaVxzEdqusLVAOlUWREo=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHERZmRoi6LblxWsA9opyWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+Oyura+sbm4Wt4vbO7t5+6eCwqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMbzO/9UiVZlI8mElM/QgPBQsZwcZKvW6EzSgI0/q07/XO+6WyW3FnQMvEy0kZctT7pa/uQJIkosIQjrXueG5s/BQrwwin02I30TTGZIyHtGOpwBHVfjpLPUWnVhmgUCr7hEEz9fdGiiOtJ1FgJ7OUetHLxP+8TmLCaz9lIk4MFWR+KEw4MhJlFaABU5QYPrEEE8VsVkRGWGFibFFFW4K3+OVl0ryoeJeV6n21XLvJ6yjAMZzAGXhwBTW4gzo0gICCZ3iFN+fJeXHenY/56IqT7xzBHzifPxIFkj0=</latexit>

P⇤
1

<latexit sha1_base64="EHvhohEpCIrVmLNBc0lVW/VluHI=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosgLkpSirosunEZwT6gTctkOmmHTiZhZqKU0P9w40IRt/6LO//GSZuFth4YOJxzL/fM8WPOlLbtb6uwtr6xuVXcLu3s7u0flA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2J7eZ336kUrFIPOhpTL0QjwQLGMHaSP1eiPXYD1J3Nqj1Lwblil2150CrxMlJBXK4g/JXbxiRJKRCE46V6jp2rL0US80Ip7NSL1E0xmSCR7RrqMAhVV46Tz1DZ0YZoiCS5gmN5urvjRSHSk1D30xmKdWyl4n/ed1EB9deykScaCrI4lCQcKQjlFWAhkxSovnUEEwkM1kRGWOJiTZFlUwJzvKXV0mrVnUuq/X7eqVxk9dRhBM4hXNw4AoacAcuNIGAhGd4hTfryXqx3q2PxWjByneO4Q+szx8Ti5I+</latexit>

P⇤
2

� � � � 	 
 � � 
 � �������� � � � � � 	 
 � � 
 � ����

����������

�
�
�
�
	


�
�


�

��
��
��
��
�	
�

��
��
�

��
��
��
��
��
�	
�

��
��
�

��
��
��

��
��
��
��
��
�
��

���
�

�����

�����

����	

�����

����


�����

Graph 1

Graph 2

23 / 48



ROTP: Interpretablity
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<latexit sha1_base64="YRTlkvUmaVxzEdqusLVAOlUWREo=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHERZmRoi6LblxWsA9opyWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+Oyura+sbm4Wt4vbO7t5+6eCwqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMbzO/9UiVZlI8mElM/QgPBQsZwcZKvW6EzSgI0/q07/XO+6WyW3FnQMvEy0kZctT7pa/uQJIkosIQjrXueG5s/BQrwwin02I30TTGZIyHtGOpwBHVfjpLPUWnVhmgUCr7hEEz9fdGiiOtJ1FgJ7OUetHLxP+8TmLCaz9lIk4MFWR+KEw4MhJlFaABU5QYPrEEE8VsVkRGWGFibFFFW4K3+OVl0ryoeJeV6n21XLvJ6yjAMZzAGXhwBTW4gzo0gICCZ3iFN+fJeXHenY/56IqT7xzBHzifPxIFkj0=</latexit>

P⇤
1

<latexit sha1_base64="EHvhohEpCIrVmLNBc0lVW/VluHI=">AAAB9XicbVDLSsNAFL2pr1pfVZduBosgLkpSirosunEZwT6gTctkOmmHTiZhZqKU0P9w40IRt/6LO//GSZuFth4YOJxzL/fM8WPOlLbtb6uwtr6xuVXcLu3s7u0flA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2J7eZ336kUrFIPOhpTL0QjwQLGMHaSP1eiPXYD1J3Nqj1Lwblil2150CrxMlJBXK4g/JXbxiRJKRCE46V6jp2rL0US80Ip7NSL1E0xmSCR7RrqMAhVV46Tz1DZ0YZoiCS5gmN5urvjRSHSk1D30xmKdWyl4n/ed1EB9deykScaCrI4lCQcKQjlFWAhkxSovnUEEwkM1kRGWOJiTZFlUwJzvKXV0mrVnUuq/X7eqVxk9dRhBM4hXNw4AoacAcuNIGAhGd4hTfryXqx3q2PxWjByneO4Q+szx8Ti5I+</latexit>

P⇤
2Graph 1

Graph 2

24 / 48



ROTP: Superiority on Data Fitting
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ROTP: Superiority on Data Fitting
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Case 2: OT-based Implicit Message-Passing Design
Given a graph G(V, E ,A,X), where YVL are labels of partial nodes.
▶ Traditional Node-Level Learning Paradigm:

maxθ
∏

v∈VL
p(yv|X,A; θ) ⇔ minθ

∑
v∈VL

ψ(gv(X,A; θ), yv). (11)

▶ p is Gaussian ⇔ ψ is MSE.
▶ p is Sigmoid/Softmax ⇔ ψ is cross entropy loss.

▶ What we really want to do is maximizing the probability of YVL , i.e.,
maxθ p(YVL |X,A; θ) (12)

▶ The above two equations are equivalent iff the labels are conditional
independent, which is questionable in practice.
p(yv|xv) 6= p(yv|xv,yv′),
p(yv,yv′ |xv,xv′) = p(yv|xv,xv′ ,yv′)p(yv′ |xv,xv′) 6= p(yv|xv,xv′)p(yv′ |xv,xv′),

p(YV |X,A) 6=
∏

v∈V
p(yv|X,A).
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Proposed Learning Strategy

Ideally, we would like to define a loss for
label sets, rather than individual labels,
e.g.,

minθ Loss(gVL(X,A; θ)︸ ︷︷ ︸
ŶVL

, YVL), (13)

which can be implemented as an OT
problem of labels defined on a graph.
▶ Moreover, lead to an implicit

message-passing layer (with a QW
loss) encoding label transport.

GNN

Quasi-Wasserstein Loss
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Proposed Quasi-Wasserstein (QW) Loss of GNNs
▶ 1-Wasserstein distance between signals on a graph

W1(µ,γ) := minT∈Π(µ,γ)〈D, T 〉 = minT∈Π(µ,γ)

∑
v,v′∈V×V

tvv′dvv′ , (14)

where D is the shortest-path distance matrix.

▶ W1 is equivalent to a minimum-cost flow problem:
W1(µ,γ) = minf∈Ω(SV ,µ,γ) ‖diag(w)f‖1, (15)

where f = [fe] ∈ R|E| is the flow on each edge.

SV = [sve] ∈ {0,±1}|V|×|E|, sve =


1 if v is “head” of edge e
−1 if v is “tail” of edge e
0 otherwise.

(16)

Ω(SV ,µ,γ) = U |E| ∩ {f | SVf = γ − µ}, where U =

{
[0,∞), Directed G,
R, Undirected G.
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Proposed Quasi-Wasserstein (QW) Loss of GNNs
▶ When only partial signals on VL are given, we have partial Wasserstein

distance: for µ,γ ∈ R|VL|,

W
(P )
1 (µ,γ) = minf∈Ω(SVL ,µ,γ)

‖diag(w)f‖1, (17)

▶ For partially-observed multi-dimensional labels, i.e., YVL = [y
(c)
VL ] ∈ R|VL|×C ,

aggregating each dimension’s W (P )
1 leads to the QW loss:

QW (ŶVL ,YVL) =
∑C

c=1
W

(P )
1 (ŷ

(c)
VL ,y

(c)
VL)

=
∑C

c=1
min

f (c)∈Ω(SVL , ŷ
(c)
VL
, y

(c)
VL

)
‖diag(w)f (c)‖1

= minF∈ΩC(SVL , gVL (X,A;θ), YVL )
‖diag(w)F ‖1,

(18)

▶ F = [f (c)] is the flow matrix with size |E| × C
▶ Feasible domain ΩC = U |E|×C ∩ {F | SVL

F = YVL
− gVL

(X,A; θ)}.
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An Implicit Message Passing Associated with The QW Loss
▶ Learning GNN with the QW loss:

minθQW (gVL(X,A; θ),YVL)

=minθ minF∈ΩC(SVL , gVL (X,A;θ), YVL )
‖diag(w)F ‖1.

(19)

▶ Optionally, the flow can be used to parameterize the adjacency matrix

minθ,ξ minF∈ΩC(SVL ,gVL (X,A(F ;ξ);θ),YVL )
‖diag(w)F ‖1, (20)

▶ Adding the optimal label transport in the testing phase: For v ∈ V \ VL, we
predict its label as

ỹv := gv(X,A; θ∗) + SvF
∗, s.t. F ∗ ⇐ QW (gVL(X,A; θ),YVL). (21)

An implicit message passing layer encoding training labels’ optimal
transport.
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Solvers of QW Loss

minθ minF ‖diag(w)F ‖1.
s.t. F ∈ U |E|×C ∩ {F | SVLF = YVL − gVL(X,A; θ)}

(22)

where Bϕ(x, y) = ϕ(x)− ϕ(y)− 〈∇ϕ(y), x− y〉.

▶ An inexact solver based on Bregman Divergence-based Relaxation:

minθ, F∈U |E|×C ‖diag(w)F ‖1 + λBϕ(gVL(X,A; θ) + SVLF , YVL). (23)

▶ An exact solver based on Bregman ADMM:

minθ, F∈U |E|×C maxZ∈R|VL|×C‖diag(w)F ‖1
+ 〈Z, gVL(X,A; θ) + SVLF − YVL〉
+ λBϕ(gVL(X,A; θ) + SVLF , YVL).

(24)
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Compare with Traditional Learning Paradigm
Method Setting Node Classification Node Regression

Apply the ψ Cross-entropy or KL MSE
Traditional loss Predicted yv gv(X,A; θ), ∀v ∈ V \ VL

Apply the
ϕ Entropy 1

2‖ · ‖
2
2

QW loss
Bϕ(= ψ) KL MSE

Predicted yv gv(X,A; θ) + SvF
∗, ∀v ∈ V \ VL

Theorem
Let {θ⋆,F ⋆,Z⋆} be the optimal solution of (24), {θ†,F †} be the optimal solution
of (23), and θ‡ be the optimal solution of minθ Bϕ(gVL(X,A; θ), YVL), we have

Bϕ(gVL(X,A; θ⋆) + SVLF
⋆, YVL) ≤ Bϕ(gVL(X,A; θ†) + SVLF

†, YVL)

≤ Bϕ(gVL(X,A; θ‡), YVL)
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QW Loss and Implicit MP: Superiority
Node classification tasks:
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Figure: Illustrations of the methods’ performance given different amounts of labeled nodes.

Node regression tasks:
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Case 3: OT-based Implicit Structured Attention Layer Design

Empirically, the power of Transformer is attributed to its Multi-head Attention (MHA)
Architecture:

MHAθ(X) := Concatcol({Att(Vm;Qm,Km)}Mm=1), (25)

For m = 1, ...,M , we have Vm = XWV,m, Qm = XWQ,m, and Km = XWK,m.

P (Q,K) = Softmax
(QK⊤

√
D

)
, (26)

Challenges:
▶ Over-smoothness when dealing with long sequences.
▶ Quadratic complexity w.r.t. the sequence length.
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Development Tendency of Attention Layer

Model Attention(V ;Q,K) Complexity Attention Structure Faster? Better?

Transformer Softmax
(

QK⊤
√
D

)
V O(DN2) Dense + Row-wisely normalized — —

SparseTrans Local2D-Softmax
(

QK⊤
√
D

)
V O(DN1.5) Sparse + Row-wisely normalized Yes Comparable

Longformer Local1D-Softmax
(

QK⊤
√
D

)
V O(DNL) Sparse + Row-wisely normalized Yes Comparable

Reformer LSH-Softmax
(

QK⊤
√
D

)
V O(DN logN) Sparse + Row-wisely normalized Yes Comparable

CosFormer (QcosK⊤
cos +QsinK

⊤
sin)V O(DEQK) Sparse Yes Comparable

Performer ϕr(Q)ϕr(K)⊤V O(DNr) Low-rank Yes No

Linformer Softmax
(

Qψr(K)⊤√
D

)
ψr(V ) O(DNr) Low-rank + Row-wisely normalized Yes No

Sinkformer SinkhornK
(

QK⊤
√
D

)
V O(KDN2) Dense + Doubly stochastic No Yes

Sliceformer Sortcol(V ) O(DN logN) Full-rank+Sparse+Doubly stochastic Yes Yes
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Doubly Stochastic Tendency of Attention Map

Sander, Michael E., et al. Sinkformers: Transformers with doubly stochastic attention. AISTATS,
2022.
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Implement Attention Maps Implicitly via Slicing-Sorting

The attention layer in Sliceformer is implemented by slicing-sorting:

SliceSort(X) := Sortcol(XWV︸ ︷︷ ︸
V =[vi]

) = Concatcol({Pivi}MD
i=1 ), (27)

Pi is a permutation matrix corresponding to the sorting of vi.
▶ Full-rank, sparse, and doubly stochastic.

Slicing-sorting operation = computing the Wasserstein barycenter of {vi}MD
i=1 :

min
v

MD∑
i=1

W1(v,vi)
1D case
=====⇒

MD∑
i=1

W1(v1,vi)
Alignment
======⇒

MD∑
i=1

N∑
n=1

|v1n − viσi(n)|
2

σi ⇔ Pi, ∀i = 1, ...,MD.

(28)
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Sliceformer: Superiority on LRA
Model ListOps Text Retrieval Image Path Path-X Avg.

Transformer 36.37 64.27 57.46 42.44 71.40 FAIL 54.39
Local Att. 15.82 52.98 53.39 41.46 66.63 FAIL 46.06
Linear Trans. 16.13 65.90 53.09 42.34 75.30 FAIL 50.55
Reformer 37.27 56.10 53.40 38.07 68.50 FAIL 50.67
Sinkformer 30.70 64.03 55.45 41.08 64.65 FAIL 51.18
SparseTrans 17.07 63.58 59.59 44.24 71.71 FAIL 51.24
SinkhornTrans 33.67 61.20 53.83 41.23 67.45 FAIL 51.29
Linformer 35.70 53.94 52.27 38.56 76.34 FAIL 51.36
Performer 18.01 65.40 53.82 42.77 77.05 FAIL 51.41
Synthesizer 36.99 61.68 54.67 41.61 69.45 FAIL 52.88
Longformer 35.63 62.85 56.89 42.22 69.71 FAIL 53.46
BigBird 36.05 64.02 59.29 40.83 74.87 FAIL 55.01
Cosformer 37.90 63.41 61.36 43.17 70.33 FAIL 55.23
Sliceformer 37.65 64.60 62.23 48.02 82.04 FAIL 58.91
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Sliceformer: Superiority on LRA
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Sliceformer: Generalizability on Other Tasks

Image Classification: Model size (×106) and Top-1 accuracy (%)

Data Dogs vs. Cats MNIST CIFAR-10 CIFAR-100 Tiny-ImageNet
Metric Size Top-1 Size Top-1 Size Top-1 Size Top-1 Size Top-1
ViT 1.90 79.03 9.60 98.78 9.60 80.98 9.65 53.99 22.05 52.74
Sliceformer 1.11 79.71 6.50 98.81 6.46 82.16 6.50 54.24 18.50 51.77

Text Classification:

Data IMDB
Metric Size Top-1
Transformer 8.84 83.05
Sliceformer 8.05 84.91

Molecular Property Prediction:

Data PCQM4M-LSC
Metric Size MAE
Graphormer 47.09 0.1287
Sliceformer 32.91 0.1308

43 / 48



Empirical Rationality of Sliceformer: Suppressing Mode Collapse

(a) ViT

(b) Sliceformer

Figure: MHAθ(X) of ViT v.s. SliceSort(X) of Sliceformer. 44 / 48



Empirical Rationality of Sliceformer: Suppressing Mode Collapse

Figure: The comparisons on the singular spectrum.
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Summary
Study the implicit design of information fusion layers and propose OT-driven solutions:

Layer Design OT Problem
Global Pooling (X � diag−1(P ∗

rot(θ)1N )P
∗
rot(θ))1N ROTP

Message-Passing gV(X,A; θ) + SVF
∗ W1 on graph

MHA Layer Concatcol({PiXwi}MD
i=1 ) 1D WB

Their common advantages:
▶ Simplify the design, even computation
▶ Feed-forward computation with better interprebility
▶ Advantages on data fitting

Current limitations:
▶ Over-fitting when distribution shifts
▶ The potentials in generative tasks are not investigated
▶ Some designs have limitations on model capacity (e.g., The Top-1 Acc. of

Sliceformer on full-sized ImageNet is < 70%.)
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References and Resources
ROTP
▶ Paper: https://ieeexplore.ieee.org/abstract/document/10247589/
▶ Code: https://github.com/SDS-Lab/ROT-Pooling

QW Loss
▶ Paper: https://arxiv.org/abs/2310.11762

Sliceformer
▶ Paper: https://arxiv.org/abs/2310.17683
▶ Code: https://github.com/SDS-Lab/sliceformer

More OT-driven Work
▶ AAAI’22 Tutorial on Gromov-Wasserstein Learning
▶ IJCAI’23 Tutorial on Optimal Transport-based Machine Learning
▶ https://hongtengxu.github.io/talks.html
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Thank you!

https://hongtengxu.github.io

https://github.com/HongtengXu

hongtengxu@ruc.edu.cn
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